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PREFACE. 


It  is  a  remarkable  fact  in  the  history  of  science,  that 
the  oldest  book  of  Elementary  Geometry  is  still  con- 
sidered as  the  best,  and  that  the  writings  of  Euclid,  at 
the  distance  of  two  thousand  years,  continue  to  form  the 
most  approved  introduction  to  the  mathematical  sciences. 
This  remarkable  distinction  the  Greek  Geometer  owes 
not  only  to  the  elegance  and  correctness  of  his  demonstra- 
tions, but  to  an  arrangement  most  happily  contrived  for 
the  purpose  of  instruction  ;  advantages  which,  when  they 
reach  a  certain  eminence,  secure  the  works  of  an  author 
against  the  injuries  of  time,  more  effectually  than  even 
originality  of  invention.  The  elements  of  Euclid,  how- 
ever, in  passing  through  the  hands  of  the  ancient  editors, 
during  the  decline  of  science,  had  suifered  some  diminu- 
tion pf  their  excellence,  and  much  skill  and  learning  have 
been  employed  by  the  modern  mathematicians  to  deliver 
them  from  blemishes,  which  certainly  did  not  enter  into 
their  original  composition.  Of  these  mathematicians,  Dr, 
Simson,  as  he  may  be  accounted  the  last,  has  also  been 
the  most  successful,  and  has  left  very  little  room  for  the 
ingenuity  of  future  editors  to  be  exercised  in,  either  by 
amending  the  text  of  Euclid,  or  by  improving  the  transla- 
tions from  it. 
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Such  being  the  merits  of  Dr.  Simson's  edition,  and  the 
reception  it  has  met  with  having  been  every  way  suitable, 
the  work  now  offered  to  the  public  will  perhaps  appear 
unnecessary.     And  indeed,  if  the  geometer  just  named 
had  written  with  a  view  of  accommodating  the  Elements 
of  Euclid  to  the  present  state  of  the  mathematical  sciences, 
it  is  not  likely  that  any  thing  new  in  Elementary  Gredme- 
try  would  have  been  soon  attempted.     But  his  design  was 
different:  it  was  his  object  to  restore    the   writings   of 
Euclid  to  their  original  perfection,  and  to  give  them  to 
Modern  Europe  as  nearly  as  possible  in  the  state  wherein 
they  made  their  first  appearance  in  Ancient  Greece.    For 
this  undertaking,  nobody  could  be  better  qualified  than 
Dr.  Simson  ;  who  to  an  accurate  knowledge  of  the  learned 
languages,  and  an  indefatigcible  spirit  of  research,  added 
a  profound  skill  in  the  ancient  Geometry,  and  ah  admira- 
tion of  it  almost  anthusiastic.     Accordingly,  he  not  only 
restored  the  text  of  Euclid  wherever  it  had  been  cor- 
Irupted,   but  in  some  cases   removed  imperfections  that 
probably  bielonged  to  the  original  work ;  though  his  ex- 
treme partiality  for  his  author  never  permitted  him  to 
suppose,  that  such  honour  could  fall  to  the  share  either  of 
himself,  or  of  any  other  of  the  moderns. 

But,  after  all  this  was  accomplished,  something  still  re- 
mained to  be  done,  since,  notwithstanding  the  acknow- 
ledged excellence  of  Euclid's  Elements,  it  could  not  be 
doubted,  that  some  alterations  might  be  made,  that  would 
accommodate  them  better  to  a  state  of  the  mathematical 
sciences,  so  much  more  improved  and  extended  than  at 
the  period  when  they  were  written.  Accordingly,  the 
bbject  of  the  edition  now  offered  to  the  public,  is  not  so 
much  to  give  to  the  writings  of  Euclid  the  form  which 
they  originally  had,  as  that  which  may  at  present  render 
them  most  useful. 
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One  of  the  alterations  made  with  this  view,  respects  the 
Doctrine  of  Proportion,  the  method  of  treating  which,  as 
it  is  laid  down  in  the  fifth  of  Euclid,  has  great  advantages, 
accompanied  with  considerable  defects;  of  which,  how- 
fever,  it  must  be  observed,  that  the  advantages  are  essen- 
tia], and  the  defects  only  accidental.  To  explain  the  na- 
ture of  the  former,  requires  a  more  minute  examination 
than  is  suited  to  this  place,  and  must,  therefore,  be  reserv- 
ed for  the  Notes;  but,  in  the  mean  time,  it  may  be  re- 
marked, that  no  definition,  except  thatof -EwcZ/Jj^has  ever 
been  given,  from  which  the  properties  of  proportionals  cart 
be  deduced  by  reasonings,  whichj  at  the  same  time  that 
they  are  perfectly  rigorous,  are  also  simple  and  direct. 
As  to  the  defects,  the  prolixness  and  obscurity,  that  have 
so  often  been  complained  of  in  the  fifth  book,  they  seem 
to  arise  chiefly  from  the  nature  of  the  language  employed, 
which  being  no  other  than  that  of  ordinary  discourse,  can- 
not express,  without  much  tediousness  arid  circumlocution, 
the  relations  of  mathematical  quantities,  when  taken  in 
their  utmost  generality,  and  when  no  assistance  can  be  re- 
ceived from  diagrams.  As  it  is  plain,  that  the  concise 
language  of  Algebra  is  directly  calculated  to  remedy  this 
inconvenience,  I  have  endeavoured  to  introduce  it  here, 
in  a  very  simple  form  however,  and  without  changing  the 
nature  of  the  reasoning,  or  departing  in  any  thing  from 
the  rigour  of  geometrical  demonstration.  By  this  nieang^ 
the  steps  of  the  reasoning  which  were  before  far  separated,' 
are  brought  near  to  one  another,  arid  the  force  of  the 
whole  is  so  clearly  and  directly  perceived,  that  I  am  per- 
suaded no  more  difficulty  will  be  found  in  understanding 
the  propositions  of  the  fifth  book,  than  those  of  any  other 
of  the  Elements. 

In  the  second  bocfk,  also,  some  algebraic  signs  have 
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been  introduced,  for  the  sake  of  representing  more  readily 
the  addition  and  subtraction  of  the  rectangles  on  which 
the  demonstrations  depend.  The  use  of  such  symbolical 
writing,  in  translating  from  an  original,  where  no  symbols 
are  used,  cannot^  I  think,  be  regarded  as  an  unwarranta- 
ble liberty ;  for,  if  by  that  means  the  translation  is  not 
made  into  English^  it  is  made  into  that  universal  language 
so  much  sought  after  in  all  the  sciences,  but  destined,  it 
would  seem,  to  be  enjoyed  only  by  the  mathematical. 

The  alterations  above  mentioned  are  the  most  material 
that  have  been  attempted  on  the  books  of  Euclid.  There 
are,  however>  a  few  others,  which,  though  less  considera- 
ble, it  is  hoped  may  in  some  degree  facilitate  the  study 
of  the  Elements.  Such  are  those  made  on  the  definitions 
in  the  first  book,  and  particularly  on  that  of  a  straight 
line.  A  new  axiom  is  also  introduced  in  the  room  of  the 
12th,  for  the  purpose  of  demonstrating  more  easily  some 
of  the  properties  of  parallel  lines.  In  the  third  book,  the 
remarks  concerning  the  angles  made  by  a  straight  line, 
and  the  circumference  of  a  circle,  are  left  out,  as  tending 
to  perplex  one  who  has  advanced  no  farther  than  the  ele- 
ments of  the  science.  The  27th,  28th,  and  29th  of  the 
sixth  are  changed  for  easier  and  more  simple  propositions, 
which  do  not  materially  differ  from  them,  and  which  an-, 
swer  exactly  the  same  purpose.  Some  propositions  als& 
have  been  added:  but  for  a  fuller  detail  concerning  these 
changes,  I  must  refer  to  the  Notes,  in  which  several  of 
the  more  difficult,  or  more  interesting  subjects  of  Ele- 
mentary Geometry  are  treated  at  considerable  length. 

The  Supplement  now  added  to  the  Six  Books  of  Eu- 
clid is  arranged  differently  from  what  it  was  in  tli«  first 
edition  of  these  Elements. 

The  first  of  the  three  books,  into  which  it  is  divided. 
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treats  of  the  rectification  and  quadrature  of  the  circles- 
subjects  that  are  often  omitted  altogether  in  works  of  this 
kind.  They  are  omitted,  however,  as  I  conceive  without 
any  good  reason,  because,  to  measure  the  length  of  the 
simplest  of  all  the  curves  which  Geometry  treats  of,  and 
the  space  contained  within  it,  are  problems  that  certainly 
belong  to  the  elements  of  the  science,  especially  as  they 
are  not  more  difficult  than  other  propositions  which  are 
usually  admitted  into  them.  When  I  speak  of  the  recti- 
fication of  the  circle,  or  of  measuring  the  length  of  the  cir- 
cumference, I  must  not  be  supposed  to  mean,  that  a  straight 
line  is  to  be  made  equal  to  the  circumference  exactly---di. 
problem  w-hich,  as  is  well  known,  Geometry  has  never 
been  able  to  resolve.  All  that  is  proposed  is,  to  deter- 
mine two  straight  lines  that  shall  differ  very  little  from 
one  another,  not  more  for  instance,  than  the  four  hundred 
and  ninety-seventh  part  of  the  diameter  of  the  circle,  and 
of  which  the  one  shall  be  greater  than  the  circumference 
of  that  circle,  and  the  other  less.  In  the  same  manner, 
the  quadrature  of  the  circle  is  performed  only  by  approx- 
imation, or  by  finding  two  rectangles  nearly  equal  to  one 
another,  one  of  them  greater,  and  another  less  than  the 
space  contained  within  the  cirele. 

In  the  second  book  of  the  Supplement,  which  treats  of 
the  intersection  of  planes,  I  have  departed  as  little  as  pos- 
sible from  Euclid's  method  of  considering  the  same  subject 
in  his  eleventh  book.  The  demonstration  of  the  fourth 
proposition  is  from  Legendre's  Elements  of  Geometry  ; 
that  of  the  sixth  is  new,  as  far  as  I  know :  as  is  also  the 
solution  of  the  problem  in  the  nineteenth  proposition  :  a 
problem  which,  though  in  itself  extremely  simple,  has 
been  omitted  by  Euclid,  and  hardly  ever  treated  of,  in  aB^ 
elementary  form,  by  iiny  geometer. 
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A^ith  respect  to  the  Geometry  of  Solids,  in  the  third 
book,  I  have  departed  from  Euclid  altogether,  with  a, 
view  of  rendering  it  both  shorter  and  more  comprehen- 
sive. This,  however,  is  not  attempted  by  introducing  a 
mode  of  reasoning  less  rigorous  than  that  of  the  Greek 
geometer ;  for  this  would  be  to  pay  too  dear  even  for  the 
time  that  might  thereby  be  saved  :  but  it  is  done  chit  fly 
by  laying  aside  a  certain  rule,  which,  though  it  be  not  es- 
sential to  the  accuracy  of  demonstration,  Euclid  has  thought 
it  proper,  as  much  as  possible  to  observe. 

The  rule  referred  to,  is  one  which  influences  the  ar- 
rangement of  his  propositions  through  the  whole  of  the 
Elements,  viz.  That  in  the  demonstration  of  a  theorem, 
he  never  supposes  any  thing  to  be  done,  as  any  line  to  be 
drawn,  or  any  figure  to  be  constructed  the  manner  of  do- 
ing wiiich  he  has  not  previously  explained.  Now,  the 
only  use  of  this  rule  is  to  prevent  the  admission  of  imposi- 
sible  or  contradictory  suppositions,  which,  no  doubt, 
might  lead  into  error ;  and  it  is  a  rule  well  calculated  to 
answer  that  end,  as  it  does  not  allow  the  existence  of  any 
thing  to  be  supposed,  unless  the  thing  itself  be  actually 
exhibited.  But  it  is  not  always  necessary  to  make  use  of 
this  defence ;  for  the  existence  of  many  things  is  obviously 
possible,  and  very  far  from  implying  a  contradiction, 
where  the  method  of  actually  exhibiting  them  may  be  al- 
together unknown.  Thus,  it  is  plain,  that  on  any  given 
figure  as  a  base,  a  solid  may  be  constituted,  or  conceived 
to  exist,  equal  in  solid  contents  to  any  given  solid,  (be- 
cause a  solid,  whatever  be  its  base,  as  its  height  may  be 
indefinitely  varied,  is  capable  of  all  degrees  of  magnitude, 
from  nothing  upwards,)  and  yet  it  may  in  many  cases  be 
a  problem  of  extreme  difliculty  to  assign  the  height  of 
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such  a  solid,  and  actually  to  exhibit  it.  Now,  this  very 
supposition,  that  on  a  given  base  a  solid  of  a  given  magni- 
tude may  be  constituted,  is  one  of  those,  by  the  introduc- 
tion of  which,  the  Geometry  of  solids  is  much  shortened, 
while  all  the  real  accuracy  of  the  demonstrations 'is  pre- 
served ;  and  therefore,  to  follow,  as  Euclid  has  done,  the 
rule  that  excludes  this,  and  such  like  hypotheses,  is  to  cre- 
ate artificial  difficulties,  and  to  embarrass  geometrical  in- 
vestigation with  more  obstacles  than  the  nature  of  things 
has  thrown  in  its  way.  It  is  a  rule,  too,  which  cannot  al- 
ways be  followed,  and  from  which  even  Euclid  himself 
has  been  forced  to  depart,  in  more  than  one  instance. 

In  the  Book,  therefore,  on  the  Properties  of  Solids, 
which  I  now  offer  to  the  public,  I  have  not  sought  to  sub- 
ject the  demonstrations  to  the  law  just  mentioned,  and  have 
never  hesitated  to  admit  the  existence  of  such  solids,  or 
such  lines  as  are  evidently  possible,  though  the  manner  of 
actually  describing  them  may  not  have  been  explained. 
In  this  way,  I  have  been  enabled  to  offer  that  very  re- 
fined artifice  in  geometrical  reasoning,  to  which  we  give 
the  name  of  the  Method  of  Exhaustions,  under  a  much 
simpler  form  than  it  appears  in  the  12  of  Euclid ;  and  the 
spirit  of  the  method  may,  I  think,  be  best  learned  when  it 
is  thus  disengaged  from  every  thing  not  essential.  That 
it  may  be  the  better  understood,  and  because  the  demo»- 
strations  which  require  exhaustions,  are,  no  doubt,  the 
most  difficult  in  the  Elements,  they  are  all  conducted  as 
nearly  as  possible  in  the  same  way,  in  the  cases  of  the  dif- 
ferent solids,  from  the  pyramid  to  the  sphere.  The  com- 
parison of  this  last  solid  with  the  cylinder,  concludes  the 
last  Book  of  the  Supplement,  and  is  a  proposition  that 
may  not  improperly  be  considered  as  terminating  the  ele- 
mentary part  of  Geometry. 
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The  Book  of  the  Data  has  been  annexed  to  several  edi- 
tions of  EucUcVs  Elements,  and  particularly  to  Dr.  Si7n- 
son^s,  but  in  this  it  is  omitted  altogether.  It  is  omitted, 
however,  not  from  any  opinion  of  its  being  in  itself  use- 
less, but  because  it  does  not  belong  to  this  place,  and  is  not 
often  read  by  beginners.  It  contains  the  rudiments  of 
what  is  properly  called  the  Geometrical  Analysis,  and  has 
itself  an  analytical  form ;  and  for  these  reasons,  I  would 
willingly  reserve  it,  or  rather  a  compend  of  it,  for  a  sepa- 
rate work,  intended  as  an  introduction  to  the  study  of  that 
analysis. 

In  explaining  the  elements  of  Plane  and  Spherical 
Trigonometry,  there  is  not  much  new  that  can  be  at- 
tempted, or  that  will  be  expected  by  the  intelligent  reader. 
Except,  perhaps,  some  new  demonstrations,  and  some 
changes  in  the  arrangement,  these  two  treatises  have,  ac- 
cordingly, no  novelty  to  boast  of.  The  Plane  Trigonome- 
try is  so  divided,  that  the  part  of  it  that  is  barely  suffi- 
cient for  the  resolution  of  Triangles  may  be  easily  taught 
by  itself.  The  method  of  constructing  the  Trigonometri- 
cal Tables  is  explained,  and  a  demonstration  is  added  of 
those  properties  of  the  sines  and  cosines  of  arches,  which 
are  the  foundation  of  those  applications  of  Trigonometry 
lately  introduced,  with  so  much  advantage  into  the  higher 
Geometry. 

In  the  Spherical  Trigonometry,  the  rules  for  prevent- 
ing the  ambiguity  of  the  solutions,  wherever  it  can  be  pre- 
vented, have  been  particularly  attended  to ;  and  I  have 
availed  myself  as  much  as  possible  of  that  excellent  ab- 
stract of  the  rules  of  this  science  which  Dr.  Maskelync 
has  prefixed  to  Taylor^ s  Tables  of  Logarithms. 

An  explanation  of  *N'api€i'^s  very  ingenious  and  useful 
rule  of  the  Circular  Parts  is  here  added  a%  an  appendix 
to  Spherical  Trigonometry. 
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It  has  been  objected  to  many  of  the  writers  on  Ele- 
mentary Geometry,  and  particularly  to  Euclid,  that  they 
have  been  at  great  pains  to  prove  the  truth  of  many  sim- 
ple propositions,  which  every  body  is  ready  to  admits 
without  any  demonstration,  and  that  thus  they  take  up 
the  time,  and  fatigue  the  attention  of  the  student,  to  no 
purpose.  To  this  objection,  if  there  be  any  force  in  it, 
the  present  treatise  is  certainly  as  much  exposed  as  any 
other ;  for  no  attempt  is  here  made  to  abridge  the  Ele- 
ments, by  considering  as  self-evident  any  thing  that  ad- 
mits of  being  proved.  Indeed  those  who  make  the  ob- 
jection just  stated,  do  not  seem  to  have  reflected  sufli- 
ciently  on  the  end  of  Mathematical  Demonstration,  which 
is  not  only  to  prove  the  truth  of  a  certain  proposition,  but 
to  show  its  necessary  connection  with  other  propositions^ 
and  its  dependance  on  them.  The  truths  of  Geometry 
are  all  necessarily  connected  with  one  another,  and  the 
system  of  such  truths  can  never  be  rightly  explained,  un- 
less that  connection  be  accurately  traced,  wherever  it  ex- 
ists. It  is  upon  this  that  the  beauty  and  peculiar  excel- 
lence of  the  mathematical  sciences  depend  :  it  is  thisi, 
which  by  preventing  any  one  truth  from  being  single  and 
insulated,  connects  the  different  parts  so  firmly,  that  they 
must  all  stand,  or  all  fall  together.  The  demonstration, 
therefore,  even  of  an  obvious  proposition,  answers  the 
purpose  of  connecting  that  proposition  with  o-thers,  and 
ascertaining  its  place  in  the  general  system  of  mathemati- 
cal truth.  If,  for  example^  it  be  alleged,  that  it  is  need- 
less to  demonstrate  that  any  two  sides  of  a  triangle  are 
greater  than  the  third ;  it  may  be  replied,  that  this  is  no 
doubt  a  truth  which,  without  proof,  most  men  will  be  in- 
clined to  admit :  but  are  we  for  that  reason  to  account  it- 
of  no  consequence  to  know  what  the  propositions  ai'e,  which 
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must  cease  to  be  true  if  this  proposition  were  supposed  t6 
be  false  ?  Is  it  not  useful  to  know,  that  unless  it  be  true, 
that  any  two  sides  of  a  triangle  are  greater  than  the  third^ 
neither  could  it  be  true,  that  the  greater  side  of  every 
triangle  is  opposite  to  the  greater  angle,  nor  that  the 
equal  sides  are  opposite  to  equal  angles,  nor,  lastly,  that 
things  equal  to  the  same  thing  are  equal  to  one  another  ? 
By  a  scientific  mind  this  information  will  not  be  thought 
lightly  of;  and  it  is  exactly  that  which  we  receive  from 
EuclicPs  demonstration. 

To  all  this  it  may  be  added,  that  the  mind,  especially 
when  beginning  to  study  the  art  of  reasoning,  cannot  be 
employed  to  greater  advantage  than  in  analysing  thos^ 
judgments,  which,  though  they  appear  simple,  are  in 
reality  complex,  and  capable  of  being  distinguished  into 
parts.  No  progress  in  ascending  higher  can  be  expected, 
till  a  regular  habit  of  demonstration  is  thus  acquired  ;  it 
is  much  to  be  jfeared,  that  he  who  has  declined  the  trou- 
ble of  tracing  the  connexion  between  the  proposition  al- 
ready quoted,  and  those  that  are  more  simple,  will  not 
be  very  expert  in  tracing  its  connection  with  those  that 
are  more  complex ;  and  that,  as  he  has  not  been  careful 
in  laying  the  foundation,  he  will  never  be  successful  hi 
taising  the  superstructure. 

College  of  Edinburgh. 
Dec,  i.  1813. 
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DEFINITIONS. 

I. 

^-    k    Point  is  that  which  has  position,  but  not  magnitude."* 
'' j^j^  (See  Notes.) 

II. 
A  line  is  length  without  breadth. 

"Corollary.     The  extremities  of  a  line  are  points;  and  the  in- 
"  tersections  of  one  line  with  another  are  also  points." 

III. 

"  If  two  lines  are  such  that  they  cannot  coincide  in  any  two  points, 

"without  coinciding  altogether,  each  of  them  is  called  a  straight  line.'' 

"  Cor.  Hence  two  straight  lines  cannot  enclose  a  space.  Neither 

«  can  two  straight  lines  have  a  eonlmon  segment;  that  is,  they  cannot 

"  coincide  in  part,  without  coinciding  altogether." 

.IV. 
A  superficies  is  that  which  has  only  length  and  breadth. 
"Cou.  The  extremities  of  a  superficies  are  lines;  and  the  iuter- 
.sections  of  one  superficies  with  another  are  also  lineSi" 

V. 
A  plane  superficies  is  that  in  which  any  tivo  points  being  taken 
the  straight  line  between  them  lies  wholly  in  that  superficies. 

VI. 
A  plane  rectilineal  angle  is  the  inclination  of  two  straight  lines  to 
bne  anothel-,  which  meet  together,  but  are  not  in  the  same  straight  line. 


Th"  d-sfinitions  marked  -Tith  inverted  comma5  are  difle«nt  ftom  tbose  of  EucMd. 

C    ' 
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IStEMENTS 


N.  B.  'When  several  angles  are  at  one  point  B,  any  one  of  theni 
'is  expressed  by  three  letters,  of  which  the  letter  that  is  at  the  ver- 
'tex  of  the  angle,  that  is,  at  the  point  in  which  the  straight  lines  that 
'  contain  the  angle  meet  one  another,  is  put  between  (he  other  twof 
'letters,  and  one  of  these  two  is  somewhere  upon  one  of  those  straight 
'lines,  and  he  other  upon  the  other  line:  Thus  the  angle  which  is 
'  contained  by  the  straight  lines  AB,  C'B,  is  named  the  angle  ABC,  or 
'  CBA ;  that  "which  is  contained  by  AB,  BD  is  named  the  angle  ABD, 
'  or  DBA:  and  that  which  is  contained  by  BD^  CB  is  called  the  angk 
'DBC,  or  CBD;  but,  if  there  be  only  one  angle  at  a  point,  it  maybe 
'expressed  by  a  letter  placed  at  that  point;  as  the  angle  at  E.' 

Til. 

"When  a  straight  line  standing  on  another 
straight  line  makes  the  adjacent  angles 
equal  to  one  another,  each  of  the  angles 
is  called  a  right  angle ;  and  the  straight 
line  which  stands  on  the  other  is  called 
a  perpendicular  to  it. 


VIII. 


An  obtuse  angle  is  that  which  is  greater  than  a  right  angle. 


IX. 

An  acute  angle  is  that  which  is  less  than  a  right  angle. 

X. 

A  figure  is  that  which  is  enclosed  by  one  or  more  boundaries. — T/j< 
u'ord  area  denotes  the  quantity  of  space  coutaineil  in  afi^ure^ivithout 
any  reference  to  the  nature  oft/ic  line  or  lines  ivhicli  bound  it. 
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XI. 

A  cirek  is  a  plane  figure  contained  by  one  line,  which  is  called  the 
crrcHnifercnce,  and  is  such  Uiat  all  straight  lines  drawn  I'rpn^  a  cer- 
tain point  within  the  figure  to  the  eircumfereuce,  are  equal  to  one 
another. 


And  this  point  is  called  the  centre  of  the  circle. 

XIII. 
A  diameter  of  a  circle  is  a  straight  line  drawn  through  the  centre,  and 
lermioated  both  ways  by  the  circumference. 

XIV. 
A  semicircle  is  Ihe  figure  conlained  by  a  diameter  and  the  part  of  the 
circumference  cut  off  by  the  diameter, 

XV. 
Rectilineal  figures  are  those  which  are  contained  by  straight  lines; 

XVI. 
Trilaleral  (igures,  or  triangles,  by  three  straight  lineg. 

XVII. 
Quadrilateral,  by  four  straight  line?. 

XVIII. 
Multilateral  figures,  or  polygons,  by  more  than  four  straight  lines. 

XIX. 

Of  three  sided  figures,  an  equilateral  triangle  is  that  which  has  three 
equal  sides. 

XX. 
An  isosceles  triangle  is  that  which  has  only  two  sides  equal. 


XXI 


A  scalene  triangle,  is  that  which  has  three  unequal  sides. 

XXII. 
A  right  angled  triangle*  is  that  which  has  a  right  angle- 
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XXIII. 

An  obtuse  angled  triangle,  \s  that  which  has  an  obtuse  angle. 


XXIV. 

An  acute  angled  triangle,  is  that  which  has  three  acute  angles. 

XXV. 
Of  four  sided  figures,  a  square  is  that  which  has  all  its  sides  equal 3 
and  all  its  angles  right  angles. 


XXVI. 

An  oblong,  is  that  which  has  all  its  angles  right  angles,  but  has  not  all 

its  sides  equal. 

XXVII. 
A  rhombus,  is  that  which  has  all  its  sides  equal,  but  its  angles  are  not 

right  angles. 


XXVIII. 

A  rhomboid,  is  that  which  has  its  opposite  sides  equal  to  one  another, 
but  all  its  sides  are  not  equal,  nor  its  angles  right  angles. 

XXIX. 
All  other  four  sided  figures  besides  these,  are  called  Trapeziums. 

XXX. 
Parallel  straight  lines,  are  such  as  are  in  the  same  plane,  and  >vhich 
being  produced  ever  so  far  both  ways,  du  not  meet. 


OF  GEOMETRY.    BOOK  1. 


POSTULATES. 
I. 

Let  it  be  granted  that  a  straight  line  may  be  drawn  from  any  one 
point  to  any  other  |)oint. 

II. 
That  a  terminated  straight  line  may  be  produced  to  any  length  in 
a  straight  line. 

III. 
And  that  a  circle  may  be  described  from  any  centre,  at  any  dis? 
tfince  from  that  centre. 


AXIOMS. 
I. 

Things  which  are  equal  to  the  same  thing  are  equal  to  one  another. 

II. 
If  equals  be  added  to  equals,  the  wholes  are  equal. 

III. 
If  equals  be  taken  from  equals,  the  remainders  are  equal. 

IV. 
If  equals  be  added  to  unequals,  the  wholes  are  unequal. 

V. 
If  equals  be  taken  from  unequals,  the  remainders  are  unequal. 

VI. 
Things  which  are  doubles  of  the  same  thing,  are  equal  to  one  another. 

VII. 
Things  which  are  halves  of  the  same  thing,  are  equal  to  one  another. 

VIII. 
Magnitudes  which  coincide  with  one  another,  that  is,  which  exactly 
fill  the  same  space,  are  equal  to  one  another. 

IX. 
The  whole  is  greater  than  its  part. 

X. 
All  right  angles  are  equal  to  one  another. 

XI. 
"  Two  straight  lines  which  intersect  one  another,  cannot  be  both 
^'  parallel  to  the  same  straight  line." 


i8 


ELEMENTS 


PROPOSITION  I.  PROBLEM. 

To  describe  an  equilateral  triangle  upoa  a  given  finite 
straight  line. 

Let  AB  b3  the  s^iven  straij^lit  line :  it  is  required  to  tleseribe  an 
pquiltiteritl  triaiiajle  upon  it. 

From  the  centre  A,  at  the 
distance  ABj  describe  ( 3.  Pos- 
Uiliite)  the  circle  BCI),  and 
from  the  centre  B,  at  the  dis- 
tance BA,  describe  the  circle 
AC'E:  and  from  the  point  (', 
IB  which  the  circles  cut  one  an- 
other, draw  the  straight  lines 
(l.Post.H'A,  CB  (0  tiie  poinls 
A,  B :  ABC  is  an  equilateral 
triang^-le. 

Becanse  the  point  A  is  tlie  centre  of  the  circle  BCD,  AC  is  equal 
(ll.Dciinition)  to  AB;  and  l)ecause  the  point  B  is  the  centre  of  the 
circle  ACE-  BC  is  equal  to  AB  :  Bnt  it  has  been  proved  that  CA  is 
equal  to  AB:  therefore  CA,  CB  are  each  of  them  equal  to  ABj 
now  thini;'s  which  are  equal  to  the  same  are  equal  to  one  another, 
(1.  Axiom):  therefore  CA  is  eipial  to  CB;  wherefore  CA,  AB,  CB 
are  e(|ual  to  one  another;  and  the  triano'le  AliC  is  therefore  e((ui- 
lateral,  and  it  is  described  upon  the  given  straight  line  x\B.  Which 
Mas  required  to  be  done, 

PROP.  II.  PROB. 

From  a  given  point  to  draw  a  straight  line  equal  to  a 
given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line ;  it  is  re- 
quired to  draw,  from  the  point  A,  a  straight  line  equal  to  BC. 

From  the  point  A  to  B  draw  (l.  Post  ) 
the  straight  line  AB;  and  upon  it  describe 
(t.  1.  the  equilateral  triangle  DAB,  and 
produce  (2.  Post.)  the  straight  lines  DA, 
BD,  to  E  and  F;  from  the  centre  B,  at 
the  distance  BC,  describe  (3.  Post.)  the 
circle  CCH,  and  from  the  centre  D,  at  the 
distance  DC,  describe  the  circle  GKL. 
AL  is  equal  to  BC. 

Because  the  point  B  is  the  centre  of  the 
circle  CGH,  BC  is  equal  (11.  Def.)  to 
BG;  and  because  D  is  the  centre  of  the 
circle  GKL,  DL  is  equal  to  DG,  and  DA, 
DB,  parts  of  them,  are  equal ;  therefore 
the  remainder  AL  is  equal  to  the  remainder  (3.  Ax.)  BG :  But  it  has 
heen  shewn  that  BC  is  equal  to  BG;  wherefor*  AL  and  BC  are  each 
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of  them  equal  to  BG;  and  things  tliat  are  equal  to  the  same  are  equal 
to  one  anotlier;  tiierei'ore  the  straight  line  AL  is  equal  to  BC. 
Wherefore,  from  tlie  given  point  A,  a  straight  line  AL  has  heen 
drawn  equal  to  the  given  straight  line  BC.     Which  was  to  be  donej 

PROP.  III.  PROB. 

From  the  greater  of  two  given  straight  lines  to  cut  off 
a  part  equal  to  the  less. 

Let  AB  and  C  be  the  two  given 
Straight  lines,  whereof  AB  is  the 
greater.     It  is  required  to  cut  off 
from  AB,  the  greater,  a  part  equal  / 
to  C;,  the  less.  I 

From  the  point  A  draw  (2.  1.)  \ 
the  straight  line  AD  equal  to  C ;  \ 
and  from  the  centre  A,  and  at  the    "> 
distance  AD,  describe  (3.  Post)  the 
circle  DEF;  and  because  A  is  the 
centre  of  the  circle  DEF,  AE  is 

equal  to  AD :  but  the  straight  line  C  is  likewise  equal  to  AD ;  whence 
AE  and  C  are  each  of  them  equal  to  AD ;  wherefore  tlie  straiglit 
line  AE  is  equal  to  (l.  Ax.)  C,  and  from  AB  the  greater  of  two 
straight  lines,  a  part  AE  has  been  cut  off  equal  to  C  the  less.  Which 
was  to  be  done. 

PROP.  IV.  THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each  ;  and  have  likewise  the 
angles  contained  by  those  sides  equal  to  one  another,  their 
bases,  or  third  sides,  shall  be  equal ;  and  the  areas  of  the 
triangles  shall  be  equal ;  and  their  other  angles  shall  be 
equal,  each  to  each;,  viz.  those  to  which  the  equal  sideis 
al'e  opposite.* 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  sides  AB,  AC 
equal  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB  to  DE,  and 


AC  to  DF;  and  let 

the  angle  BAC  bti  also 
equal  to  the  angle  ED 
F:  then  shall  the  base 
BC  be  equal  to  the 
base  EF :  and  tlie  tri- 
angle ABC  to  the  tri- 
angle DEF;  and  tlie 
other  angles,  to  wliich 
tlie  equal  sides  are  op- 


D 


B 


E 


F 


»   ibt  three  conclusions  in  this  eiiuuciatiun  art  more  briefly  ejipres^ed  bv  sanne,  t'tat 
'Kiauglcs  are  everii  nwj  eijua'.  ■>        r  ■       i     s'  '•"" 
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posite,  shall  be  equal,  eaeli  to  each,  viz.  the  angle  ABC  to  theanajlc 
BEF.  and  the  angle  ACB  to  DFE. 

For,  if  the  triangle  ABC  he  applied  to  the  triangle  DEF,  so  that 
the  point  A  may  he  on  D,  and  the  straight  line  AB  upon  DE;  the 
point  B  shall  coincide  with  the  point  E,  because  AB  is  equal  to  DE  ; 
and  AB  coinciding  with  DE,  AC  shall  coincide  with  DF,  because  the 
ansjle  BAC  is  equal  to  the  angle  EDF;  wherefore  also  the  point  C 
shall  coincide  with  the  point  F  because  AC  is  equal  to  DF  :  But  the 
point  B  coincides  with  the  point  E ;  wherefore  the  base  BC  shall 
coincide  with  the  base  EF  (cor.  def.  3,),  and  shall  be  equal  to  it. 
Tliei-efore  also  the  whole  triangle  ABC  shall  coincide  with  the  whole 
triangle  DEF,  so  that  the  spaces  which  they  contain  or  their  areas 
are  equal:  and  the  remaining  angles  of  the  one  shall  coincide  A\ilh 
the  remaining  angles  of  the  other,  and  be  equal  to  them,  viz.  the 
angle  ABC  to  the  angle  DEF,  and  the  angle  ACB  to  the  angle  DFE. 
Therefore,  if  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  have  liketrise  the  angles  con- 
tained by  those  sides  equal  to  one  another;  their  bases  shall  be  equal, 
and  their  areas  shall  be  equal,  and  their  other  angles,  to  which  the 
equal  sides  are  opposite,  shall  be  equal,  each  to  each.  AVhich  was 
to  be  demonstrated. 

PROP  Y.  THEOR. 

The  angles  at  the  base  of  an  isosceles  triangle  are  equal 
to  one  another  ;  and  if  the  equal  sides  be  produced,  the 
angles  upon  the  other  side  of  the  base  shall  also  be  equal. 

Let  ABC  be  an  isosceles  triangle,  of  which  the  side  AB  is  equal  to 
Ac,  and  let  the  straight  lines  AB,  AC  be  produced  to  D  and  E,  tbe 
angle  ABC  shall  be  equal  to  the  angle  ACB,  and  the  angle  CBD  to 
the  angle  BCE. 

In  BD  take  any  point  F.  and  from  AE  the  greater  cut  off  AG  equal 
(3. 1.)  to  AF,  the  less,  and  join  FC,  GB. 

Because  AF  is  equal  to  AG,  and  AB  to  AC,  the  two  sides  FA,  AC 
are  equal  to  the  two  GA,  AB,  each  to  each;  and  they  cont^iin  the 
angle  FAG  common  to  the  two  Irian-  ^ 

jrles,  AFC,  AGB;  therefore  the  base 
FC  is  equal  (4.  1.)  to  the  base  GB, 
and  the  trianale  AFC  to  the  triangle 
AGB;  and  ll)e  rotnaiiiing  unifies  of 
the  one  are  equal  (4.1.)  to  the  re- 
maining angles  of  the  other,  each  to 
each,  to  which  the  equal  sides  are 
opposite,  viz.  the  angle  ACF  to  the 
angle  ABG,and  the  angle  AFC  to  the 
angle  AGB  ;  And  because  the  whole 
AF  is  equal  to  the  whole  AG,  and  the 
part  AB  to  the  part  AC  :  the  remain- 
der BF  shall  be  equal  (3.  As.)  to  the 
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remainder  CG;  and  FC  was  proved  to  be  eqiial  toGB,  thei'efore  the 
two  sides  BF,  FC  are  equal  to  the  two  CG,  GB,  each  to  each ;  but  the 
angle  BFC  is  equal  to  the  angle  CGB ;  whet-efore  the  triangles  BFC, 
CGB  are  equal  (3.  1^),  and  their  remaining  angles  are  equal,  to 
ivhith  the  equal  sides  are  opposite;  therefore  the  angle  FBC  is  equal 
to  the  angle  GCB,  and  the  angle  BCF  to  the  angle  C BG.  Now,  since 
it  has  been  demonstrated,  that  the  whole  angle  ABG  is  equal  to  the 
whole  ACF,  and  the  part  CBG,  to  the  part  BCFthe  remaining  angle 
ABC  is  therefore  equal  to  the  remaining  angle  ACB,  which  are  the 
angles  at  the  base  of  the  triangle  ABC  :  And  it  has  also  been  proved 
that  the  a'lgle  FBC  is  equal  to  the  angle  GCB,  which  are  the  angles 
upon  the  other  side  of  the  base.  Therefore,  the  angles  at  the  base, 
Sic.    Q.  E.  i). 

Corollary,  Hence  every  equilateral  triangle  is  also  equiangular. 

PROP.  VL  THEOR. 

If  two  angles  of  a  triangle  be  equal  to  one  another,  the 
sides  which  subtend,  or  are  opposite  to  them,  are  also 
equal  to  one  another. 

Let  ABC  be  a  triangle  having  the  angle  ABC  equal  to  the  angle 
ACB  ;  the  side  AB  is  also  equal  to  the  side  AC. 

For,  if  AB  be  not  equal  to  AC,  one  of  them  is  greater  than  the 
other:  Let  AB  be  the  greater,  and  from  it  cut  (3.  1.)  oflf  DB  equal 
to  AC  the  less,  and  join  DC ;  therefore,  be- 
cause in  the  triansles  DBC,  ACB,  DB  is 
equal  to  AC,  and  BC  common  to  both,  the 
two  sides  DB,  BC  are  equal  to  the  two  AC, 
CB,each  to  each;  but  the  angle  DBC  i?  also 
equal  'o  the  angle  ACB;  therefore  the  base 
tic  is  equal  to  the  base  AB,  and  the  area 
of  (he  triangle  DBC  is  equal  to  that  of  the 
triangle  (4.  l.)ACB,  the  less  to  the  greater  j 
which  is  absurd.  Therefore,  AB  is  not  un- 
equal to  AC,  that  is,  it  is  eqiinl  to  it^  Where- 
fore, if  two  angles,  &c.     Q.  E.  D. 

CoR.     Hence  every  equiangular  triangle  is  also  equilateral^ 

PROP.  VII.  THEOR. 

Upon  the  same  base,  and  on  the  same  side  of  it,  there 
cannot  be  two  triangles,  that  have  their  sides  Which  are 
terminated  in  one  extremity  of  the  base  equal  to  one 
another,  and  likewise  those  which  are  terminated  in  the 
other  extremity,  equal  to  one  another. 

Let  there  be  two  triangles  ACB  ADB,  upon  the  same  base  AB,  and 
upon  the  same  side  of  it,  whi(!h  have  their  sides  CA,DA,  terminated 
in  A  eqoal  to  one  another;  then  their  sides,  CB,  DB,  terminated  in 

D 


^ 
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B.  Cannot  be  equal  to  one  another. 

Join  CD,  and  if  possible  let  CB 
be  ef|ual  to  DB;  then,  in  the  case 
in  which  tlie  vertex  of  each  of  the 
trian^i^les  is  without  the  other  trian- 
gle, because  AC  is  equal  to  AD,  the 
ans:le  ACD  is  equal  (5.  1.)  to  the 
angle  ADC  j  But  the  angle  ACD  is 
greater  than  the  angleBCD;  there- 
ibre  the  angle  ADC  is  greater  also 
than  BCD;  much  more  then  is  the 
angle  BDC  greater  than  the  angle 
BCD.  Again,  because  CB  is  equal  to  DB,  the  angle  BDC  is  equal 
(5. 1.)  to  the  angle  BCD;  but  it  has  been  demonstrated  to  be  greater 
than  it;  which  is  impossible. 

But  if  one  of  the  vertices,  as 
D,  be  within  the  other  triangle 
ACB;  produce  AC,  AD  to  E, 
F;  therefore,  because  AC  is  e- 
qual  to  AD  in  the  triana-le  ACD, 
the  angles  ECD,  FDC  upon 
the  other  side  of  the  base  CD 
are  equal  (5. 1.)  to  one  another, 
bat  the  angle  ECD  is  greater  C 
than  the  angle  BCD ;  wherefore 


B 


the  angle  FDC  is  likewise  greater  than  BCD ;  much  more  then  is  the 
angle  BDC  greater  than  the  angle  BCD.  Again,  because  CB  is  eqaal 
to  DB,  the  angle  BDC  is  equal  (5.  1.)  to  the  angle  BCD;  but  BDC 
has  been  pro^  ed  to  be  greater  than  the  same  BCD ;  which  is  impossi- 
ble. The  case  in  which  the  vtt-tex  of  one  triangle  is  upon  a  side  of 
the  other,  needs  no  demonstration. 

Therefore,  upon  the  same  base,  and  on  the  same  side  of  it,  there 
cannot  be  two  triangles  that  have  their  sides  which  are  terminated  in 
one  extremity  of  the  base  equal  to  one  another,  and  likewise  those 
which  are  terminated  in  the  other  extremity  equal  to  one  another. 
Q.  E.  D. 

PROP.  VIII.  THEOR. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  and  have  likewise  theif 
bases  equal ;  the  angle  which  is  contained  by  the  two  sides 
of  the  one  shall  be  equal  to  the  angle  contained  by  thfe  twa 
sides  of  the  other. 

Let  ABC,  DEF  be  two  triangles  having  the  two  sides  AB,  AC- 
«qual  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB  to  DE,  and  AC 
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to  DF ;  and  also  the  base  BC  equal  to  the  base  EF.    The  angle  B  AC 
is  equal  to  the  angle  EDF. 

For,  if  the  triangle  ABC  be  applied  to  the  trian^e  DEF,  so  that 
the  point  B  be  on  E,and  the  straight  line  BC  upon  EF;  the  point  C 
shall  also  coincide  with  the  point  F,  because  BC  is  equal  to  EF : 
therefore  BC  coinciding  with  EF,B  A  and  AC  shall  coincide  with  ED, 
and  DF  ;  for,  if  BA,  and  CA  do  not  coincide  with  ED,  and  FD,  but 
have  a  different  situation  as  EG  and  FG ;  then,  upon  the  same  bas? 
EF,  and  upon  the  same  side  of  it,  there  can  be  two  triangles  EDF, 
ECIF,  that  have  their  sides  which  are  terminated  in  one  extremity  of 
the  base  equal  to  one  another,  and  likewise  their  sides  terminated 
in  the  other  extremity;  but  this  is  impossible  (7. 1.);  therefore,  if 
the  base  BC  coincides  with  the  base  EF,  the  sides  BA,  AC  cannot 
but  coincide  with  the  sides  ED,  DF;  wherefore  likewise  the  angle 
BAC  coincides  with  the  angle  EDB',  and  is  equal  (8.  Ax.)  to  it. 
Therefore  if  two  triangles,  &c.    Q.  E.  D. 

JPROP.  IX.  PROB, 

To  bisect  a  given  rectilineal  angle,  that  is,  to  divide  it 
into  two  equal  angles. 

Let  BAC  be  the  giveu  rectilineal  angle,  it  is  required  to  bisect  it. 

Take  any  point  D  in  AB,  and  froni  AC  cut  (3. 1.)  off  AE  equal  t.o 
AD ;  join  DE,  and  upon  it  describe 
(1.  1.)  an  equilateral  triangle  DEF; 
tlien  join  AF ;  the  straight  line  AP 
bisects  the  angle  BAC. 

Because  AD  is  equal  to  AE,  and 
AF  is  common  to  the  two  triangles 
DAF,  EAF;  the  two  sides  DA,  AP 
are  equal  to  the  two  sides  EA,  AF, 
each  to  each;  but  the  base  DF  is  also 
equal  to  the  base  EF;  therefore  tlie 
angle  DAF  i- equal  (8.1.)  to  thean- 
gleEAF:  wherefore  the  given  recti- 
lineal angle  BAC  is  bisected  by  the 
straight  line  AF.  Which  was  to  he 
done. 
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PROP.  X.  PROB, 

To  bisect  a  given  finite  straight  line,  that  is,  to  divide  it 
into  two  equal  parts. 

Let  AB  be  the  given  straight  line;  it  is  required  to  divide  it  into 
two  equal  parts. 

Describe  (l.  i.)  upon  it  an  equilateral  triangle  ABC,  and  bisect 
(9. 1.)  the  angle  ACB  by  the  straight  line  CD.  AB  is  cut  into  two 
equal  parts  in  the  point  D. 

Because  AC  is  equal  to  CB,  and  CD  common  to  the  two  triangles 
ACD,  BCD:  the  two  sides  AC,  CD,  are  c 

equal  to  the  two  BC,  CD,  each  to  each^; 
but  the  angle  AC  I)  is  also  equal  to  the  an- 
gle BCD;  therefore  the  base  AD  is  equal 
to  the  base  (4.  1.)  DB,  and  the  straight 
line  AB  is  divided  into  two  equal  parts  in 
^e  point  D.    Which  was  to  be  done. 


PROP.  XI.  PROB. 

To  draw  a  straight  line  at  right  angles  to  a  given  straight 
line,  from  a  given  point  in  that  line. 

Let  AB  be  a  giyen  straight  line,  and  C  a  point  given  in  it;  it  is  re- 

quired  to  draw  a  straight  line  from  the  point  C  at  right  angles  to  AB. 
Take  any  point  D  in  AC,  and  (3.  1.)  make  CE  equal  to  CD,  and 

ijpon  DE   describe   (l.  1.)  the 

equilateral  triangle  DFE,  and 

join  FC;  the  straight  line  EC, 

drawn  from  the  given  point  C, 

is  at  right  angles  to  the  given 

straight  line  AB, 

Because  DC  is  equal  to  CE, 
and  FC  common  to  the  two  tri- 
angles DCFjECF,  the  two  sides 
DC,  CF  are  equal  to  the  two  EC,  CF,  each  to  each ;  but  the  base 
DF  is  also  equal  to  the  base  EF ;  therefore  the  angle  DCF  is  equal 
(8.  l.)totheangIeECF;  and  they  are  adjacent  angles.  But,  when  the 
adjacent  angles  which  one  straight  line  makes  with  another  straight 
line  are  equal  to  one  another,  each  of  them  is  called  a  right  (7.  def.) 
angk ;  therefore  e^ch  of  the  anqrles  DCF,  ECF,  is  a  right  angle. 
Wherefore,  from  the  given  point  C,  in  the  given  straight  line  AB, 
FC,  has  been  drawn  at  right  angles  to  AB.     Which  was  to  be  don^- 
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PROP.  XII.  PROB. 

To  draw  a  straight  line  perpendicular  to  a  given  straight 
line,  of  an  unlimited  length,  from  a  given  point  without  it. 

Let  AB  be  a  given  straight  line,  which  may  be  produced  to  any 
length  both  ways,  and  let  C  be  a  point  without  it.  It  is  required  to 
draw  a  straight  line  perpendi- 
cular to  AB  iron  the  point  C. 

Take  any  point  D  upon  the 
other  side  of  AB,  and  from  the 
centre  C,  at  the  distance  CD, 
describe  (3.  Post.)  the  circle 
EixF  meeting  AB  in  F,  G;  and 
bisect  (10.  1.)  FG  in  H,  and 
join  CF,  CH,  CG;  the  straight 
line  C  H,  drawn  from  the  given  point  C,  is  perpendicular  to  the  given 
straight  line  AB. 

Because  FH  is  equal  to  HG,  and  HC  common  to  the  two  triangles 
FHC,  GHC,  the  two  sides  FH,  HC  are  equal  to  the  two  GH,  HC, 
each  to  each;  but  the  base  CF  is  also  equal  (ll.  Def.  1  )  to  the  base 
CG;  therefore  the  angle  CHF  is  equal  (8.  1.)  to  the  angle  CHG; 
and  they  are  adjacent  angles ;  now  when  a  straight  line  standing  on  a 
straight  line  makes  the  adjacent  angles  equal  to  one  another,  each  of 
them  is  a  right  angle,  and  the  straight  line  which  stands  upon  the 
other  is  called  a  perpendicular  to  it;  therefore  from  the  given  point  C 
a  perpendicular  CH  has  been  drawn  to  the  given  straight  line  AB. 
Which  was  to  be  done. 

PROP.  XIII.  THEOR. 

The  angles  which  one  straight  line  makes  with  another 
upon  one  side  of  it,  are  either  two  right  angles,  or  are  to- 
gether equal  to  two  right  angles. 

Let  the  straight  line  AB  make  with  CD,  upon  one  side  of  it  the 
angles  CB  A,  ABD ;  these  are  either  two  right  angles,  or  are  together 
equal  to  two  right  angles. 

For,  if  the  angle  CBA  be  equal  to  ABD,  each  of  them  is  a  right 
angle  (De£  7.) ;  but,  if  not,  from  the  point  B  draw  BE  at  right  an= 
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gles  (11.  1.)  to  CD;  therefore  the  angles  CBE,  EBD  are  two  ri^ht 
angles.  Now,  the  angle  CBE  is  equal  to  the  two  angles  CBA,  AfeE 
together;  add  the  angle  EBD  to  each  of  these  equals,  and  the  two 
angles  CBE,  EBD,  will  be  equal  {2.  Ax.)  to  the  three  CBA,  ABE, 
EBD.  Again,  the  angle  DBA  is  equal  to  the  two  angles  DBE,  EB  A ; 
add  to  each  of  these  equals  the  angle  ABC ;  then  will  the  two  angles 
DBA,  ABC  be  equal  to  the  three  angles  DBE,  EBA,  ABC ;  but  the 
angles  CBE,  EBD  have  been  demonstrated  to  be  equal  to  the  same 
three  angles ;  and  things  that  are  equal  to  the  same  are  equal  (l.  Ax.) 
to  one  another;  therefore  the  angles  CBE,  EBD  are  equal  to  the  an- 
gles DBA,  ABC;  but  CBE,  EBD,  are  two  right  angles;  therefore 
DBA,  ABC  are  together  equal  to  two  right  angles.  Wherefore, 
when  a  straight  line.  See.    Q.  E.  D. 

PROP.  XIV.  THEOR. 

If,  at  a  point  in  a  straight  line,  two  other  straight  lines, 
upon  the  opposite  sides  of  it,  make  the  adjacent  angles  to- 
gether equal  to  two  right  angles,  these  two  straight  lines 
are  in  one  and  the  same  straight  line. 

At  tlie  point  B  in  the  straight 
line  AB,  let  the  two  straight  lines 

BC,  BD  upon  the  opposite  sides 
of  AB,  make  the  adjacent  angles 
ABC,  ABD  equal  together  to  two 
right  angles.  BD  is  in  the  same 
straight  line  with  CB. 

t'or  if  BD  be  not  in  the  same 
straight  line  with  CB,  let  BE  be 
in  the  same  straight  line  with  it; 
therefore,  because  the  straight 
line  AB  makes  angles  with  the  straight  line  CBE,  upon  one  side  of 
it,  the  angles  ABC,  ABE  are  together  equal  (13.  1.)  to  two  right  an- 
gles; but  the  angles  ABC,  ABD  are  likewise  together  equal  to  two 
right  angles;  therefore  the  angles  CBA,  ABE  are  equal  to  the  an- 
gles CBA,  ABD  :  Take  away  the  common  angle  ABC,  and  the  re- 
maining angle  ABE  is  equal  (8.  Ax.)  to  the  remainin^angle  ABD, 
the  less  to  the  greater,  which  is  impossible ;  therefore  BE  is  not  in  the 
same  straight  line  with  BC.  And  in  like  manner,  it  may  be  de- 
monstrated, that  no  other  can  be  in  the  same  straight  line  with  it  but 

BD,  which  therefore  is  in  the  same  straight  line  with  CB.  Where' 
fore,  if  at  apoint,  i3*c.     Q.  E.  D. 

PROP.  XV.  THEOR. 

If  two  straight  lines  cut  one  another,  the  vertical,  or  op- 
posite angles  are  equal. 
Let  the  two  straight  lines  A  B,  CD  cut  one  another  in  the  point  E  ^ 
the  angle  AEC  shall  be  equal  to  the  angle  DEB,  and  CEB  to  AED. 
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For  the  an^-les  CE  A,  AED,  which  the  straight  line  AE  makes  with 
the  straight  fine  CD<,  are  together  equal  (13.  1.)  to  two  right  angles; 
and  the  angles  AED,  DEB,       (, 
which  the  straight  line  DE 
makes  with  the  straight  line 
AB,  are  also  together  equal 
(13. 1.)  to  two  right  angles; 
therefore    the    two    angles 
CEA,  AED  are  equal  to  the 
two  AED,  DEB.     Take  a- 
way    the    common     angle 
AED,  and    the    remaining 

ang'e  CEA  is  equal  (3.  Ax.)  to  the  remaining  angle  DEB.  In  the 
same  manner  it  may  be  demonstrated  that  the  angles  CEB,  AED  are 
equal.     Therefore,  if  two  straight  lines,  is'e.     Q  E.  D. 

Cor.  1.  From  this  it  is  manifest,  that  if  two  straight  lines  cut  one 
another,  the  angles  which  they  make  at  the  point  of  their  intersec- 
tion, are  together  equal  to  four  right  angles. 

Cor.  2.  And  hence,  all  the  angles  made  by  any  number  of  straight 
lines  meeting  in  one  point,  are  together  equal  to  four  right  angles. 

PROP.  XVI.  THEOR. 

If  one  side  of  a  triangle  be  produced,  the  exterior  an- 
gle is  greater  than  either  of  the  interior,  and  opposite  an- 
gles. 

Let  ABC  be  a  triangle,  and  let  its  side  EC  be  produced  to  D,  the 
exterior  angle  ACD  is  greater  than  either  of  the  interior  opposite 
angles  CBA,  BAC. 

Bisect  (10.  I.)  AC  in  E,  join 
BE  and  produce  it  to  F,  and 
make  EF  equal  to  BE;  join  also 
FC,  and  produce  AC  to  G. 

Because  AE  is  equal  to  EC, 
and  BE  to  EF;  AE,  EB  are 
equal  toCE,  EF,  each  to  each; 
and  the  angle  AEB  is  equal  (15. 
1.)  to  the  angle  CEF,  because 
they  are  verlieal  angles  ;  there- 
fore the  base  AB  is  equal  (4.  1.) 
to  the  base  CF,  and  the  triangle 
AEB  to  the  triangle  CEF,  and 
the  remaining  angles  to  the  re- 
maining angles,  each  to  each,  to 
which  the  equal  sides  are  oppo- 
site: wherefore  the  angle  BAE  is  equal  to  the  angle  ECF;  but  the 
angle  ECD  is  greater  thart  the  angle  ECF;  therefore  the  angle  ISCD, 
that  is  ACD,  is  greater  than  BAE:  In  the  same  manner,  if  the  side 
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BC  be  bisected,  it  may  be  tletnonstrated  that  the  anp^le  BCG,  that  'm^ 
(15.  1.),  the  angle  ACD,  is  greater  than  the  angle  ABC.    Therefore 
if  one  fiide,  4-c.     Q.  E.  D. 

PROP.  XVII.  THEOR. 

Any  two  angles  of  a  triangle  are  together  less  than  two 
right  angles. 

Let  ABC  be  any  triangle;  any  4 

two  of  its  angles  together  are  less 
than  two  right  angles'. 

Produce  BC  to  D ;  and  be- 
cause ACD  is  the  exterior  angle 
of  the  triangle  ABC,  ACD,  is 
greater  (16.  1.)  than  the  interior 
and  opposite  angle  ABC ;  to  »aeh 
of  these  add  the  ansle  ACB  ; 
therefore  the  angles  ACD,  ACB 
are  greater  than  the  angles  ABC,^ 
ACB;  but  ACD,  ACB  are  to- 
gpther  equal  (13.  1 .)  to  two  right  angles ;  therefore  the  angles  ABC, 
BCA  are  less  than  two  right  angles.  In  like  manner,  it  may  be  de- 
monstrated, that  BAC,  ACB,  as  also,  CAB,  ABC,  are  less  than  twe 
right  angles.     Therefore,  any  two  angles,  t?'c.     Q.  E.  D. 

PROP.  XVIII  THEOR. 

The  greater  side  of  every  triangle  has  the  greater  angle 
opposite  to  it. 

Let  ABC  be  a  triangle  of  which 
the  side  AC  is  greater  than  the  side 
AB  ;  the  angle  ABC  is  also  greater 
than  the  angle  BCA. 

From  AC,  which  is  greater  than 
AB,  cut  off  (3.  1.)  AD  equal  to  AB 
and  join  BD  ;  and  because  ADB  is 
the  exterior  angle  of  the  triangle 
BDC,  it  is  greater  (16.  ' .)  than  the 
interior  and  oppoi*ite  angle  DCB;  but  ADB  is  equal  (5.  I.)  to  ABD 
because  the  side  AB  is  equal  to  the  side  AD  ;  therefore  the  angle 
ABD  is  likewise  greater  than  the  angle  ACB ;  wherefore  much  more 
is  the  angU;  ABC  greater  than  ACB.  Therefore  the  greater  side, 
&c.    Q.  E.  D. 
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PROP.  XIX.  THEOR. 

The  greater  angle  of  every  triangle  is  subtended  by  thd 
greater  side,  or  has  the  greater  side  opposite  to  it. 

Let  ABC  be  a  triangle,  of  which  the  angle  ABC  iji  greater  thantbC 
angle  BCA;  ihe  side  AC  is  likewise  greater  than  the  side  AB. 

For,  if  it  be  not  greater,  AC  miist 
either  be  equal  to  AB,  or  less  than  itj 
it  is  not  equal,  because  then  the  an- 
gle ABC  would  be  equal  (5. 1  .)to  the 
angle  ACB;  but  it  is  not;  therefore 
AC  is  not  equal  to  AB;  neither  is  it 
less;  because  then  the  angle  ABC 
would  be  less  (18. 1.)  than  the  angle      '- 
ACB;  hut  it  is  not;  therefore  the 
side  AC  is  not  less  than  AB ;   and  it  has  been  shown  that  it  is  not 
equal  ft)   AB;    therefore  AC  is  greater  than  AB.    Wherefore  the 
greater  angle,  &c.     Q.  E.  D. 

PROP.  XX.  THEOR. 

Any  two  sides  of  a  triangle!  are  together  greater  than  the 
third  side. 

Let  ABC  be  a  triangle ;  any  two  sides  of  it  together  are  greater 
than  the  third  side,  viz.  the  sides  BA,  AC  greater  than  the  sj<le  BCj 
and  AB,  BC  greater  than  AC ;  and  BC,  C  A  greater  than  AB. 

Produce  BA  to  the  point  D, 
and  make  (3.  1.)  AD  equal  to 
AC  ;  and  join  DC. 

Because  DA  is  equal  to  AC, 
the  angle  ADC  is  likewise  equal 
(5.  1.)  to  ACD;  but  Ihe  angle 
BCD  is  greater  than  the  angle 
ACD;  therefore  the  angle  BCD 
is  greater  than  the  angle  ADC  ; 
and  because  the  angle  BCD  of  the  triangle  DCB  is  greater  than  its 
angle  BDC,  and  that  the  greater  (19.  1.)  side  is  opposite  to  the 
greater  angle  :  therefore  the  side  DB  is  greater  than  the  si<ie  BC ;  but 
DB  is  equal  to  BA  and  AC  together  ;  thereloreBA  and  AC  together 
are  greater  than  BC.  In  the  same  manner  it  may  he  demonstrated^ 
that' the  sides  AB,  BC  nre  greater  than  C  A,  and  BC,  CA  greater  than 
AB.    Therefore  any  tiVo  sides,  &c.    Q.  E.  D. 
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PROP.  XXI.  THEOR. 

If  from  the  ends  of  one  side  of  a  triangle,  there  be 
drawn  two  straight  lines  to  a  point  within  the  triangle, 
these  two  lines  shall  be  less  than  the  other  two  sides  of 
the  triangle,  but  shall  contain  a  greater  angle. 

Let  the  two  sfrai^lt  lines  BD,  CD  be  drawn  from  B,  C,  the  ends 
of  the  side  BC  of  the  triangle  ABC,  to  the  point  D  within  it:  BD 
and  DC  are  less  than  the  other  two  sides  BA  AC  of  the  triangle,  but 
contain  an  angle  BDC  greater  than  the  angle  BAC. 

Produce  BD  to  E  ;  and  because  two  sides  of  a  triangle  (20.  1 .)  are 
greater  than  the  third  side,  the  two 
sides  BA,  AE  of  the  triangle  ABE 
are  greater  than  BE.  To  each  of 
these  add  EC  ;  therefore  the  sides 
BA,  AC  are  greater  than  BE,  EC  : 
Again,  because  the  two  sides  CE, 
ED,  of  the  triangle  CED  are  greater 
than  CD,  if  DB  be  added  to  each, 
the  sides  CE,  EB,  will  be  greater 
than  CD,  DB  ;  but  it  has  been  shown 
that  BA,  AC  are  greater  tha^BE, 
EC  ;  much  more  then  are  BA,  AC 
greater  than  BD,  DC. 

Again,  because  the  exterior  angle  of  a  triangle  ( 1<S.  1.)  is  greater 
iban  the  interior  and  opposite  ang^le,  the  exterior  angle  BDC  of  the 
triangle  CDE  is  greater  than  CED  ;  for  the  same  reason,  the  exterior 
angle  CEB  of  the  triangle  ABE  is  greater  than  BAC;  and  it  has  been 
demonstrated  that  the  angle  BDC  is  greater  than  the  angle  CEB  ; 
much  more  then  is  the  angle  BDC  greater  than  the  angle  BAC. 
Tiierefore,  if  from  the  ends  of,  &c.    Q.  E.  D. 


PROP.  XXII.  PROB. 


To  construct  a  triangle  of  which  the  sides  shall  be  equal 
to  three  given  straight  lines ;  but  any  two  whatever  of 
these  lines  must  be  greater  than  the  third  (20.  1.) 

Let  A,  B,  C  be  the  three  given  straight  lines,  of  which  any  two 
whatever  are  greater  than  the  third,  viz.  A  and  B  greater  than  C; 
A  and  C  greater  than  B  ;  and  B  antl  C  than  A.  It  is  required  lo 
make  a  triangle  of  which  the  sides  shall  be  equal  to  A,  B,  C,  each  lo 
tach. 
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Take  a  straight  line  DE 
terminated  at  the  point  D, 
but  unlimiled  towards  E) 
and  make  (3.  1.)  DF  equal 
to  A,  FG  to  B,  and  GH 
equal  to  C  ;  and  from  the 
centre  F,  at  the  distance 
Fl),  describe  (3.  Post,) 
the  circle  DKL:  am\  from 
the  centre  G,  at  the  dis- 
tance GH,  describe  (3. 
Post.)  anothercircle  HLK; 
and  join  KF,  KG  ;  the  tri- 
angle KFG  has  its  sides 
equal  to  the  three  straight 
lines,  A,  B  C. 


A- 
B- 


Because  the  point  F  is  the  centre  of  the  circle  DKL,  FD  is  equal 
(11.  De?.)lo  FK;  but  FD  is  equal  to  the  straight  line  A:  therefore 
FK  is  equal  to  A:  Again^  because  G  is  the  centre  of  the  circle 
LKH,  GH  Is  equal  ( 1 1.  Def.)  to  GK:  but  GH  is  equal  to  C  ;  there- 
fore, alsuGK  is  equal  to  C;  and  FG  is  equal  to  B:  therefore  the 
thi^e  straight  lines  RF,  FG,  GK,  are  equal  to  the  three  A,  B,  C  : 
And  therefore  the  triangle  KFG  has  its  three  sides  KF,  FG,  GK 
et[ual  to  the  tlirae  given  straight  lines,  A,  B,  C,  AVhich  was  to  be 
done. 


PROP.  XXin.  PROB. 

At  a  giveix  point  in  a  given  straight  line,  to  make  a  recti -^ 
lineal  angle  equal  to  a  given  rectilijieal  angle. 

Let  AB  be  the  given  straight  line,  and  A  the  giA^eu  point  in  it.  and 
DC E the  given  rectilineal  angle;  it  is  required  to  make  an  angle  at 
the  given  point  A  in  the  given 
straight  line  AB,  that  shall  be 
equal  to  the  given  rectilinea,! 
angle  DCE. 

Take  in  CD,  CE  any  points 
D,.E,  and  join  DE:  and  make 
(22.  1.)  the  triangle  AFG, 
the  sides  of  which  shall  be 
equal  to  the  three  straight 
lines,  CD,  DE,  CE,  so  that 
CD  be  equal  to  AF,  CE  to 
AG,  and  DE  to  PG ;  and  be- 
cause DC,  CE  are  equal  to 
FA,  AG,  each  to  each,  and  the 
base  DE  to  the  base  FG;  the  angle  DCE  is  equal  (8.  t.)  totheangFe 
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FAG=  Therefore,  at  the  given  point  A  in  the  ^iven  straight  line  AB^ 
the  angle  FAG  is  made  equal  to  the  given  rectilineal  angle  DCE, 
Which  was  to  be  done. 

y  PROP.  XXIT.  THEOR. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other^  each  to  each,  but  the  angle  contained 
by  the  two  sides  of  the  one  greater  than  the  angle  con- 
tained by  the  two  sides  of  the  other ;  the  base  of  that 
which  has  the  greater  angle  shall  be  greater  than  the  base 
of  the  other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  sides  AB,  AC 
equal  to  the  two  DE^  DF  each  to  each,  viz.  AB  equal  to  UE,  and 
AC  to  DF ;  but  the  angle  BAC  greater  than  the  angle  EDF  j  the  base 
BC  is  also  greater  than  the  base  EF. 

Of  the  two  sides  DE,  DF,  let  DE  be  the  side  wliich  is  not  greater 
than  the  other,  and  at  the  point  D,  in  the  straight  line  DE  make 
(23. 1.)  the  angle  EDG  equal  to  the  angle  BAC  :  and  make  DG  equal 
(3.  1.)  to  AC  or  DF,  and  join  EG,  GF. 

Because  AB  is  equal  to  DE,  and  AC  to  DG,  the  two  sides  B  A,  AC 
are  equal  to  the  two  ED,  DG,  each  to  each,  and  the  angle  BAC  is 
equal  to   the  angle  j^ 

EDG,  therefore  the 
base  BC  is  equal 
(4.  1.)  to  the  biise 
EG;  and  because 
DG  is  equal  toDF, 
the  ansilt^  DFG  is 
equal  (5.  1.)  to  the 
angli  DGF ;  but  the 
angle  DG  F  is  great- 
er 'hnn  the  angle 
EGF;  therefore  the 
an^le  DFGi><  great- 
er than  EGF;  and  much  more  is  the  angle  EFG  greater  than  the  an- 
gle EGF ;  and  because  the  angle  EFG  of  the  triangle  EFG  is  greater 
than  its  angle  EGF,  and  because  theg  reater  (9.  1.)  side  is  opposite 
to  the  greater  angle,  the  side  EG  is  greater  than  the  side  EF;  but 
EG  is  equal  to  BC ;  and  therefore  also  BC  is  greater  than  EF. 
Therefore,  if  two  triangles,  is^c.     Q.  E.  D. 

PROP.  XXV.  THEOR. 

Tf  two  triangles  have  two  sides  of  the  one  equal  to  two 
sides  of  the  other,  each  to  each,  but  the  base  of  the  one 
greater  than  the  base  of  the  other  ;  the  angle  contained  by 
the  sides  of  tliat  which  has  the  greater  base,  shall  be  greater 
than  the  angle  contained  by  the  '^.des  of  the  other. 

Let  ABC,  DEP  be  two  triangles  which  have  the  two  sides  AB,  AC, 
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Wherefore,  if  two 


jequal  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB  equal  to  DE, 
and  AC  to  DF :  but  let  the  base  C  B  be  greater  than  the  base  EF, 
the  angle  '6  AC  is  likewise  greater  than  the  angle  EOF. 

For,  if  it  be  not  greater,  it  must  either  be  ei^ual  to  it,  or  less;  hut 
the  afigle  isAC  is  not  equal  to  the  angle  EDF,  because  then  the  base 
BC  w  .uid  ue  equal  (4.  I.) 
to  EF  ;  !)ut  it  is  aot ;  tlieve- 
forc  the  angle  BAC  is  not 
equal  to  the  aiml*  EDF; 
neilher  is  it  lesn  5  b^c  use 
then  the  hnse  BC  would  he 
less  (2-4.  1.)  than  the  base 
EF;  l>ut  It  is  not;  here- 
fore  the  angle  BAC  i-  no 
less  than  the  anjzle  EDF  ; 
and  it  was  fhown  thnt  ii  is 
not  eqiial  to  it :  therefore 
the  angle  BAC  is  greater  than  the  angle  EDF. 
triangles,  &c.    Q.  E.  D. 

PROP.  XXVI.  THEOR. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two 
angles  of  the  other,  each  to  each ;  and  one  side  equal  to 
one  side,  viz.  either  the  sides  adjacent  to  the  equal  angles, 
or  the  sides  opposite  to  the  equal  angles  in  each ;  then 
shall  the  other  sides  be  equal,  each  to  each  ;  and  also  the 
third  angle  of  the  one  to  the  third  angle  of  the  ot,her. 

Let  ABC,  DEF  be  two 
triangles  which  have  the 
angles  ABC,  BCA  equal 
to  the  angles  DEF,  EFD, 
viz.  ABC  to  DEF,  aid 
Bi  A  to  EFD;  also  one 
side  equal  to  one  side ; 
and  first  let  those  sides 
be  equal  which  are  adja- 
cent to  the  angles  that 
are  equal  in  the  two  tri- 
angles, \h.  BC  to  EF; 
the  other  sides  shall  be  equal^eaeh  to  each,  viz.  AB  to  DE,  and  AC 
to  DF;  and  the  third  aui^le  BAC  to  the  third  angle  EDF. 

For,  if  AB  be  not  equal  to  DE,oue  of  them  must  be  the  greater. 
Let  AB  be  the  greater  of  the  two,  and  make  BG  equal  to  DE,  and  join 
GC  ;  therefore,  because  BG  is  equal  to  DE,  and  BC  to  EF,  the  two 
sides  GB,  f5C  are  equal  to  the  two  DE,  EF,  each  to  each;  and  the 
angle  GBC  is  equal  to  the  angle  DEF;  therefore  the  base  GC  is 
equal  {4i.  1.)  to  the  base  DF,  and  the  triangle  GBC  to  the  triangle 
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DEF,  ant!  the  other  angles  to  the  other  angles,  each  to  each,  to  which 
the  equal  sides  are  opposite ;  therefore  the  angle  GCB  is  equal  to 
the   angle  DFE  hut  DFE  is,  hy  the  hypothesis,  equal  to  the  angle 
BC  A ;  wherefore  also  the  angle  i3CG  is  equal  to  the  angle  BC!  A,  the 
less  to  tlu*  greater,  which  is  impossible;  therefore  AB  is  not  unequal 
to  1)E,  that  is,  it  is  etpial  to  it;  and  BC  is  equal  to  EF;  therefore 
the  tvvoAB,  BC  are  equal  to  the  twoDE,  EF,  each  to  each;  and  the 
angle  ABC  is  equal  to  the  angle  DEF,  therefore  the  base  AC  is 
equal  (4. 1.)  to  the  base  DF,  and  the  angle  BAC  to  the  angle  EDF. 

Next,    let    the    sides 
which    are   o[)po5ile    to 
equal  angles  in  each  tri- 
angle be  equfil  to  one  an- 
other,  viz.  AB  to  DK  ; 
likewise  in  (his  case,  the 
other  sides   shall   be   e- 
qual,  AC  to  DF,  and  BC 
to    EF ;    and    also    the 
third  .-mgle  BAC  to  the         ______ 

third  EDF.  B  H     C      E  F 

For,  if  BC  be  not  equal  to  EF,  letBC  he  the  greater  of  them,  and 
make  BH  equal  to  EF,  and  join  All ;  and  because  BH  is  equal  to  EF, 
and  AB  to  DE;  the  two  AB,  BH  are  equal  to  the  twoDE,EF,  each 
to  each:  and  they  contain  equal  angles;  therefore  (4.  1.)  the  base 
AH  is  equal  to  the  base  DF,  and  the  triangle  ABH  to  the  triangle  DEF, 
and  the  other  angles  are  equal,  each  to  each,  to  which  the  equal  sides 
are  opposite;  therefore  the  angle  BHA  is  equal  to  the  angle  EFD; 
but  EFD  is  equal  to  tlie  angle  BC  A ;  therefore  also  the  angle  BHA  is 
equal  to  the  angle  BCA,  that  is,  the  exterior  angle  BHA  of  the  trian- 
sle  AHC  is  equal  to  its  interior  and  opposite  angle  BCA  :  which  is  im- 
possible (16.  1.)  wherefore  BC  is  not  unequal  to  EF,  that  is,  it  is 
equal  to  it;  and  AB  is  equal  to  DE ;  therefore  the  two  AB,  BC,  are 
equal  to  the  two  DE,  EF,  each  to  each;  and  they  contain  equal  an- 
gles; wherefore  the  base  AC  is  equal  to  the  base  DF,  and  the  third 
angle  BAC  to  the  third  angle  EOF.  Therefore,  if  two  triangles, 
&e.    Q.  E.D. 

PROP.  XXVII.  THEOR. 

If  a  straight  line  falling  upon  two  other  straight  lines 
makes  the  alternate  angles  equal-to  one  another,  these  two 
straight  lines  are  parallel. 

Let  the  straight  line  EF,  which  falls  upon  the  two  straight  lines  AB, 
CD  make  the  alternate  angles  AEF,  EFD  equal  to  one  another;  AB 
is  parallel  to  CD. 

For,  if  it  be  net  parallel,  AB  and  CD  being  produced  shall  meet 
either  towards  B,  D,  or  towards  A,  C ;  let  them  be  produced  and 
meet  towards  B5D  in  the  point  G;  therefore  GEF  is  a  triaiiglej  and 
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i(s  exterior  ansfle  AEF  is  greater  (16.  1.)  than  the  interior  and  oppo- 
site angle  EFG:  but  it  is 
also  equal  to  it,  which  is 
impossible;  therefore,  AB 
and  CD  being  produced, 
<lo  not  meet  towards  B, 
D.  In  like  manner  it  may 
bedemonstrated  that  they 
do  not  meet  towards  A, 
C;  but  those  straight  lines 
which  meet  neither  way,  though  produced  ever  so  far,  are  parallel 
(30.  Def.)  to  one  another.  AB  therefore  is  parallel  to  CD.  Where- 
fore, if  a  straight  line,  Sec.     Q.  E.  D. 

PROP.  XXVIII.  THEOR. 

If  a  straight  line  falling  upon  two  other  straight  lines 
makes  the  exterior  angle  equal  to  the  interior  and  opposite 
upon  the  same  side  of  the  line  ;  or  makes  the  interior  an- 
gles upon  the  same  side  together  equal  to  two  right  an- 
gles ;  the  tw^o  straight  lines  are  parallel  to  one  another. 

Let  tlie  straight  line  EF,  which  falls  upon  the  two  straight  lines 
AB,  CD,  make  the  exterior  angle  EOB  equal  to  GHD,  the  interior 
and  opposite  angle  upon  the 
same  side;  or  let  it  make  (he 
interior  angles  on  (he  same  side 
BGH,  GHD  together  equal  to 
two  right  angles;  AB  is  paral- 
lel to  CD. 

Because  the  angle  EGB  is 
equal  to  the  angle  GHD,  and 
also  (15.  1.)  to  the  angle  AGH 
the  anale  AGH  is  equal  to  the 
ansjle  GHD;  and  they  are  the 
alternate  angles ;  therefore  AB  is  parallel  {27.  1.)  to  CD.  Again^ 
because  the  angles  BGH,  GHD  are  equal  (By  Hyp.)  to  two  right  an- 
gles, and  AGH,  BGH,  are  also  equal  (13.  1.)  to  two  right  angles,  the 
angles  AGH,  BGH  are  equal  to  the  angles  BGH,  GHD  :  Take  away 
tlic  common  angle  BGH:  therefore  the  remaining  angle  AGH  is  equal 
to  the  remaining  an.gie  GHD;  and  they  are  alternate  angles;  there- 
fore AB  is  parallel  to  CD.  Wherefore,  if  a  straight  line,  &c.  Q.  E.  D. 

PROP.  XXIX.  THEOR. 

If  a  straight  line  fall  upon  two  parallel  straight  lines,  it 
makes  the  alternate  angles  equal  to  one  another ;  and  the 
exterior  angle  equal  to  the  interior  and  opposite  upon  the 
same  side  ;  and  likewise  the  two  interior  angles  upon  the 
same  side  together  equal  to  two  right  angles. 
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Let  the  straiE^ht  line  EF  fall  upon  the  parallel  straight  lines  AB> 
CD;  the  alternate  anajles  AGH,  GRD  are  equal  to  one  another;  and 
the  exterior  angle  EGB  is  equal  to  the  interior  and  opposite,  upon 
the  same  side,  GHD  ;  and  the  two  interior  andes  BGH,  GHD  upon 
the  same  side  are  together  equal  to  two  ris-ht  ancles. 

For  if  AGH  he  not  equal  to  GHD,  let  KG  he  drawn  making  th* 
angle  KGH  equal  to  GHD,  and  produce  KG  to  L;  thenKL  will  be 
parallel  to  CD  (27.  1.);  but 
AB  is  also  parallel  to  CD; 
therelore  two  straight  lines 
are  drawn  through  the  same 
point  G,  parallel  to  CD,  and  j^ 
yet  not  coincidina;  with  one  an- 
otfapT,  which  is  impos?ibU'p 
(11.  Ax.)  The  angles  AGH^ 
GHD  therefore  are  not  un- 
equal, that  is,  they  are  equal 

to  one    Another.      Now,  the  F 

angle  EGB  is  equal  to  AGH  (15.  1.);  and  AGH  is  proved  to  b^ 
equal  to  GHD;  therefore  FGB  is  likewise  equal  to  GHD;  add  to 
each  of  these  the  angle  BGH ;  therefore  the  andes  EGP.BGH  are 
equal  to  the  angles  BGH,  GHD:  bu!  EGB,  EGH  are  equal  (13,  1.) 
to  two  right  angles ;  therefore  also  EGH,  GHD  are  equal  to  two  right 
angles.  "  Wherefore,  if  a  straight  line,  &c.     Q.  E.  D. 

CoR.  If  two  lines  KLand  CD  make,  with FF;  the  two  angles  KGH 
GHC  together  less  than  two  right  angles,  KG  and  CH  will  meet  on 
the  side  of  EF  on  which  the  two  angles  are  that  are  less  than  two 
right  angles. 

"For,  if  not,  KL  and  CD  are  either  parallel,  or  they  meet  on  the 
other  side  of  EF:  but  they  are  not  parallel;  for  the  angles  KGH, 
GHC  would  then  be  equalto  two  right  angles.  Neither  do  they  meet 
on  the  other  side  of  EF;  for  the  angles  LGH,  GHD  would  then  be 
two  ansles  of  a  triangle,  and  less  than  two  right  angles:  but  this  is 
impossible;  for  the  four  angles  KGH,  HGL,CHG,  GHD  are  together 
equal  to  four  right  andes  (13.  1.)  of  which  the  two,  KGH,  CHGare 
by  supposition  less  than  two  right  ans-les;  therefore  the  other  two, 
HGL,  GHD  are  greater  than  two  right  angles.  Therefore  since  KL 
and  CD  are  not  parallel,  and  since  they  do  not  meet  towards  L  and  D, 
they  must  meet  if  produced  towards  K  and  C. 

PROP.  XXX.  THEOR. 

Straight  lines  which  are  parallel  to  the  same  straight  line 
are  parallel  to  one  another. 

Let  AB,  CD,  be  each  of  them  parallel  to  EF;  AB  is  also  parallel 
to  CD. 

Let  the  straight  line  GHK  cut  AB,  EF,  CD ;  and  because  GHK 
cuts  the  parallel  straight  lines  AB,  EF,  the  angle  AGH  is  equal 
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(29.  I.)  fotheangleGHF.  A- 
gam,  hecause  the  straight  line 
GK  cuts  the  |)aTallel  straight 
lines  EF,  CD,  the  angle  GHF 
is  equal  (29/  1.)  to  the  angle 
GKD;  and  it  was  shown  that 
the  ancle  AGK  is  equal  to  the 
angle  GHF  ;  therefore  also  AGK 
is  equal  to  GKD;  and  they  are 
alternate  angles;  therefore  AB 
isparallel  (27.  l.)toCD,  Where- 
fore straight  lines.  &c.  Q.  E.  D. 

PROP.  XXXL  PROB. 

To  draw  a  straight  line  through  a  given  point  parallel  to 
a  given  sti^aight  line. 

Let  A  be  the  given  point,  and  BC  thegiven  straight  line,  it  is  re- 
quired  to   draw  a  straight   line  4 
through  the  point  A,  parallel  to 
the  straight  line  BC. 

In  BC  take  any  point  D,  and 
join  AD;  and  at  the  point  A, 
in  the  straight   line  AD,  make 


E" 
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(23.  I.)  the  angleDAE  equal   to  the  angle  ADC  •  and  produce  the 
Straight  line  EA  to  F. 

Because  the  slrait^ht  line  AD,  which  mept=  the  two  straishf  lines 
BC,  EF,  makes  the  alternate  angle?  EAD,  ADC  equal  toone  another, 
EF  is  parallel  (27.  1.)  toBC.  Therefore  the  .straight  line  EAF  is 
drawn  Ihroush  the  given  point  A  parallel  to  the  given  straight  line 
BC.     Which  was  to  be  done. 

^  PROP.  XXXII.  THEOR. 

If  a  side  of  any  triangle  be  produced,  the  exterior  an- 
gle is  equal  to  the  two  interior  and  opposite  angles;  and 
the  three  interior  angles  of  every  triangle  are  equal  to 
two  right  angles. 

Let  ABC  he  a  triangle,  and  let  one  of  its  sides  BC  be  produced  to 
D  ;  the  exterior  nns\e  ACD  is  equal  to  the  two  interior  and  opposite 
angles  CAB,  ABC  ;  and  tl.e  three  interior  angles  of  the  triangle,  viz* 
ABC,  BCA,  CAB,  are  together  equal  to  two  right  angles. 

Through  the  point  C  draw 
CE  parallel  (31.  1.)  to  the 
straight  line  AB;  and  because 
AB  is  parallel  to  CE  and  AC 
meets  them,  the  alternate  an- 
gles BAC,  ACE  are  equal  (29. 
1.)    Again,    because    AB    is 
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parallel  to  CE,  and  BD  falls  upon  them,  tbp  exterior  angle  ECl)  is 
equal  to  the  interior  and  opposite  ansle  ABC  :  liut  (he  ani^le  ACE 
was  shown  to  be  equal  to  the  angle  BAC  ;  therelore  the  whole  exteri- 
or angle  ACD  is  equal  to  the  two  interior  and  oj»posi!e  angles  CAB, 
ABC  ;  to  the«e  angles  add  the  angle  ACB,  and  tlie  angles  ACD,  ACB 
are  equal  to  the  three  angles  CBA,  BAC,  ACB  ;  but  the  angles  ACD, 
ACB  are  equal  (13.  1.)  to  two  right  angles;  therefore  also  the  angles 
CBA.  BAC,  ACB  are  equal  to  two  right  angles.  Wherefore,  if  a 
side  of  a  triangle,  &c.     Q.  E.  D. 

Cor.  1.  All  the  interior  angles  of  any  rectilineal  figure  are  equal 
to  twice  as  many  right  angles  as  the  figure  has  sides,  vvanting  tour 
right  angles. 

For  any  rectilineal  figure  ABCDE  can  be  jdivided  into  as  many  tri- 
angles as  the  figure  has  sides,  by  drawing  straight  lines  irom  a  point 
F  within  the  figure  to  each  of  its  angles.  And,  f  >■  the  preceding 
proposition,  all   the  angles  of  these  tri-  D 

angles  are  equal  to  twice  as  many  right 
angles  as  there  are  triangles,  that  is,  as 
there  are  sides  of  the  figure;  and  the 
same  angles  are  equal  to  (he  angles  of 
the  figure,  together  with  the  angles  ai  ^< — 
the  point  P,  which  is  the  common  ver- 
tex of  the  triangles :  that  is,  (2.  Cor. 
15.  1.)  together  with  four  right  angles. 
There.fore,  twice  as  many  right  angles 
as  the    figure  has  sides,  are  equal  to  all 

the  angles  of  the  figure,  together  with  four  right  angles,  that  is,  the 
angles  of  the  figure  are  equal  to  twice  as  many  right  angles  as  the 
figure  has  sides,  wanting  four. 

CoR.  2.  All  the  exterior  angles  of  any  rectilineal  figure  are  to- 
gether equal  to  four  right  angles. 

Because  every  interior 
angle  ABC,  with  its  adja- 
cent exterior  ABD,  is  e- 
qual  (l3.  I.)  to  two  right 
angles;  therefore  all  the 
interior,  together  with  all 
the  exterior  angles  of  the 
figure,  are  equal  to  twice 
as  many  right  angles  as 
there  are  sides  of  the  fi-  ]) 
gure ;  that  is,  by  the  fore- 
going corollary,  they  are 
equal  to  all  (he  interior 
angles  of  the  figure,  to- 
geiher  with  four  right  angles;  therefore  all  the  exterior  angles  are 
equal  to  four  right  angles. 
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PROP.  XXXIII.  THEOR. 

The  straight  lines  which  join  the  extremities  of  two 
equal  and  parallel  straight  lines,  towards  the  same  parts, 
are  also  themselves  equal  and  parallel. 

Let  AB,  CD,  be  equal  and  parallel  straight  lines,  and  joined  to- 
wards the  same  parts  by  the  straight  lines  AC,  BD ;  AC,  B  D  are  also 
equal  and  parallel. 

Join  BC ;  and  because  AB  is  pa-  A ^B 

rallel  to  CD,  and  BC  meets  them, 
the  alternate  angles  ABC,  BCD  are 
equal  (29.  1.) ;  and  because  AB  is 
equal  to  CD,  and  BC  common  to  the 
two  triangles  ABC,  DCB,  (he  two 
sides  AB,  BC  are  equal  to  the  two 
DC,  CB;  and  the  anajle  ABC  is  equal  to  the  angle  BCD;  therefore 
the  base  AC  is  equal  (4.  1.)  to  the  base  BD,  and  the  triangle  ABC  to 
the  triangle  BCD,  and  the  other  angles  to  the  other  angles  (4.  i.) 
each  to  eacli,  to  which  the  equal  sides  are  opposite;  therefore  the 
angle  ACB  is  equal  to  the  angle  CBD;  and  because  the  straight  line 
BC  meets  the  two  straight  lines  AC,  BD,  and  makes  the  alternate  an- 
gles, ACB,  CBD  equal  to  one  another,  AC  is  parallel  (27. 1.)  to  BD ; 
and  it  was  shown  to  be  equal  to  it.  Therefore,  straight  lines,  &c. 
Q.  E.D. 

PROP.  XXXIY.  THEOR. 

The  opposite  sides  and  angles  of  a  parallelogram  are 
equal  to  one  another,  and  the  diameter  bisects  it,  that  is^ 
divides  it  into  two  equal  parts. 

N.  B.  A  Parallelog^rara  is  a  four-sided  fi§^ure,  of  which  the  opposite  sides  are  parallel ;  and  the 
diameter  is  the  straight  line  joining  two  of  its  opposite  angles. 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  diameter;  the 
opposite  sides  and  angles  of  the  figure  are  equal  to  one  another;  and 
the  diameter  BC  bisects  it. 

Because  AB  is  parallel  to  CD,  and 
BC  meets  them,  the  alternate  angles 
ABC,  BCD  are  equal  (29.  1.)  to  one 
another ;  and  because  AC  is  parallel 
Jo  BD,  and  BC  meets  them,  the  al- 
ternate angles  ACB,  CBD  are  equal 
(29.  1.)    to  one    another;   wherefore  C  \i 

the  two  triangles  ABC,  CBD  have  two  angles  ABC,  BCA  in  one, 
equal  to  two  angles  BCD,  CBD  in  the  other,  each  to  each,  and  the 
side  BC,  which  is  adjacent  to  these  equal  angles,  co^nmon  to  the  two 
triangles ;  therefore  their  other  sides  are  ec^uaJ,  each  t^  each,  and 
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the  third  angle  of  the  one  to  the  third  angle  of  the  other  (36.  1.), 
viz.  the  side  AB  to  the  side  CD,  and  AC  to  BD,  and  the  angle  BAC 
e^'ual  to  the  angle  BUG.  And  because  the  angle  ABC  is  equal  to  the 
angle  BCD,  and  the  angle  CBD  to  the  angle  ACB,  the  whole  angle 
ABD  is  equal  to  the  whole  angle  ACD :  And  the  angle  BAC  has  been 
shown  to  be  equal  to  the  angle  BDC  ;  therefore  the  opposite  sides  and 
angles  of  a  parallelogram  are  equal  to  one  another ;  als>;,  its  diameter 
hissects  it;  for  AB  being  equal  to  CD,  and  BC  common,  the  two  AE, 
BC  are  equal  to  the  two  DC,  CB,  each  to  each:  now  the  angle  ABC 
is  equal  to  the  angle  BCD ;  therefore  the  triangle  ABC  is  equal  (4. 1.) 
to  the  triangle  BCD,  and  the  diameter  BC  divides  the  parallelogram 
ACDB  into  two  equal  parts.     Therefore,  &e.     Q.  E.  D. 

PROP.  XXXV.  THEOR. 

Parallelograms  upon  the  same  base  and  between  the  same 

parallels,  are  equal  to  one  another. 

(see  the  3d  AND  3d  figures.) 

liet  the  parallelograms  ABCD,  EBCF  he  upon  the  same  base  BC, 
and  between  the  same  parallels  AF,  BC ;  the  parallelogram  ABCD 
is  equal  to  the  parallelogram  EBCF. 

If  the  sides  AD,  DF  of  the  paral-  ^ 
lelograms  ABCD,  DBCF  opposite  to  "" 
the  base  BC  be  terminatecl  in  the 
same  point  D ;  it  is  plain  that  each 
of  the  parallelograms  is  double  (34. 
1.)  of  the  triangle  BDC  5  and  they  are 
tlierefore  equal  to  one  another. 

But,  if  the  sides  AD,  EF,  opposite  to  the  base  BC  of  the  parallelo- 
grams ABCD,  EBCF,  be  not  terminated  in  the  same  point ;  then, 
because  ABCD  is  a  parallelogram,  AD  is  equal  (34.  1.)  to  BC ;  for 
the  same  reason  EF  is  equal  to  BC:  wherefore  AD  is  equal  (l.  Ax.) 
to  EF;  and  DE  is  common;  therefore  the  whole,  or  the  remainder, 
AE  is  equal  (3.  or  3.  Ax.)  to  the  whole,  or  the  remainder  DF ;  now  AB 
is  also  equal  to  DC ;  therefore  the  two  EA,  AB  are  equal  to  the  two 


FD,DC,  each  to  each ;  but  the  exterior  angle  FDC  is  equal  (39.  1.) 
to  the  interior  EAB,  wherefore  the  base  EB  is  equal  to  the  base  FC» 
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and  the  triangle  EAB  (4. 1.)  to  tlie  triangle  PDC.  Take  tlte  triangle 
FDC  from  the  trapezium  ABCF,  and  from  the  same  trapezium  take 
the  triangle  EAB;  the  remai-ulers  will  then  be  equal  (3.  Ax.),  that 
is,  the  parallelogram  ABCO  is  equal  to  the  parallelogram  EBCF. 
Therefore,  parallelograms  upon  the  same  base,  &c.  Q.  E.  D. 

PROP.  XXXVI.  THEOR. 

Parallelograms  upon  equal  bases,  and  between  the  same 
parallels,  are  equal  to  one  another. 

Let  ABCD,  EFGH  be  parallelograms  upon  equal  bases  BC,F€r 
and  between  the  same  paral-       ^ 
lels  AH,  BG;  the  parallelo-      ^  "' 

gram    ABCD    is    equal    to       f 
liFGH. 

Join  BE,  CH;  and  be- 
cause BC  is  equal  to  FG, 
and  FG  to  (.34.  1.)  EH^BC 

is   equal   to   EH;    and  they  J£  n  v 

are  parallels  and  joined  to-  L-  J?  G 

wards  the  same  parts  by  the  straight  lines  BE,  CH :  But  straight  lines 
which  join  equal  and  parallel  straight  lines  towards  the  same  parts, 
are  themselves  eqnal  and  parallel  (33. 1.) ;  therefore  EB,  CH  are  both 
equal  and  parallel,  and  EBCHis  a  parallelogram;  and  it  is  equal 
(35.  1.)  to  ABCD,  because  it  is  upon  the  same  base  BC,  and  between 
the  same  parallels  BG,  AH;  For  the  like  reason,  the  parallelogram 
EFGH  is  equal  to  the  same  EBCH  :  Therefore  also  the  parallelo- 
srram  ABCD  is  equal  to  EFGH.  Wherefore,  parallelograms,  &e. 
Q.E.D. 

PROP.  XXXVII.  THEOR. 

Triangles  upon  the  same  base,  and'  between  the  same 
parallels,  are  equal  to  one  another. 

Let  the  triangles  ABC,  DBC  be  upon  the  same  base  BC,  and  be- 
tween the  same  parallels  AD, 

BC :  The  triangle  ABC,  is  e-      *'^  '^      ^*  F 

qual  to  the  triangle  DBC. 

Produce  AD  both  ways  to  the 
points  E,  F,  and  through  B  draw 
(31.  1.)  BE  parallel  to  CA ;  and 
through  C  draw  CF  parallel  to 
BD :  Therefore,  each  of  the 
figures  EBCA.DBCFis  a  paral  B  C 

lelogram;  and  HBCA  is  equal  (33.  1.)  to  DBCF,  because  they  are 
upon  the  same  base  BC,  and  between  the  same  parallels  BC,  EF; 
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but  the  triangle  ABC  is  the  half  of  the  parallelogram  E3C  A,  because 
the  diameter  AB  bisects  (34.  1.)  it;  and  the  triangle  DBC  is  the  half 
of  the  parallelogram  DBCF,  because  the  diameter  DC  bisects  it ;  and 
the  halves  of  equal  things  are  equal.  (7.  Ax.);  therefore  the  triangle 
ABC  is  equal  to  the  triangle  DBQ.  Wherefore  triangles,  &C.Q.E.D. 

V  PROP.  XXXVIII.  THEOR. 

Triangles  upon  equal  bases,  and  between  the  same  paral- 
lels, are  equal  to  one  another. 

Let  the  trijingles  ABC,  DEF  be  upon  equal  bases  EC,  EF,  and 
between  the  same  parallels  BF,  AD :  The  triangle  ABC  is  equal  to 
the  triangle  DEF. 

Produce  AD  both  ways  to  the  points  G,  H,  and  through  B  draw  BG 
parallel  (31.  1.)  to  CA,  and  through  F  draw  FH  parallel  to  ED : 
Then  each   of  the  figures     }  AD 

GBCA,  DEFH  is  a  paral- 
lelogram; and  they  are 
equal  to  (36.  1.)  one  an- 
other, because  they  are 
upon  equal  bases  BC,  EF 
and  between  the  same  pa- 
rallels BF,  GH;  and  the     „ 

triangle  ABC  is  the  half     "  C     E  F 

(34.  I.)  of  the  parallelogram  GBCA,because  the  diameter  AB  bisects 
it:  and  the  triangle  DEF  is  the  half  (34.  1.)  of  the  parallelogram 
DEFH, because  the  diameter  DF  bisects  it;  But  the  halves  of  equal 
things  are  equal  (7.  Ax.)  ;  therefore  the  triangle  ABC  is  equal  to  the 
triangle  DEF.     Wherefore  triangles,  &c.     Q.  E.  D. 

PROP.  XXXIX.  THEOR. 

Equal  triangles  upon  the  same  base,  and  upon  the  same 
side  of  it,  are  between  the  same  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  same  base  BC,  and 
upon  the  same  sideof  it;  they  are  between  the  same  parallels. 

Join  AD  :  AD  is  parallel  to  BC ;  for,  if  it  is  not,  through  the  point 
A  draw  (31 , 1.)  AE  parallel  to  BC,  and  join  EC ;  The  triangle  A  BC, 
is  equal  (37.  1.)  to  the  triangle  EBC,  because  it  is  upon  the  same  base 
BC,  and  between  the  same  parallels  BC, 
AE;  But  the  triangle  ABC  is  equal  to  the 
triangle  BDC;  therefore  also  the  triangle 
BDC  is  equal  to  the  triangle  EBC,  the  great- 
er to  the  less,  which  is  impossible:  There- 
fore AE  is  not  parallel  to  BC.  In  the  same 
manner,  it  may  be  demonstrated  that  no 
other  line  but  AD  is  parallel  to  BC ;  AD 
is  therefore  parallel  to  if.  "Wherefore 
equal  triangles  upon,  isfc    Q.  E.  D. 
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PROP.  XL.  THEOR. 

Equal  triangles  on  the  same  side  of  bases,  which  are 
equal  and  in  the  same  straight  line,  are  between  the  same 
parallels. 

Let  the  equal  triangles  ABC,  DEF  be  upon  equal  basis  BC,  EF^ 
in  (he  same  straight  line  BF, 
and  towards  the  same   parts  j 
they  are  between  the  same  pa- 
rallels. 

Join  AD;  AD  is  parallel  to 
BC:  For,  iritis  not,  through  A 
tlraw  (31.  1.)  AG  parallel  to 
BF,anJjoinGF.  The  triangle  B 

ABC  is  equal  (38.  1.)  to  the  triangle  GEF,  because  they  are  upoa 
equal  bases  BC,  EF,  and  between  the  same  parallels  BF,  AG;  But 
the  triangle  ABC  is  equal  to  the  triangle  DEF;  therefore  also  the 
triangle  DEF  is  equal  to  the  triangle  GEF,  the  greater  to  the  less, 
Mhich  is  impossible:  Therefore  AG  is  not  parallel  to  BF;  and  in 
the  same  manner  it  may  be  demonstrated  that  there  is  no  other 
parallel  to  it  but  x\D ;  AD  is  therefore  parallel  to  BF.  Wherefore 
equal  triangles,  &c.    Q.  E.  D. 

PROP.  XLI.  THEOR. 

If  a  parallelogram  and  a  triangle  be  upon  the  same  base, 
and  between  the  same  parallel ;  the  parallelogram  is  dou* 
ble  of  the  triangle. 

Let  the  paralellogram  ABCD  and  the  triangle  EBC  be  upon  the 
same  base  BC  and  between  the  same  pa-  * 
rallels  BC,  AE  ;  the  parallelogram  ABCD  ,  " 

is  double  of  the  triangi^  EBC. 

Join  AC;  then  the  triangle  ABC  is  equal 
(37.  I.)  to  the  triangle  EBC,  because  they 
are  uuou  the  same  base  BC,  and  between 
tile  same  parallels  BC,  AE.  But  the  paral- 
leloijram  ABCD  is  double  (34.  I.)  of  the 
triangle  ABC,  because  the  diameter  AC 
divides  it  into  two  e(|Ual  parts;  where- 
fore ABCD  is  also  double  of  the  trian- 
gle EBC.    Therefore,if  a  parallelogram,  ^c.     Q.  E.  D. 

PROP.  XLII.  PROB. 

To  describe  a  parallelogram  that  shall  be  equal  to  a 
given  triangle,  and  have  one  of  its  angles  equal  to  a  givea 
rectilineal  angle. 

Let  ABC  be  tlie  giyen  triangle,  and  D  the  given  rectilineal  angle. 
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It  is  required  to  describe  a  parallelogram  that  shall  be  equal  to  tht 
given  triangle  AEC,  and  have  one  of  its  angles  equal  toD. 

Bisect  (40.  1.)  BC  in  E,  join  AE,  and  at  the  point  E  in  the  straight 
line  EC  make  (23.  1.)  the  angle  CEF  equal  to  D ;  and  through  A 
dravy  (31.  1.)  AG  parallel  to  BC,  and  through  C  draw  CG  (31.1.) 
paraiTel  toEF.-  Therefore  FECG 
18  a  parallelogram  :  Am)  because 
BPi  is  equal  to  EC  :  thf  triang'e 
ABE  is  likewise  equal  (38.  1  )  to 
the  triancle  AEC,  since  they  are 
upon  equal  bases  BE,  EC,  and 
between  the  same  {)arallels  BC 
AG;  therefore  the  triangle  ABC 
is  double  of  the  triangle  AEC. 
And  the  parallelogram  FECG  is 
likewise    double    (41.   I.)  of    the 

triangle  AEC,  because  it  is  upon  the  same  base,  and  between  the 
same  parallels  :  Therefore  the  parallelogram  FECG  is  equal  to  the 
triangle  ABC,  and  it  has  one  of  its  angles  CEF  equal  to  the  given  an- 
gle D:  "Wherefore  there  has  been  described  a  parallelogram  FECG 
equal  to  a  given  triangle  ABC,  havingone  of  its  angles  fcEF  equal  t» 
the  given  angle  D.     Which  was  to  be  done. 

PROP.  XLIII.  THEOR. 

The  complements  of  the  parallelograms  which  are 
about  the  diameter  of  any  parallelogram,  are  equal  to  one 
another. 

Let  ABCI  be  a  parallelogram  of  which  the  diameter  is  AC:  lef 
EH,FGbe  the  parallelograms  about  AC,  that  is,  through  which  AC 
passe?,  and  let  BK.  KD  l)e  the  other 
parallelograms,  wlui-h  make  up  ti>e 
whole  figure  ABCD  and  are  there- 
fore called  the  complements:  The 
complement  BK  is  equal  to  the  com- 
plement KD. 

Because  ABCD  is  a  parallelogram 
and  AC  its  diHrneter,  the  friangle 
ABC  is  equal  (34.  1.)  fo  the  friangle 
ADC:  And  because  EKf^A  is  a  pa- 
rallelogram ant!  AK  it?  diameter,  llie 
triangle  AEKis  equal  to  the  triangle  AHK:  For  the  same  reason, 
the  triangle  KGC  is  equal  to  the  triangle  KFC.  Then,  because  the 
triangle  AFK  is  equal  to  (he  triangle  AKK,  and  the  triangle  KGC 
to  the  triangle  KF(  :  the  triangle  A EK.  together  with  the  triangle 
KGC  is  equal  to  the  triargle  AHK,  together  with  the  triangle  KFC  : 
But  the  Avhole  triangle  A  BC  is  equal  to  the  whole  ADC  :  tlwrefore  ths 
remaining  coniplemcnt  BK  is  equal  to  the  reuiaftiing  (fomplcmenf 
KD,    Wherefore,  the  complements,  &.c.    Q.  E.  D.        ^^ 
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PROP.  XLIV.  PROB. 

To  a  given  straight  line  to  apply  a  parallelogram,  which 
shall  be  equal  to  a  given  triangle,  and  have  one  of  its  an- 
gles equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  C  the  given  trianglej  and 
D  the  given  rectilineal  angle.  It  is  reqiili-ed  to  apply  to  the  straight 
line  AB  a  parallelogram  equal  to  the  triangle  C,  an^  having  an  an- 
gle equal  to  D.    Make  (42.  1.)  the  paraUelogram  BEFG  equal  to 

F  E  K 


the  triangle  C,  having  the  angle  EBG  equal  to  the  angle  D»  and 
the  side  BE  in  the  same  straight  line  with  x\B :  produce  FG  to  H, 
and  through  A  draw  (3l.  1.)  AH  parallel  to  BG  or  E^,  and  join 
HB.  Then  because  the  straight  line  HF  falls  upon  the  parslllels 
AH,  EF,  the  angles  AHF,  HFE,  are  together  equal  (39. 1.)  to  two 
right  angles ;  wherefore  the  angles  BHF,  HFE  are  less  than  two 
right  angles :  But  straight  lines  which  with  anothei'  straight  line 
make  the  interior  angles,  upon  the  same  side,  less  than  two  right 
angles,  do  meet  if  produced  (Cor.  29.  K):  Therefore  HB,  FE  will 
meet,  if  produced;  let  them  meet  in  K,  and  through  K  draw  KL 
parallel  to  EA  or  FH,  and  produce  HA,  GB  to  the  points  L,  M : 
Then  HLKF  is  a  parallelogram,  of  ^hich  the  diameter  is  Hit,  and 
AG,  ME  are  the  parallelograms  about  HK;  and  LB,  BB'  are  the 
complements  :  therefore  LB  is  equal  (43. 1.)  to  BF :  but  BF  is  equal 
to  the  triangle  C ;  wherefore  LB  is  equal  to  the  triaifgle  C ;  and  be- 
cause the  angle  GBE  is  equal  (16.  1.)  to  the  angle  ABM,  and  like- 
wise to  the  angle  D;  the  ane^le  ABM  is  equal  to  the  angle  D:  There- 
fore th=^  parallelogram  LB,  which  is  applied  t|o  the  straight  line  AB^ 
is  equal  to  the  triangle  C,  and  has  the  angle  ABM  equal  to  the  an^» 
Which  was  to  be  done.  / 
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PROP.  XLV.  PROB. 


To  describe  a  parallelogram  eq.uaiT  to  a  given  rectilineal  fi- 
gure, and  having  an  angle  equal  to  a  given  rectilineal  angle^ 

Let  Al^D  be  the  given  rectilineal  figure,  and  E  the  sdj^n  rectili- 
Beal  angle.  It  is  required  to  describe  a  parallelogram  equal  to 
ABCD,  and  having  an  ane;]e  equal  to  E. 

.Toin  DB,  and  describe  (42.  1.)  the  parallelogram  FH  equal  to  the 
triangle  ADB,  and  having  the  angle  HK,F  equal  to  the  angle  Ej  and. 

.  '        a  ■         '• 
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to  the  straight  Hue  GH  (44. 1.)  apply  the  parallelogram  GM  equal 
to  the  triangle  DBC,  having  the  angle  GHM  equal  to  the  angle  PL 
And  because  the  angle  E  is  equal  to  each  of  the  angles  FKH,  GHM, 
the  angle  FKH  is  equal  to  GHM ;  add  to  each  of  these  the  angle 
KHG;  therefore  the  angles  FKH,  KHG  are  equal  to  the  angles 
KHG,  GHM;  but  FKH,  KHG  are  equal  (29.  \.)  to  two  right  an- 
glesj  therefore  also  KHG,  GHM  are  equal  to  two  right  angles:  and 

^  F  G  L 

C 


A 

because  at  the  point  H  in  the  straight  line  GH,the  two  straiglit  lines 
KH,  HM,  upon  the  opposite  sides  of  GH,  make  the  adjacent  angles 
equal  to  two  right  angles,  KH  is  in  the  same  straight  line  (14.  1.) 
with  HM.  And  because  the  straight  line  HG  meets  the  parallels 
KM,  FG,  the  alternate  angles  MHG,  HGF  are  equal  (29.  1.);  add 
to  each  of  these  the  angle  HGL ;  therefore  the  "angles  MHG,  HGL, 
are  equal  to  the  angles  HGF,  HGL:  But  the  angles  MHG,  HGL, 
are  equal  (29.  1.)  to  two  right  angles;  wherefore  also  the  angles 
HGF,  HGL,  are  equal  to  two  right  angles,  and  FG  is  therefore  in 
the  same  straight  line  with  GL.  And  because  KF  is  parallel  to 
HG,  and  HG  to  ML,  KF  is  parallel  (30.  1.)  to  ML;  but  KM,  FL 
are  parallels :  wherefore  KFLM  is  a  parallelogram.  And  because 
the  triangle  ABD  is  equal  to  the  parallelogram  HF  and  the  triangle 
DBC  to  the  parallelogram  GiJl,  the  whole  rectilineal  figure  ABCD 
is  equal  to  the  whole  parallelogram  KFLM ;  therefore  the  parallelo- 
gram KFLM  jias  been  described  equal  to  the  given  rectilineal  figure 
ABCD,  having  the  angle  FKM  equal  to  the  given  angle  E.  Which 
was  to  be  done. 

Cor.  From  this  it  is  manifest  how  to  a  given  straight  line  to  apply 
a  parallelogram,  which  shall  have  an  angle  equal  to  a  given  rectili- 
neal angle,  and  shall  be  equal  to  a  given  rectilineal  fi2;ure,  viz.  by 
applying  (44.  1.)  to  the  given  straight  line  a  parallelogram  equal  to 
the  farst  triangle  ABD,  and  having  an  an^le  equal  to  the  given  angle. 

PROP.  XLVI.  PROB. 

To  describe  a  square  upon  a  given  straight  line. 

Let  AB  be  the  given  straight  line :  it  is  required  to^describe  a 
square  upon  AB. 

From  the  point  A  draw  (il.  1.)  AC  at  right  angles  to  AB;  and 
make  (3.  1.)  AD  equal  to  AB,and  through  the  point  D  draw  DE  pa- 
rallel (31.  I.)  to  AB,  ami  through  B  draw  BE  parallel  to  AD;  there- 
tore  ADKB  is  a  parallelogram :  Whence  AB  is  equal  (34.  1.)  to  D£ 


OF  GEOMETRY.    BOOK  I, 


47 


and  AD  to  BE  :  but  BA  is  equal  to  AD;^ 
Iht^rei'-'re  the  lour  straight  lines  BA,  AD, 
DE,  EB  are  equal  to  one  another,  and 
th'  parallelogram  ADEB  is  equilateral; 
it  is  likewise  rectangular;  (or  the  straight  "^ 
line  AD  meeting  the  parallels,  AB,  DB, 
makes  the  angles  BAD,  ADE  equal  (29. 
1.)  to  two  right  angles  ;  but  BAD  is  a  right 
angle ;  therefore  also  ADE  is  a  right  angle 
now  the  opposite  angles  of  parallelograms 
are  etjual  (34,  1.);  therefore  each  of  the^^ 
opposite  anglt^s  ABE,  BED  is  a  right  an- 
gle; wherefore  the  figure  ADEB  is  rect- 
angular, and  it  has  been  demonstrated  that  it  is  equilateral ;  it  is 
therefore  a  square,  and  it  is  described  upon  the  given  straight  line 
AB :  Which  was  to  be  done. 

CoR,  Hence  every  parallelogram  that  has  one  right  angle  has  all 
ha  angles  right  angles. 

PROP.  XLVII.  THEOR. 

In  any  right  angled  triangle,  the  square  which  is  de- 
scribed upon  the  side  subtending  the  right  angle,  is  equal 
to  the  squares  described  upon  the  sides  which  contain  the 
right  angle. 

Let  ABC  be  a  right  angled  triangle  having  the  right  angle  BAG  ; 
the  square  described  upon  the  side  BC  is  equal  to  the  squares  de> 
scribed  upon  BA,  AC. 

On  BC  describe  (46.  1.)  the  square  BDEC,  and  on  BA,  AC  the 
squares  GB,  HC  ;  and  through  A  draw  (31.  1.)  AL  parallel  to  BD  or 
CE  and  join  AD,  FC  ;  then,  because  each  of  the  angles  BAG,  BAG 
is  a  right  angle  (25.  def.),  the 
two  straight  lines  AC  AG  upon 
the  opposite  sides  of  AB,,  make 
with  it  at  the  point  A  the  adja- 
cent angles  equal  to  two  right  an- 
gles ;  therefore  CA  is  in  the  same 
straight  line  (14.  1.)  with  AG; 
for  the  same  reason,  AB  and  AH 
are  in  the  same  straight  line. 
Now  because  the  angle  DBC  is 
equal  to  the  angle  FBA,  each  of 
them  being  a  right  angle,  adding 
to  each  the  angle  ABC,  the  whole 
angle  DBA  will  be  equal  (2.  Ax.) 
to  the  whole  FBC ;  and  because 
the  two  sides  AB,  BD,  are  equal 
to  the  two  FB,  BC  each,  to  each 
and  the  angle  VfiiA  equal  to  the 
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angle  FBC,  therefore  the  base  AD  is  equal  (4.  1.)  to  the  base  FC, 
and  the  triangle  ABDtothe  triangle  FBC.  But  the  parallelogram 
PL  is*  double  (41.  1.)  of  the  triangle  ABD,  because  (hey  are  upon 
the  same  base,  BD,  and  between  the  same  parallels,  BD,  AL ;  and  the 
square  GB  is  double  ol  the  triangle  BFC,  liecause  these  also  are  upon 
the  samt-  base  FB,  and  ^etweeu  the  same  parallels  FB,  GC.  Now 
the  doultles  of  equals  are  equal  (6.  Ax.)  to  one  another;  therelore 
the  parallelogram  BL  is  t^quat  to  the  square  GB  :  And  in  the  same 
manner,  byjoining  AE,BK,  it  is  demonstrated  that  the  parallelogram 
CL  18  equal  to  the  square  HC.  Therefore,  the  whole  square  BDEC 
is  equal  to  the  two  squares  GB,  HC ;  and  the  square  BDEC  is  de- 
scribed upon  the  straight  line  BC,  and  the  squares  GB,  HC  upon  BA, 
AC  :  wherefore  the  stjuare  upon  the  side  BC  is  equal  to  the  squares 
Upon  the  sides  BA,  AC.  Therefore,  in  any  right  angled  triangle,  Stc. 
Q,  E,  D, 

PROP.  XLVIII.  THEOR. 

If  the  square  described  upon  one  of  the  sides  of  a  tri- 
angle, be  equal  to  the  squares  described  upon  the  other 
two  sides  of  it*;  the  angle  contained  by  these  two  sides  is 
a  right  angle. 

If  the  square  described  upon  BC,  one  of  the  sides  of  the  triangle 
ABC,  be  equal  to  the  squares  upon  the  other  sides  BA,  AC,  the  angle 
BAC  is  a  right  angle. 

From  the  point  A  draw  (11.  1.)  AD  at  right  angles  to  AC,  and 
make  AD  equal  to  BA,  and  join  DC.  Then  because  DA  is  equai  to 
AB,  the  quare  o!  DA  is  equal  to  the  square 
of  AB :  To  each  of  these  add  the  square  of 
AC ;  therefore  the  squares  of  DA,  AC  are 
equal  to  the  squares  of  BA,  AC  But  the 
square  of  DC  is  equal  (47.  1.)  to  the  squares 
of  DA,  AC,  because  DAC  is  a  right  angle; 
and  th<^  square  of  BC,  by  hypothesis,  is  equal 
to  the  squares  of  BA,  AC;  therefore,  the 
square  of  DC  is  equal  to  the  square  of  BC; 
and  therefore  also  the  side  DC  is  equal  to  the 
side  BC,  And  because  the  side  DA  is  equa"  to  AB,  and  AC  common 
to  the  two  triangles  DAC,  BAC,  and  the  base  DC  likewise  equal  lo 
-  the  base  BC,  the  angle  DAC  is  equal  (8.  1.)  to  the  angle  BAC  :  Bqt 
DaC  is  a  right  angle;  therefore  also  BAC  is  aright  angle.  There- 
fore, U  the  square,  &c.    Q.  £.  D. 
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BOOK  ZI. 

DEFINITIONS. 
I. 

EVERY  right  angled  parallelogram,  or  rectangle,,  is  said  to  be 
contained  by  any  twool  tbe  straight  lines  which  are  about  one 
ol'  the  right  angles. 

"  Thus  the  right  angled  parallelogram  AC  is  called  the  rectangle 
"  contained  by  AD  and  DC,  or  by  AD  and  AB,  Sec.  For  the  sake  of 
"  brevity,  instead  of  the  rectangle  contained  by  AD  and  DC,  we  sh  all 
♦'simply  say  the  rectangle  AD.DC,  placing  a  point  between  the  two 
"sides  of  the  rectangle.  Also,  instead  of  the  square  of  aline,  for 
"instance  of  AD,  we  shall  frequently  in  what  follows  write  AD^" 

"  The  sign  +  placed  between  the  names  of  two  magnitudes,  signi- 
"  fies  that  those  magnitudes  are  to  be  added  together,  and  the  sign 
" — placed  between  them,  signifies  that  the  latter  is  to  be  taken 
"  away  from  the  former.'' 

*'  The  sign  =  signifies,  that  the  things  between  which  it  is  placed 
"  are  equal  to  one  another.'' 

II. 

In  every  parallelogram,  any  of 
the  parallelograms  about  a  di- 
ameter, together  with  the  two 
complements,  is  called  a  Gno- 
mon. "Thus  the  parallelo- 
"gram  HG,  together  with  the 
«'  complements  AF,  FC,  is  the 
"gnomon  of  the  parallelogram 
"  AC.  This  gnomon  may  also, 
'•for  the  sake  of  brevitv,  be 
"called  the  gnomon  AGK  or 
**EHC." 
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PROP.  I.  THEOR. 


If  there  be  two  straight  lines,  one  of  which  is  divided 
into  any  number  of  parts  ;  the  rectangle  contained  by  the 
two  straight  lines  is  equal  to  the  rectangles  contained  by 
the  undivided  line,  and  the  several  parts  of  the  divided  line. 

Let  A  and  BC  be  two  straight  lines ;  and  let  BC  be  divided  into  any 
parts  m  the  points  D,  E ;  tlie  rectangle  A.BC  is  equal  to  the  several 
rectangles  A.BD,  A.DE,  A.EC. 

FDmthe  point  B  draw  (11.  1.) 
BF  at  right  angles  to  BC,  and 
make  BG  equal  (3.  I.)  to  A;  and 
through  G  draw  (31.  1.)  GH  pa- 
rallel to  BC  ;  and  througb  D,  E,  C, 
draw  (31.  J.)  DK,  EL,  CH  paral- 
lel to  BG;  then  BH  BK,  DL,and 
EH  are  rectasigies,  and  BH  =  BK 
+  DL-(-EH. 

But  BH  =  BG.BC  =  A.BC,  he- 
causeBG=A:  AlsoBK  =  BG. 
BD  =  A.BD,  because  BG  =  A; 
and  DL  =  DK.DE  =  A.DE,  because  (34.  1.)  DK  =  BG  =  A.  In 
like  manner,  EH  =  A.EC.  Therefore  A.BC  =  A.BD  -f  A.DE  + 
A.EC ;  that  is,  the  rectangle  A.BC  is  equal  to  the  several  rectangles 
A.BD,  A.DE,  A.EC.  Therefore,  if  there  be  two  straight  lines,1Scc. 
Q.  E.  D. 

PROP.  II.  THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the 
rectangles  contained  by  the  whole  and  each  of  the  parts, 
are  together  equal  to  the  square  of  the  whole  line. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in  the  point  C ; 
the  rectanglf  AB  BC,  together  with  the  rect- 
angle AB.AC,  19  er.UHl  to  the  square  of  AB; 
or  AB.AC  +  AB  BC  =  AB% 

On  AB  describe  (46.  1.)  the  square  ADEB, 
and  through  C  draw  CF  (31.  1.)  parallel  to 
AD  or  BR ;  then  AF  -f  CE  =  AE.  But  AF 
=  AD.AC  =  AB  AC,  because  AD  =  AB ; 
CE  =  BE.BC  =  AB  BC ;  and  AE  =  AB«. 
Therefore  AB.AC  -f  AB.BC  =  AB^.  There- 
fore, if  a  straight  line,  &c.     Q.  E.  D. 

PROP.  III.  THEOR. 

If  a  straight  line  be  divided  into  any  to  parts,  the  rect- 
angle contained  by  the  whole  and  one  of  the  parts,  is  equal 
to  the  rectangle  contained  by  the  two  parts,  together  with 
the  square  of  the  foresaid  part. 

Let  the  straight  line  AB  be  divided  into  two  parts  in  the  point  C; 
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the  rectangle  AB.BC  is  equal  to  the  rectangle  AC.BC,  together  with 

Upon  BC  describe  (46.  1.)  the 
square  CDEB,  and  produce  ED  to 
F.  and  through  A  draw  (31.  1.)  AF 
parallel  to  CD  or  BE;  then  AE= 
AD+CE. 

But  AE  =  AB.BE  =  AB.BC, 
because  BE=BC.  So  also  AD= 
AC.CD  =  AC.CB:  and  CE  == 
BC ;  therefore  AB.Bp  =  AC.CB 
-f-BC.  Therefore,  if  a  straight 
line,  &c.    Q.  E.D. 

PROP.  IV.  THEOR. 

If  a  straight  line  be  divided  into  any  two  parts,  the 
square  of  the  whole  line  is  equal  to  the  squares  of  the  two 
parts,  together  with  twice  the  rectangle  contained  by  the 
parts. 

Let  the  straight  line  AB  he  divided  into  any  two  parts  in  C ;  the 
square  of  AB  is  equal  to  the  squares  of  AC,  CB,  and  to  twice  the  rect- 
angle contained  by  AC,  CB,  that  is,  AB^  =  AC^  +  CB'^^-  2  AC.CB. 

Upon  AB  describe  (46.  1 .)  the  square  ADEB,  and  join  BD,  and 
through  C  draw  (31. 1.)  CGF  parallel  to  AD  or  BE,  and  through  G 
draw  HK  parallel  to  AB  or  DE.     And  because  CF  is  parallel  to  AD, 
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and  BD  falls  upon  them,  the  exterior  an 

gle  BGC  is  equal  (29.  1.)  to  the  interior 

and  opposite  angle  ADB;  but  ADB  is  e- 

qual  (5.  1.)  to  the  angle  ABD,  because 

B  A  is  equal  to  AD,  being  sides  of  a  square ; 

wherefore  the  angle  CGB  is  equal  to  the 

angle  GBC  ;  and  therefore  the  side  BC  is 

equal  (6.   1.)  to  the  side  CG:  but  CB  is 

equal  (34.  1.)  also  to  GK  and  CG  to  BK; 

wherefore  the  figure  CGKB  is  equilateral. 

It  is  likewise  rectangular;  for  the  angle 

CBK  being  a  right  angle,  the  other  angles  of  the  parallelogram  CGKB 

are  also  right  angles  (Cor.  46. 1.).  Wherefore  CGKB  is  a  square,  and 

it  is  upon  the  side  CB.    For  the  same  reason  HF  also  is  a  square,  and 

it  is  upon  the  side  HG,  which  is  equal  to  AC  ;  therefore  HF,  CK  are 

the  squares  of  AC,  CB.    And  because  the  complement  AG  is  equal 

(43. 1.)  to  the  complement  GE ;  and  because  AG  =AC.CG  =  AC.CB. 

therefore  also  GE=AC.CB,  and  AG+GE  =2AC.CB.  Now,HF= 

AC^  and  CK-CB^:  therefore,  HF-f€K-f  AG+GE=AC24-CB«-f 

3AG.CB. 
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But  HF+CK+AG+GE=the  figure  AE,or  AB'';  therefore  AB^ 
=AC=-f  CB=+2AC.CB.  Wherefore,  if  a  straight  line  be  divided 
&e.    Q.  E.  D. 

Cor.  From  the  demonstration, it  is  manifest  that  the  parallelograms 
about  the  diameter  of  a  square  are  likewise  squares. 

PROP.  V.  THEOR. 

If  a  straight  line  be  divided  into  two  equal  parts,  and  also 
into  two  unequal  parts  ;  the  rectangle  contained  by  the  un- 
equal parts,  together  with  the  square  of  the  line  between  the 
points  of  section,  is  equal  to  the  square  of  half  the  line. 

Let  the  straight  line  AB  be  divided  into  two  equal  parts  in  the  point 
C,  and  into  two  unequal  parts  in  the  point  D ;  the  rectangle  AD.DB, 
together  with  the  square  of  CD,  is  equal  to  the  square  of  CB,  or 
Ab.DB-fCD3=CB2. 

Upon  CB  describe  (46. 1.)  the  square  CEFB,  join  BE,  and  through 
D  draw  (31.  1.)  DHG  parallel  to  CE  orBF;  and  through  H  draw 
KLM  parallel  to  CB  or  EF;  and     a  C  D        B 

also  through  A  draw  AKparallel 
to  C  Lor  BM:  And  because  CH  ^     , 

=HP,  if  DM  be  added  to  both,  *^ j y^^ — ,M 

CM=DF.  ButAL=(36.l.)CM, 
therefere  AL=DF,  and  adding 
CHto  both,  AH = gnomon  CMG. 

But  AH  =  ADDH  =  AD.DB,  ^        «, 

because  DH=DB  (Cor.  4.  2);  1^  G        F 

therefore  gnomon  CMG= AD.DB.  To  each  add  LG=CDS  th6u 
gnomon  CMG  +  LG  =  AD.DB  -f  CDS  But  CMG  +  LG  =  BC''; 
therefore  AD.DB+CD-=BC'».  Wherefore,  if  a  straight  line,  &e. 
Q.  E.  D. 

"  Cor.  From  this  proposition  it  is  manifest,  that  the  difference  of 
the  squares  ot  two  unequal  lines,  AC,  CD,  is  equal  to  the  rectangle 
contained  by  their  sum  and  difference,  or  that  AC* — CD''=(AC-f 
CD)  (AC— CD)." 

PROP.  VI.  THEOR. 

If  a  straight  line  be  bisected,  and  produced  to  any  point ; 
the  rectangle  contained  by  the  whole  line  thus  produced, 
and  the  part  of  it  produced,  together  with  the  square  of 
half  the  line  bisected,  is  equal  to  the  square  of  the  straight 
line  which  is  made  up  of  the  half  and  the  part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,and  produced  to  the  point 
D ;  tbe  rectangle  AD.DB,  together  with  the  square  of  CB,  is  equal  t© 
the  square  of  CD. 

Upon  CD  describe  (46.  i.)  the  square  CEFD,ioinDE,and  through 
B  draw  (31. 4  )  FHG  parallel  to  CE  orDF.and  through  H  draw  KLM 
parallel  to  AD  or  FF.  and  alsothrouarh  A  draw  AK  parallel  to  CLt)r 
I)M.  And  because  AC  is  equal  to  CB,  the  rectangle  AL  is  equal  (36.  iJ^. 
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to  CH;  M  CH  is  equal  (43. 1.) 
to  HF ;  therefore  also  AL  is  equal  \ 
to  HF:  To  each  of  these  add 
CM;  therefore  the  whole  AM  is 
equal  to  the  gnomon  ClViC  Now 
A.M=AD.l)M=AO;DB.beeause 
DM=DB.  Therefore  gnomon 
CMG=AD.DB,  and  CMG+LG 
^AD.DB+CB2.  But  CMG-f 
LG=CF=CD%  therefore  AD. 
DB  +  CB^  =  CD".  Therefore, 
if  a  straight  line,  &c.    Q;  E;  D. 

PROP.  Vri.  THEOR. 

If  ia,  straight  line  be  divided  inW  any  two  parts,  the 
squares  of  the  whole  line,  and  of  one  of  the  parts,  are  equal 
to  twice  the  rectangle  contained  by  the  whole  and  thiat  part, 
together  with  the  square  of  the  other  part. 

Let  the  straight  litie  AB  be  divided  into  anj  two  jiai  ts  in  the  point 
C;  the  squares  of  AB^  BC,  are  equal  to  twice  the  rectangle  AB.BC^ 
together  with  the  squaye  of  AC,  ot  AB«+BC^=<ix\B.BC-f  AC. 

Upon  AB  describe  ^^6.  i.)  the  square  AOEB,  and  construct  the 
figure  as  in  the  preceding  pr-opositions :  Beeaiise  AG==GE,  AG-fCK 
=GE4-CK,  that  is  AK5=CE,  and  there-        a  C        B 

fore,AK-|-CE=2AK.  ButAK-|-(DE= 
gnomon  AKF-}-CK;  and  therefore,  AKF 
-fCK=2AK  =  2AB.BK  =  2AB.BC,  be- 
cause BK=(Cor.  4.  2.)  BC.  Since  then,  H 
AKF+CK=2AB.BC,  AKF+CK+HP 
=2AB.BC  +  HF:  and  because  AK:F+ 
HF=AE=AB^  AB=4-C:K=2AB.BC  + 
HF,  that  is,  (since  CK=CB'',  and  HJ* 
:=  ACS)  AB''  +  CB2  ^  2AB.BC  +  AC». 
Wherefore,  if  d  straight  line,  &C.Q.E.D:      D.  F         B 

Otherwise, 

"Because  AB3  =  AC»-fBC^-f2AC:BC  (4.2.),  adding  BC*  to 
both,  AB»4-BC»  =  AC"-f  3BC=  +  2AC.BC. 
But  BCM-AC.BC«=AB.BC  (3.  2.);  and  C 

therefore,  2BC24-2AC.BC=2AB.BC;  and  A-— f- B 

therefore  AB«+BC»=AC''-f  2AB.BC." 

"Cor.  Hence  the  sum  of  the  squares  of  an^  two  lines  is  equal 
to  twice  the  rectangle  contained  by  the  line*  tsgether  with  the 
square  of  the  difference  of  the  liaesi" 

PROP.  VIII.  THEOR; 

If  a  straight  line  be  divided  into  any  two  parts,  fout 
times  the  rectangle  contained  by  the  whole  line,  and  one 
of  the  parts,  together  with  the  ^uare  of  the  other  part^ik 


G 

/ 

■Si 


!  ;r.'  50BLEMBNTS.  >?r?v  ^ii 


C     B    D 


eq^ual  to  the  sqiia;re  of  the  straight  linfe  which  is  ihade  up 
of  tiie  whole  and  the  first-mentioned  part. 

Let  the  straight  line  AB  be  (livided  into  any  two  parts  in  the  point 
C;  four  times  the  rectangle  AB.BC,  together  with  the  square  of  AC, 
is  equal  to  the  square  of  tlie  straight  line  made  uj)  of  A3i  and  BC  to- 
getlier. 

Produce  AB  to  D,  so  that  BD  be  equal  to  CB,  and  upon  AD  de- 
scribe the  square  AEFD;  and  construct  two  figures  such  as  in  the 
preceding.  Because_GK  is  equal  (34.  1.)  to  C'B,  and  CB  to  BD,and 
BD  to  KN,GKis  equal  to  KN.  For  the  same  reason,  PR  is  equal  to 
RO ;  and  becanse  CB  is  equal  to  BD,  and  C^K  to  KN,  the  rectangles 
CK  and  BN  are  equal,  as  also  the  rectangles  GR  and  RN:  But  CK 
is  <!qual  (43.  1.)  to  RN,  because  they  are  the  complements  of  the 
parallelograni  CO;  therefore  also  BN  is  equal  lO  GR;  and  the  four 
rectangles  BN,  CK,  GR,  RN  are  therefore  equal  to  one  another,  and 
so  CK+BN-+:GR+RN=4CK.  Again,  because  CB  is  equal  t9  BJ), 
and  BD  equal  (Cor.  4.  2.)  to  BK,  that 
is  toCG;  and  CB  equal  to  (GK,  that 
(Cor.  if..  2.)  is,  to  GP;  tiierefore  CG/: 
is  equal  to  G^;  and  bedausd  CG  is  M 
equal  to  GP,  and  PR  to  RO,  the  rect- 
angle AG  is  equal  to  MP,  and  PL  io  X' 
RF:  But  MP  is  equal  (43.  i.)  to  PL, 
because  they  are  the  complements  of 
the  parallelogram  ML;  Wherefore 
AG  is  equal  also  to  RF:  Therefore 
the  four  rectangles  AG,  MP,  PL,  RP, 
are  equal  to  one  another,  and  so  AG       E  H     L      F 

+  MP+PL+RF=4x\G.     Anditwas  ' 

demonstrated,  that  CK+BN+GR4-RN=4CK;  wherefore, adding 
equals  to  equals,  the  whole  gnomon  A0H=4AK.  Now  AK=AB.BK 
=.AB.BC, and 4AK=4AB.BC;  therefore, gnomon  A0H=4AB.BC; 
and  adding  XH,  or  (Cor.  4.  2.)  AC",  to  both,  gnomon  AOH+XH= 
4AB.BC+AC^.  But  AOm-XH=nAF=AD'^;  Uierefore  AD  = 
4AB.BC-i- AC^.  Now  AD  is  the  line  that  is  made  up  of  AB  and  BC, 
added  together  into  one  Hue:  Wherefore,  if  a  straight  line,  &c. 
Q.  E.  D. 

"  Cor.  1.  Hence,  because  AD  is  the  sum,  and  AC  the  difference  of 
the  lines  AB  and  BC,  four  times  the  reitansile  contained  by  any  two 
lines  together  with  the  square  of  their  diftereuce,  is  equal  to  the 
.  square  of  the  sum  of  the  lines." 

«  Cor.  2.  From  the  demonstration  it  is  manifest,  that  since  the 
square  of  CD  is  quadruple  of  the  square  of  CB,  the  square  of  any 
line  is  quadruple  of  the  square  of  half  that  line." 

Otherwise : 

"Because  AD  is  divided  any  how  in  C  (4.2.),  AD«=AC»+CD- 
H-2CD.AC.  But  CD=2CB:  and  therefore  CD  =  CB^-f-BDH- 
iJCB.BD  (4.  2.)=4CB%  and  also  sCD.AC=4CB.AC;  therefore, 
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AD«-»A.C^+4BC2+4BC.A.C.  Now  BC^+BC.AC=AB.BC  (3.2.) 
and  therefore  AD^= AC V4\B.BC.    Q.  E.  D." 

PROP.  IX.  THEOR. 

If  a  straight  line  be  divided  into  two  equal,  and  also 
into  two  unequal  parts ;  the  squares  of  the  two  unequal 
parts  are  together  double  of  the  square  of  half  the  line, 
and  of  the  square  of  the  line  between  the  points  of  section. 

Let  the  straight  line  AB  be  divided  at  the  point  C  into  two  equal, 
and  at  U  into  two  unequal  parts :  The  squares  of  AD,  DB  are  toge- 
ther double  of  the  squares  of  AC,  CD. 

From  the  point  C  draw  (11. 1.)  CE  at  right  angles  to  AB,  andniake 
it  equal  to  AC  or  CB,  and  join  EA,  EB ;  through  D  draw  ( 3 1. 1.)  L)F 
parallel  to  CE,  and  through  F  draw  FG  parallel  to  AB;  and  join  AF: 
Then,  because  AC  is  equal  to  CE,  the  angle  EAC  is  equal  (5, 1.)  to  the 
angle  AEC^  and  because  the  angle  ACE  is  a  right  angle,  the  two 
others  AEC,  EAC  together  make  one  right  angle  (33.  1.)  :  and  they 
are  equal  to  one  another;  each  of  them,  therefore  is  half  of  a  right 
angle.     For  the  same  reason  each  of  j; 

the  angles  CE  B,  EBC  is  half  a  right  an- 
gle: and  therefore  the  wha}e  AEB  is 
a  right  angle:  And  because  the  anajle  /^  (j 

GEF  is  half  a  right  angle,  and  EGF  a 
right  angle,  for  it  is  equal  (29.  1.)  to 
the  interior  and  opposite  angle  ECB, 
theremainingangleEFGishalf  arigh^  A  CD         B 

angle;  therefore  the  angle  GEF  is  equal  to  the  angle  EFG,  and  the 
side  EG  equal  (6. 1.)  to  the  side  GF :  Again,  because  the  angle  at  B  is 
half  a  right  angle ;  and  FDB  a  right  angle,  for  it  is  equal  (29 . 1.)  to  the 
interior  and  opposite  angle  ECB,  the  remaining  angle  BFD  is  half  a 
right  angle ;  therefore  the  angle  at  B  is  equal  to  the  angle  BFD,  and  the 
side  DF  to  (6.  1.)  the  side  DB.  Now, because  AC=CE,AC^=CES 
and  AC^-|-CE^=2AC3.  But  (47.  1.)  AE«=AC^+CE2;  therefore 
AE^=2AC*.  Again, because  EG=GF,  EG2=GFS  and  EG»+GF' 
=2GF\  But  EF='=EG^  +  GF2;  therefore,  EP^=2GF^=2CD^ 
because  (a4.  1.)  CD=GF.  And,  it  was  shown  that  AE2=2AC2; 
therefore  AE^+EF-^=2AC^+2CD^.  But  (47.  1.)  AF^=AE^+ 
EF*,  and  AD^4-DF2=AF^,  or  AD^-f  DB^=AF-;  therefore,  also 
AD2  +  DB^=2AC^+2CD^  Therefore,  if  a  straight  line^  &e. 
Q.  E.  D. 

Otherwise : 

"Because  AD^=(4.  3.)  AC=+CDa  +  2AC.CD,  and  DB^+zBC. 
CD=(7.  2.)  BC='+CD2=AC«+CDS  by  adding  equals  to  equals, 
AD3  +  BD2  +  2BC.CD  =  2AC^  +  2CD3  +2AC.CD,  and  therefore 
taking  away  the  equal  rectangles  2Be.CD  and  sACCD,  there  re> 
main&AD2+DB*=2AC^+2CD3." 
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PROP.  X.  THEOR. 

If  a  straight  lipe  be  bisected,  apd  produced  ta  a,ny  point, 
i)i^  square  of  the  whole  line  thus  produced,  and  the  square 
of  the  part  of  it  produced,  are  together  double  of  the 
square  of  half  the  line  bisected,  and  of  the  square  of  the 
jine  made  up  of  the  half  and  tl^e  part  produced. 

Lf  t  tlie  straight  line  AB  be^  bisected  in  C,  and  produced  to  the  point 
P ;  the  squares  of  AU,  DB  are  double  of  the  squares  of  AC,  C  D. 

Fronti  the  point  C  draw  (11, 1.)  CE  at  right  angles  to  AB,  a.nd  make^ 
it  equal  to  AC  or  CB ;  join  AE,  EB ;  through  E  draw  ( 3 1 . 1  )  EF  pa- 
rallel to  AB,  and  through  D  draw  DF  parallel  to  CE.  And  because 
the  straight  linejEF  meeta  the  parallels  EC,  FD,the  angles  CBF,  EFD 
are  equal  (29.1.)  tqtwo  ri^ht  angles ;  and  therefore  the  angles  BEF, 
EFD  are  less  thati  two  right  angles  :  But  straight  lines,  which  with 
Another  straight  line  make  the  iuteinor  angles,  upon  the  same  side,  less 
than  two  right  angles,  do  meet,  (Cor.  29. 1.)  if  produced  far  enough: 
Therefore  EB,  FD  will  meet,  if  produced  towards,  B,  D;  let  them 
meet  in  G,  and  join  AG :  Then  because  AC  is  equal  to  CE,the  angle 
C5EA  is  equal  (g.  1.)  to  the  angle  EAC ;  and  the  angle  ACE  is  aright 
angle;  therefore  e^ach  of  the  angles  CEA,  BAC  is  half  a  i;i^ht  angle. 
(32.  1.) :  For  the  same  reason,  each  of  the  angles  CEB,  EBC  is  half 
a  right  angle ;  therefore  AEB  is  a  right  angle :  And  because  EBC  is 
balf  a  right  an^le,  DBG  is  ^.Iso  ( 1 5. 1.)  half  a  right  angle,  for  they  are 
vertically  opposite;  but  BDGis  a  right  angle,  because  it  is  equal(39. 1.) 
to  the  alternate  angle  DCE;  therefore  the  remaining  angle  DGB  is, 
half  a  iught  angle,  and  is  therefore  equal  to  the  angle  DBG;  where- 
fore also  the  side  DB  is  equal  (6. 1.)  to  the  side  DG.  Again,  because 
EGF  is  half  a  right  angle,  and  the  angle  a;t  F  aright  angle,  being  eq^al 
(34.  1.)   to  the   opposite  angle  *  — 

jfeC D,  the  remaining  angle  FEG 
is  half  a  right  angle,  and  equal  to 
the  angle  EGF;  wherefore  also 
the  side  GF  is  equat  (6.  1.)  to 
the  side  FE.  And  because  EC' 
=  CA,  EC2  -f  CA«  =  2CAa. 
Now  AE==(47.  1.)  AC^-I-CE; 

therefore,  AEa=2AC2.    Again,  ~ — — — -i^G 

because  EF=FG,  EF^=FGS  and  EF^-f  FG^=2EF3.  But  £&»= 
(47.  I.)  EF«+FG«;  therefore  EG3=2EF=^;  and  since  BF=CD, 
EG^=3CD^.  And  it  was  demonstrated,  that  AE2=2AC* ;  therefore 
AE^+EG''  =  2AC^  -f  ^CD^.  Now,  AG='=AE^-f-EGS  wherefore 
AG2=2AC='+2CD^  But  AG^  (47.  l.)=AD»+DG«=AD^-f-DB^ 
because  DG=DB:  Therefore,  AD»+DB='=2AC3-}-2Ci)3.  Where- 
f«re,  if  a  straight  line,  &<».    Q»  E.  D. 
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PROP.  XI,  PROB. 

To  divide  a  given  straight  line  into  two  parts,  so  that 
the  rectangle  contained  by  the  whole,  and  one  of  the  parts, 
jnay  be  equal  to  the  square  of  the  other  part. 

Let  AB  be  the  given  straight  line;  it  is  required  to  divide  it  into 
two  parts,  80  that  the  rectangle  contained  by  the  whole,  and  one  of 
the,  parts,  shall  be  equal  to  the  square  of  the  other  part. 

Upon  AB  describe  (46.  1.)  the  square  ABDC ;  bisect  (^^0.^  i.)  AC 
in  B,  and  Join  BE;  produce  CA  to  F,and  make  (3.  1.)  EF  equal  to 
EB,  and  upon  AF  describe  (46. 1.)  the  square  B'GHA ;  AB  is  divided 
in  H,  so  that  the  rectangle  AB,  BH  is  equal  to  the  sqnare  of  AH. 

Praduce  GH  to  K :  Because  the  straight  line  AC  is  bisected  in  E, 
and  produced  to  the  point  F,  the  re^ctangle  CF.FA,  together  with  the 
square  of  AE,is  equal  (6.  2.)  to  the  square  o^fEF:  But  EF  is  equal 
^o  EB ;  therefore  the  rectangle  CF.Fx'V  together  with  the  square  o^ 
AE,  is  equal  to  the  square  or  EB :  And  the  squares  of  BA,  AE,  are 
equal  (47.  1.)  to  the  square  of  EB,  be-    F  G 

cause  the  angle  EAB  la  a  right  angle; 
therefore  the  rectangle  CF.FA,  Ae- 
ther with  the  square  of  AE,  is  equfPto 
tbe  squares  of  BA,  AE  :  take  away  the 
square  of  AE,  which  is  common  to  both, 
therefore  the  remaining  rectangle  CF.FA 
is  equal  to  the  square  of  AB.  Now  the 
figure  FK  is  the  rectangle  CF;PA,  for  AF 
is  equal  to  FG;  and  AD  is  (be  square  of 
AB ;  therefore  FK  is  equal  to  AD :  take  E 
awny  the  common  part  AK,  and  the  re- 
mainder FH  is  equal  to  the  remainder 
HD.  But  HD  is  the  rectangle  AB.BH, 
for  AB  is  equal  to  BD;  and  FH  is  the 
square  of  AH;  Iberet'ore  the  rectansle 
AB.BH  is  equal   to  the  square  of  AH;     C  K  D 

Wherefore  the  straight  line  AB  is  divided  in  H  so,  that  the  rectangle 
AB.BH  is  equal  to  the  square  of  AH.     Which  was  to  be  done. 

PROP.  XII.  THEOR. 

In  obtuse  angled  triangles,  if  a  perpendicular  be  drawn 
from  any  of  the  acute  angles  to  the  opposite  side  pro- 
duced, the  square  of  the  side  subtending  the  obtuse  angle 
is  greater  than  the  squares  of  the  sides  containing  the  ob- 
tuse angle,  by  twice  the  rectangle  contained  by  the  side 
upon  which,  when  produced,  the  perpendicular  falls,  and 
the  straight  line  intercepted  between  the  perpendicular 
and  the  obtuse  angle. 

Let  ABC  be  an  obtuse  angled  triangle,  haring  the  obtuse  angle 


38 


ELEMENTS 


ACB,  and  from  the  point  A  let  AD  be  drawn  (12.  i.)  perpendicular 
to  BC  produced:  The  square  of  AB  is  greater  than  the  squares  of 
AC,  CB,  by  twice  the  rectansjle  BC.CD. 

Because  the  straia;ht  line  BD  is  divided  into  two  parts  in  the  point 
C,  BD"  =  (4.  3.)  BC«  -f-  CD»  4-  A 

2BC.CD ;  add  x\D»  to  both :  Then 
BD"  +  AD"  =  BC^  4-  CD"+ AD'' 
+  2BC.CD.  But  AB"  =  BD"  -|- 
AD"  {47.  1.),  and  AC"=CD"+ 
AD^  {-17.  1.);  therefore,  AB"-= 
BC"+AC»  +  2BC.CD;  that  is, 
AB"  is  greater  than  BC^+AC 
by  2BC.CD.  Therefore,  in  ob- 
lase  angled  triangles,  &c.  Q.  E.  D. 

PROP.  XIII.  THEOR. 

In  every  triangle  the  square  of  the  side  subtending  any 
of  the  acute  angles,  is  less  than  the  squares  of  the  sides 
eontaining  that  angle,  b^wice  the  rectangle  contained 
by  either  of  these  sides,  IWu  the  straight  line  intercepted 
between  the  perpendicular,  let  fall  upon  it  from  the  op- 
posite angle,  and  the  acute  angle. 

Let  ABC  be  any  triangle,  and  the  angle  at  B  one  of  its  acute  angles, 
and  upon  BC,  one  of  the  sides  containing  it,  let  fall  the  perpendicular 
(t2.  1.)  AD  from  the  opposite  angle:  The  square  of  AC,  opposite  to 
the  angle  B,  is  less  than  the  squares  of  CB,  BA  by  twice  the  rectan- 
gle  CB.BD. 

First  let  AD  fall  within  the  trian- 
gle ABC ;  and  because  the  straight 
line  CB  is  divided  into  two  parts  in 
the  point  D  (7.  2.),  BC"-|-BD"= 
2BC.BD+CD".  Add  to  each  AD"; 
then  BCf  +  BD  +  AD"  =  2BC.BD 
-f  CD"-hAD".  But  BD"+AD2 
=  AB",  and  CD"  +  DA"  =  AC" 
(47.  1.);  therefore  BC"  +  AB"  = 
3BC.BD+AC";  that  is,  AC"  is  less 
than  BC"+AB"  by  2BC.BD. 

Secondly,  Let  AD  fall  without  the  triangle  ABC*:  Then  because 
the  angle  atD  is  a  right  angle,  the  angle  ACB  is  greater  (16.  1.)  than 
a  right  angle,  and  AB"=(l2.  2.)  AC"+BC"4-2BC.CD.  Add  BC" 
to  each;  then  AB"-fBC"=AC"+2BC"4-3BC.CD.  But  because 
BD  is  divided  into  two  parts  in  C,  BC"+BC.CD=  (3.  2.)  BC.BD, 
and  2BC"-f2BC.CD  =  2BC.BD:  therefore  AB" -f- BC"=ACa-f 
2BC.BD ;  and  AC"  is  less  than  AB"+BC",  by  2BD.BC. 

*  See  figure  of  the  last  Propositioa. 
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Lastly,  Let  the  side  AC  be  perpen* 
(Iicuiia.r  to  BC ;  (hen  is  BC  the  straight 
line  between  the  perpendicular  and  the 
aeute  angle  ^.t  B;  and  it  is  manifest  that 
(47.  1.)  AB=+BC^  =  AC^-f2BC«=AC=' 
+2BC.BC  Therefore  in  every  triangle, 
&e.     Q,E.D. 


PROP.  XIV.  PROB. 

To  describe  a  square  that  shall  be  equal  to  a  given  rectili- 
neal figure. 

Let  A  be  the  given  rectilineal  figure;  it  is  required  to  describe  a 
square  that  shall  be  equal  to  A. 

Describe  (45. 1.)  the  rectangolar  parallelogram  BCDE  equal  to  the 
rectilineal  figure  A.  If  then  the  sides  of  it,  BE, ED  are  equal  to  one 
another,  it  is  a  square,  and  Ivhat  was  required  is  done;  but  if  they  are 
not  equal,  produce  one  of  tliem,  BE  to  F,  and  make  EF  equal  to  ED, 
and  bisect  BF  in  G :  and  from  the  centre  G,  at  the  distance  GB,  or  GFj 
describe  the  semicircle  BHF  and  produce  DE  to  H,  and  join  GH. 
Therefore,  because  the  straight  line  BF  is  divided  into  two  equal 
parts  in  the  point  G,  and  into  two  unequal  in  the  point  E,  the  rect* 
angle  BE.EF,  together  with  the  square  of  EG,  is  equal  (5.  2.)  to 
the  square  of  GF :  but  GF  is  equal  to  GH ;  therefore  the  rectangle 
BE.EF,  together  with  the  square  of  EG,  is  equal  to  the  square  of 
GH :  But  tlie  squares  of  .HE  and  EG  are  equal  (47.  1.)  to  the  square 
ef  GH:  Therefore  also 
the  rectangle  BE.EF  to- 
gether with  the  square  of 
EG,  is  equal  to  the  squares 
of  HE  and  EG.  Take 
away  the  square  of  EG, 
which  is  common  to  both, 
and  the  remaining  rect- 
angle iiE.EF  is  equal  to 
the  square  of  EIJ:  But 
BD  is  the  rectangle  eon- 
tained  by  BE  and  EF,  because  EF  is  equal  to  ED ;  therefore  BD  is 
equal  to  the  square  of  EH;  and  BD  is  also  equal  to  the  rectilineal 
figure  A  ;  therefore  the  rectilineal  figure  A  is  equal  to  the  square  of 
EH :  Wherefore  a  square  has  been  made  equal  to  the  given  rectilineal 
figure  A,  yiz'.  the  squstre  described  upon  EH.  Which  waste  be  dene. 


M  ISLEMENTS 

PROP.  A,  THEOn. 

If  one  side  of  a  triangle  be  bisected,  the  sum  of  the 
sqnares  of  the  other  two  sides  is  double  of  the  square  of 
half  the  side  bisected,  and  of  the  square  of  the  line  drawn 
from  the  poiht  of  bisection  to  the  opposite  angle  of  the 
triangle. 

Let  ABC  be  i  triangle,  of  whicli  the  side  BC  is  bisected  in  t),  and 
DA  drawn  to  the  opposite  angle ;  the  squares  of  BA  arid  AC  are  to- 
gether double  of  the  squares  of  BD  and  DA. 

From  A  draw  AE  perpendicular  to  BC,  and  because  BEA  is  a  richt 
angle,  AB'^ss  (47.  1.)  BE*-f-AE^  and  . 

AC«  =  CE''  +  AE3j  wherefore  AB'^-f  ^ 

AC=^  =  BE'  -f  CE^  +  2AE'^.  But  be- 
cause the  line  BC  is  cut  equaUrs  in  D, 
and  unequally  in  E,  BE=*  -f  CJE*  = 
(9.  2.)  2BD^-\-2DE^',  therefore  AB^-f 
AC2=2BD2-f-2DEL.2AE^ 

Now  DE2  +  AE2  =  (47.  i.)  AD^ 
and  2DE2  -f  2AE2  =  2AD2;    where-  — 
fore  AB24-AC2=2BD2+2ADS  There- ^ 
fore,  &c.   Q.  E;D. 

PROP.  B.  THEOR. 

The  sum  of  the  squares  of  the  diameters  of  any  parallelo- 
gram is  fequal  to  thfe  sum  of  the  squares  of  the  sides  of  the 
parallelogram. 

Let  ABCD  be  a  parallelogram,  of  which  the  diameters  are  AC  ahd 
BD ;  the  sum  of  the  squares  of  AC  and  BD  is  equal  to  the  sum  of 
the  squares  of  AB,  BC,  CD,  DA. 

Let  AC  and  BD  intersect  one  another  in  E :  and  becatise  tlie  ver- 
tical angles  AED,  CCB  are  equal  (IS.  1.)  and  also  the  alternate  an- 
gles EAD,  ECB  (39.  l.)j  the  triangles  ADE,  CEB  have  two  angles  in 
the  one  eqyal  to  two  angles  in  the  other,  each  to  each;  but  the  sides 
AD  and  BC,  which  are  oppo-  .  jj 

site  to  ecjbal  angles  in  these 
triangles,  are  also  equal  (34.  /      ^.        ■« 

1.);  therefore  the  other  sides 
which  are  opposite  to  the  e- 
qual  angles  are  also  equal 
(26. 1.),  viz.  AE  to  EC,  and 
ED  fo  EB.  B  O 

Since,  therefore,  BD  is  bisected  in  E,  AB^-fAD''r»(A.  2.)  2BE« 
+2AE2;  and  forthe  same  reason, CD2+BC«=2BE2-f2EC=2BE> 
+2AES  because  EC=AE.  Therefore  AB''+AD3+DC=-j-BC«c= 
4BE«+4AE^  But  4BE=^=BD«,  and  4AE''=AC«  (2.  Cor.  8.  2.)  be- 
cause BD  and  AC  are  both  bisected  in  E;  therefore  AB^^-fAli^-f 
CD»+BC»=BD«-f  AC«.  Therefore  the  sum  ofthe  squares  &c.  Q.E.  D. 

CoR.  From  this  demonstration,  it  i^  manifest  that  the  diameters 
of  every  parallelogram  bisect  one  another. 
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DEFINITIONS. 
.       A. 

THE  radius  of  a  circle  is  tke  straight  line  drawn  from  the  centre 
to  the  circomference. 

I. 

A  straight  line  is  said  to  touch 
a  circle,  when  it  meets  the 
circle,  and  being  produced 
does  not  cut  it. 

Circles  are  said  to  touch  one 
another,  which  meet,  but  do 
not  cut  one  another. 

m. 

Straight  lines  are  said  to  he  equally  dis- 
tant from  the  centre  of  a  circle,  when 
the  perpendiculars  drawn  to  them 
from  the  centre  are  equal. 
IV. 
And  the  straight  line  on  which  the  greatf 
er  perpendicular  falls,  is  said  to  be 
farther  from  the  centre. 

B. 
An  arch  of  a  circle  is  any  part  of  the  circumference.* 

V. 
A  segment  of  a  circle  is  the  figure  eon- 
tained  by  a  straight  linej  and  the  arch 
which  it  cuts  off. 
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VI. 

An  angle  in  a  segment  is  the  angle  contain- 
ed bv  two  straight  lines  drawn  from  any 
point  in  the  circumference  of  the  seg- 
ment, to  the  extremities  of  the  straigjjl 
line  which  is  the  base  of  the  segment! 

YII. 

And  an  angle  is  said  f  o  insist  or  stand  upon 
the  arch  intercepted  between  the  straight 
lines  which  contain  tlxe  angle. 

VIII. 

The  sector  of  a  circle  is  the  figure  con- 
tained by  two  straight  lines  drawn  from 
the  centre,  and  the  arCh  df  tlie  circum- 
ference between  them. 


IX. 

Similar  segments  of  a  circle, 
are  those  in  which  the  an- 
gles  are    equal,  or  which 
•    contain  equal  angles. 


PROP.  I.  PROB. 

To  find  the  centre  of  a  given  circle. 

Let  ABC  be  the  given  cireTe ;  it  is  required  to  find  its  centre. 

Draw  within  it  any  straight  line  AB.  and  bisect  (lO.  1.)  it  in  T)  ; 
from  the  point  D  draw  (11.  1.)  DC  at  right  angles  to  AB,  and  pro- 
duce it  to  E,  and  bisect  CE  in  F :  the  point  F  is  the  centre  of  the  cir- 
cle ABC. 

For,  if  it  be  not,  let,  if  possible,  G  be  the  centre,  and  join  GA. 
GD,  GB :  iThen,  berause  DA  is  equal  to  DB,  and  DG  common  to 
the  two  triat)gles  ADG,  BDG,  tlie  two  sides  Ai),DG  are  eqnaltothe 
two  BD,  DG,  eacTi  to  each  ;  and  the  hase  (' 

GA  is  cfpial  to  the  base  Gi3,  because  they 
are  radii  of  the  sanie  circle ;  therefore  the 
angle  ADG  is  equal  (8.  1.)  to  the  angle 
GDB  :  But  when  a  straight  line  standing  up- 
on another  straight  line  makes  the  adjacent 
angles  equal  trfone  another,  each  of  the  an- 
gles is  a  right  angle  (r.  def.  1.)  Therefore 
the  angle  GDB  is  a  right  angle :  But'FDB  is 
likewise^a  right  angle:  wherefore  the  angle 
FDB  is  equal  to  the  angle  GDB,  the  greater 
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to  the  less,  which  is  impossible ;  Therefore  G  is  not  the  centre  of  tl# 
circle  ABC:  In  the  spme  manner,  it  can  be  shown,  that  no  other 
point  but  F  is  the  centre :  that  is,  F  is  the  centre  of  the  circle  ABC  : 
Which  was  to  be  found. 

Cor.  From  this  it  is  manifest  that  if  in  a  circle  a  straipjht  line* 
bisect  another  at  right  angles,  the  centre  of  the  circle  is  in  tlie  line 
which  bisects  the  other.  * 


PROP.  IT.  THEOR. 

If  any  two  points  be  taken  in  the  circumference  of  a  cir- 
cle, the  straight  line  which  joins  them  shall  fall  within  the 
circle. 

Let  ABC  be  a  circle,  a*nd  A,  B  any  two  points  in  the  circumfer- 
ence :  the  straif^ht  line  drawn  from  A  to  B 
shall  fall  within  the  circle. 

Take  any  point  in  AB  as  E;  find  D  the 
*  centre  of  the  circle  ABC ;  join  AD,  DB  and 
DE,  and  let  DE  meet  the  circumference  iuF. 
'J'hen,  because  DA  is  equal  to  DB,  tha  an- 
gle DAB  is  equal  (5.  1.)  to  the  angle  DBA; 
and  because  x\E,  a  side  of  the  triangle 
DAEyis  produced  to  B,  the  angle  DEB  is 
greater  (16.  1.)  than  the  angle  DAE;  but 
DAE  is  equal  to  th*e  angle  DBE;  therefore 
the  angle  DEB  is  greater  than  the  angle  DBE :  Now  to  the  greater 
angle  the  greater  side  is  opposite  (19.  1.) ;  DB  is  therefore  greater 
than  DE:  but  Bt)  is  equal  to  DF;  wherefore  DF  is  greater  than 
DE,  and  the  point  E  is  therefore  within  tlie  circle.  The  same  may 
be  demonstrated  of  any  other  point  between  A  and  B,  therefore  AB 
is  within  the  circle.     Wherefore,  if  any  two  points,  &c.  Q.  E.  D. 

PROP.  III.  THKOR. 

If  a  straight  line  drawn  through  the  centre  of  a  circle 
bisect  a  straight  line  in  the  circle,  which  does  not  pass 
through  the  centre,  it  will  cut  that  line  at  right  angles  ; 
and  if  it  cut  it  at  right  angles,  it  will  bisect  it. 

Let  ABC  be  a  circle,  and  let  CD,  a  straight  line  drawn  through  the 
centre  bisect  any  straight  line  AB,  which  does  not  pass  through  the 
centre,  in  the  point  F :  It  cuts  it  also  at  right  angles. 

Take  (1.  3.)  E  the  centre  of  the  circle,  and  join  EA,  EB.  Then 
because  AF  is  equal  to  FB,  and  FE  common  to  the  two  tria;:gl  &  A1?E, 
BFEj  there  are  two  sides  in  the  one  equal  to  two  sides  in  the  other : 


€4t 


ILEMBNTS 


^ut  the  base  E A  is  equal  to  the  base  EB ; 
'    therefore  the  angle  AFE  is  equal  (8.  4.)  to 

the  angle  BFE.   And  when  a  straight  line 

standing  upon  another  makes  the  adjaci^nt 

angles  equal  to  one  anolher,  each  or  them 
'is  a  right  (7.  Def.  1.)  angle:  Therefore 

each  of  the  angl^  AFE,  BFE  is  a  right  an- 
gle;   wherefore    the    straight    line    CD, 

dra%vn  through  the  centre  bisecting  AB, 

which  does  not  pass  through  the  centre, 

cuts  AB  at  right  angles. 

Again,  let  C  D  cut  AB  at  right  angles ;  CD  also  bisects  AB  that  is, 
AF  is  equal  to  FB. 

The  same  construction  being  made,  because  the  radii  EA,  EB  are 
equal  to  one  another,  the  angle  EAF  is  equal  (5. 1.)  to  the  angle  EBF; 
and  the  right  angle  AFE  is  equal  to  the  ri^ht  angle  BFE :  Therefore, 
in  the  two  triangles  EAF,  EBF,  there  are  two  angles  in  one  equal  to 
two  angles  in  the  other;  now  the  side  EF,  which  is  opposite  to  one  of , 
the  equal  angles  in  each,  is  common  to  both;  therefore  the  other  sides 
ure  equal  (36.  1.);  AF  therefore  is  equal  to  FB.  Wherefore,  if  a* 
straight  line)  &e.  Q.  E.  D. 

PROP.  IV.  THEOR. 

If  in  a  circle  two  straight  lines  cut  one  another,  which  do 
not  pass  through  the  centre,  they  do  not  bisect  each  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  straight  lines  in  it,  which 
eut  one  another  in  the  point  E,  and  do  not  both  pass  through  the  cen- 
tre :  AC,  BD  do  not  bisect  one  another. 

For  if  it  is  possible,  let  AE  be  equal  to  EC,  and  BE  to  ED  j  If  one 
of  the  lines  pass  through  the  centre,  it  is 
plain  that  it  cannot  be  bisected  by  the  other, 
■whichdoesnotpass  through  the  centre.  But  ^ 

if  neither  of  them  pass  through  the  centre,     /^  ^  J^-Q 

take  (1.  3.)  F  the  centre  of  the  circle,  and 
join  EF :  and  because  FE,  a  straight  line 
through  the  centre,  bisects  another  AC, 
which  does  not  pass  through  the  centre,  it 
must  cut  it  at  right  (3.  3.)  angles ;  where- 
fore FEA  is  aright  angle.  Again, because 
the  straight  line  FE  bisects  the  straight  line  BD,  which  does  not  pass 
through  the  centre,  it  must  cut  it  at  right  ( 3.  3.)  angles ;  wherefore 
FEB  is  a  right  angle:  and  FEA  was  shown  to  be  a  right  angle: 
therefore  FEA  is  equal  to  the  angle  FEB,  the  less  to  the  greater, 
which  is  impossible :  therefore  AC,  BD  do  not  bisect  one  another. 
'    }^herefore,  if  in  a  circle,  &c,  Q.  E.  D. 
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PROP.  V.  THEOR. 

If  two  circles  cut  one  another,  they  cannot  have  the  same 

centre. 

Let  the  two  circles  ABC,  CDG  cut  one  another  in  the  points  B,  C ; 
they  have  not  the  same  centre. 

For,  if  it  be  possible,  let  E  be  their  centre:  join  EC,  and  draw  any 
straight  line  EFG  meeting  the  circles 
in  F  and  G :  and  because  E  is  the  cen- 
tre of  the  circle  ABC,  CE  is  equal  to 
EF :  Again,  because  E  is  the  centre 
of  the  circle  CDG,  CE  is  equal  to 
EG:  but,  CE  was  shown  to  be  equal 
to  EF,  therefore  EF  is  equal  to  EG, 
the  less  to  the  greater,  which  is  im- 
possible: therefore  E  is  not  the 
centre  of  the  circles  ABC,  CDG. 
Wherefore,  if  two  circles,  &c.  Q.  E.  D. 

PROP.  VI.  THEOR. 

If  two  circles  touch  one  another  internally,  they  cannot 
have  the  same  centre. 

Let  the  two  circles  ABC,  CDE,  touch  one  another  internally  in  the 
point  C  :  they  have  not  the  same  centre. 

For,  if  they  have,  let  it  be  F;  join  FC,  and  draw  any  straight  line 
FEB  meeting  t!ie  circles  in  E  and  B;  and  ^ 

because  F  is  the  centre  of  the  circle  ABC, 
CJ"  is  equat  to  FB;  also,  because  F  is  the 
centre  of  the  circle  CDE,  CF  is  equal  to 
FE :  but  CF  was  shown  to  be  equal  to  FB ; 
therefore  FE  is  equal  to  FB,  the  less  to  the 
greater,  which  is  impossible :  wherefore  F 

IS  not  the  centre  of  the  circles  ABC,  CDE.     .    ^  y  ^o 

Therefore,  if  two  circles,  &c.  Q.  E.  D.          A\  ^  ^    /« 


PROP.  VII.  THEOR. 

If  any  point  be  taken  in  the  diameter  of  a  circle  which 
is  not  the  centre,  of  all  the  straight  lines  which  can  be 
4rawn  from  it  to  the  circumference,  the  greatest  is  that  in 
which  the  centre  is,  and  the  other  part  of  that  diameter 
is  the  least ;  and,  of  any  others,  that  which  is  nearer  to  the 
line  passing  through  the  centre  is  always  greater  than  one 
more  remote  from  it :  And  from  the  same  point  there  can 
be  drawn  only  two  straight  lines  that  are  equ^  to  one 
•  another,  one  upon  each  side  of  the  shortest  line. 

Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let  any  point 
F  be  taken  which  is  not  the  centre :  let  the  centre  be  £  |  of  aU  the 
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straight  lines  FB,FC,  FG,  &c.  that  can  be  drawn  from  F  to  the  cir- 
cumference, FA  is  the  greatest,  and  FD^  the  otlier  part  of  the  diame- 
ter AI),  18  the  least:  and  of  the  others,  FB  is  greater  than  FC,  and 
FC  than  FG. 

Join  BE,  CE,  GE  ;  and  because  two  sides  of  a  triangle  are  greater 
(20.  1.)  than  the  third,  BE,  KF  are  greater  than  BF :  hut  AE  js  equal 
to  EB ;  therefore  AE  and  EF,  that  is,  AF,  is  greater  than  B  V :  again, 
because  BE  is  equal  to  CE,  and  FE  common  to  the  triangles  BEFj 
CEF,  the  two  sidles  BE,  EF  are  e(;ual  to 
the  two  CE,  EF;  but  the  angle  BEF  is 
greater  than  the  angle  CEF;  therefore  the  c 
ba?e  BF  is  gr^ler  (24.  1.)  thnn  the  base  /'n^ 
FC;   lor  (he  same  reason,  CF  is  greater/ 


Ihan  GF.  Aj^ain?  because  OF,  FE  are 
greater  (30.  I.)  than  EG,  and  EG  i-i  equal 
to  ED ;  GF,FE  are ?freater  than  ED:  lake 
away  the  common  part  FE,  and  the  re- 
mainder GF  is  greater  than  the  remainder 
FD  :  therefore  FA  is  the  greatest,  and  FD  ^ 

the  least  of  all  (he  straiglit  lines  from  F  to  the  circumference ;  and  BF 
is  greater  than  CF,  and  CF  than  GF. 

Also  there  can  he  drawn  only  two  equal  straight  lines  from  the  point 
F  to  tl»e  circumference,  one  upon  each  side  of  the  sliortest  line  FD : 
at  the  point  E  in  the  straight  line  EF,  make  (23.  1.)  the  angle  FEH 
equal  to  the  angle  GEF,  and  join  FH :  Then,  because  GE  is  equal  to 
EH,  and  BF  common  to  the  two  triangles  GEF,  HEF ;  the  two  sides 
GE,  EF  are  equal  to  the  two  HE,  EF;  and  the  angle  GEF  is  equal  to 
angle  HEF;  therefore  the  base  FG  is  equal  (4.  1.)  to  the  base  FH : 
but  besides  FH,  no  straight  line  can  be  drawn  from  F  to  the  circumfer- 
ence equal  to  FG:  for,  if  there  can,  let  it  be  FK;  and  because  FK 
is  equal  to  FG  and  FG  to  FH,  FK  is  equal  to  FH ;  that  is,  a  line  uear- 
.er  to  that  which  passes  through  the  centre,  is  equal  to  one  more  re- 
mote, which  is  impossilde.  Therefore,  if  any  point  be  taken^  &«♦ 
Q.  E.  D. 

PROP.  YIII.  THEOR. 
If  any  point  be  taken  witliout  a  circle,  and  straight  lines 
be  drawn  from  it  to  the  circtimference,  wliereof  one  passes 
through  the  centre ;  of  those  which  fall  upon  the  concave 
circumference,  the  greatest  is  that  which  passes  through 
the  centre ;  and  of  the  rest,  that  which  is  nearer  to  that 
through  the  centre  is  always  greater  than  the  more  remote : 
But  of  those  which  fall  upon  the  convex  circumference, 
the  least  is  that  between  the  point  without  the  circle,  and 
the  diameter ;  and  of  the  rest,  that  which  is  nearer  to  the 
least  ii  always  less  than  the  more  remote  :  And  only  two 
equal  straight  lines  can  be  drawn  from  the  point  unto  thq. 
circumference;  one  upon  each  side  of  Uic  least* 
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Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which  let  the 
straight  Hues  DA,  DE,  DF,  DC  be  drawn  to  the  circumference, 
whereof  DA  passes  Ihrongh  the  centre.  Of  those  which  fall  upon 
the  concave  part  of  the  circumference  AEFC,  the  greatest  is  AD 
which  passes  through  the  centre ;  and  the  line  nearer  to  AD  is  always 
greater  than  the  moVe  remote,  viz.  DE  than  DF,  and  DF  than  DC : 
hut  of  those  which  fall  upon  the  convex  circumference  HLKG,  the 
least  is  DG,  between  the  point  D  and  the  diameter  AG ;  and  the 
nearer  to  it  is  always  less  than  the  more  remote,  viz.  DK  thanDL, 
atid  DL  than  DH. 

Take  (l.  3.)  M  the  centre  of  the  circle  ABC,  and  join  ME,MF. 
MC,  MK,l\IL,Mtl;  And  because  AM  is  equal  to  ME,  if  MD  be  add- 
ed to  each,  AD  is  equal  to  EM  and  MD ;  hut  EM  and  MD  are  greater 
(20.  1.)  than  ED ;  therefore  also  AD  is  greater  than  ED.  Again,  be- 
cause ME  is  equal  to  MF,  and  MD  common  to  the  triangles  EMD, 
FMD,EM,  MD  are  equal  to  FM,  MD ;  but  the  angle  EMD  is  great- 
er than  the  angle  FMD;  therefore 
the  base  ED  is  greater  (2*.  1.)  than 
(he  base  FD.  In  like  manner  it  may 
he  shown  that  FD  is  greater  than 
CD.  Therefore  DA  is  (he  greatest; 
and  DE  greater  than  DF,  and  DF 
than  DC. 

And  because  MK,  KD  are  greater 
(20.  I.)  than  MD,  and  MK  is  equal 
to  MG,  the  remainder  KD  is  greater 
(5.  Ax.)  than  the  remainder  GD,  that 
is  GD  is  less  than  KD  :  And  because 
MK,  DK  are  drawn  to  (he  point  K 
within  ttve  triangle  MLD  from  M, 
D,  the  extremities  of  its  side  MD ; 
MK,  KD  are  less  (21.  1  )  than  ML , 
LD,  whereof  MK  is  equal  to  MLj 
therefore  the  remainder  DK  is  less 
than  the  remainder  DL:  In  like 
manner,  it  may  be  shown  that  DL  is  less  than  DH; 
is  the  least,  and  DK  less  than  DL,  and  DL  than  DH. 

Also  there  can  be  drawn  only  two  equal  straight  lines  from  the 
point  D  to  the  ^rcumference,  one  upon  each  side  of  the  least:  at 
ihe  point  M.in  (nc  straight  line  MD,  make  the  angle DMB  equal  to 
the  angle  DMK,  and  join  DB;  and  because  in  the  triangies  KMD, 
BMD,  the  side  KM  is  equal  to  the  side  BM,  and  MD  common  to  both, 
and  also  the  angle  KMD  equal  to  the  angle  BMD,  the  base  DK  is 
equal  (4.  1.)  to  the  base  DB.  But,.besides  DB,  no  straight  line  can 
be  drawn  from  D  to  the  circumference,  equal  to  DK:  lor,  if  there 
can,  let  it  be  DJV ;  then,  because  DN  is  equal  to  DK,  and  DK  equal 
to  DB,  DB  is  equal  to  DNj  that  is,  the  line  nearer  to  DG,  the  least, 
equal  to  the  more  remote,  which  has  been  shown  to  be  impossible. 
If.  thcrefHTC;  any  point,  &c.  Q,  E.  D. 


A 
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PROP.  IX.  THEOR. 

If  a  point  be  taken  within  a  circle,  from  which  there 
fall  more  than  two  equal  straight  lines  upon  the  circum- 
ference, that  point  is  the  centre  of  the  circle. 

Let  the  point  D  be  taken  within  the  circle  ABC,  from  which  there 
fall  on  the  circumference  more  than  two  equal  straight  lines,  viz. 
DA,  DB,  DC,  the  point  D  is  the  centre  of  the  circle. 

For,  if  not,  let  E  be  the  centre,  join  DE,  and  produce  it  to  the  cir- 
cumference in  F,  G;  then  FQ  is  a  diame- 
ter of  the  circle  ABC  :    And  because  in 
FG,  the  diameter  of  the  circle  ABC,  there 
is  taken  the  point  D  which  is  not  the  cen- 
tre, DG  is  the  greatest  line  from  it  to  the 
circumference,    and    DC  greater  (7.  3.)-p 
t^aa  DB,  and  DB  than  DA;    but  they'^ 
are  likewise  equal,  which  is   impossible: 
Therefore  E  is  not  the  centre  of  the  cir- 
cle ABC :    In  like  manner,  it  may  be  de- 
monstrated,* that  no  other  point  but  D  is 
the   centre;    D   therefore  is  the  centre. 
Wherefore,  if  a  point  be  taken,  &c.  Q.  £.  D. 

PROP.  X.  THEOR. 

One  circle  cannot  cut  another  in  more  than  two  points. 

If  it  be  possible,  let  the  circumference  FAB  cut  the  circumference 
DEF  in  more  than  two  points,  viz.  in  B,  O,  F  j  take  the  centre  K  of 
the  circle  ABC,  and  join  KB,  KG,  KF :  and  because  within  the  circle 
DEF  there  is  taken  the  point  K,  from  which  more  than  two  equal 
straight  lines,  viz.  KB,  KG,  KF,  fall  on 
the  circumference  DEF,  the  point  K  is 
(9.3.)  the  centre  of  the  circle  DEF; 
but  K  is  also  the  centre  of  the  circle 
ABC ;  therefore  the  same  point  is  the 
centre  of  two  circles  that  cut  one  ano- 
ther, which  is  impossible  (5.  3.).  There- 
fore one  circumference  of  a  circle  can- 
not cut  another  in  more  than  two  points. 
Q.  E.  D. 


PROP.  XL  THEOR. 

If  two  circles  touch  each  other  internally,  the  straight 
line  which  joins  their  centres  being  produced,  will  pass 
through  the  point  of  contact. 

Let  the  two  circles  ABC,  ADE,  touch  each  other  internally  in  the 


OF  GEOMETRY.    BOOK  III. 


69 


point  A,  and  let  F  be  the  centre  of  the  circle  ABC,  and  G  the  centre 
of  the  circle   ADE ;    the    straight    line  ^ 

which  joins  the  centres  F,  G,  being  pro- 
duced, passes  through  the  point  A. 

For,  if  not,  let  it  fall  otherwise,  if 
possible,  as  FGDH,  and  Join  AF,  AG  : 
Anil  because  AG,  GF  are  greater  (20.  1 .) 
than  FA,  that  is,  than  FH,  for  FA  is  equal 
to  FH,  being  radii  of  the  same  circle; 
take  away  the  common  part  FG,  and  the 
remainder  AG  is  greater  than  the  remain- 
der GH.  But  AG  is  equal  to  GD,  there- 
fore GD  is  greater  than  GH ',  and  it  is 

also  less,  which  is  impossible.  Therefore  the  straight  line  which  joins 
the  points  F  and  G  cannot  fall  otherwise  than  on  the  point  A ;  that  is, 
it  must  pass  through  A.     Therefore,  if  two  circles,  &c.  Q.  E.  D. 

PROP.  XII.  THEOR. 

If  two  circles  touch  each  other  externally,  the  straight 
line  which  joins  their  centres  will  pass  through  the  point 
of  contact. 

Let  the  two  circles  ABC,  ADE,  touch  each  other  externally  in  the 
point  A ;  and  let  F  be  the  centre  of  the  circle  ABC,  and  G  the  centre 
of  ADE:  The  straight  line  which  joins  the  points  F,  G,  shall  pass 
through  the  point  of  contact. 

For,  if  not,  let  it  pass  otherwise,  if  possible,  as  FCDG,  and  join  FA, 
AG:  and  because  F  is  the  centre  of  the  circle  ABC,  AF  is  equal  to 
FC  :  Also  because  G 
is  the  centre  of  the 
circle,  ADE,  AG  is 
equal  to  GD.  There- 
fore FA,  AG  are  equal 
to  FC,  DG;  where- 
fore the  whole  FG  is 
greater  than  FA,  AG ; 
but  it  is  also  less  (20. 
1.),  which  is  impossi- 
ble: Therefore  the 
straight     line     which 

joins  the  points  F,  G  cannot  pa?s  otherwise  than  through  the  point  of 
contact  A:  that  is,  it  passes  through  A.  Therefore,  if  two  circles, 
&c.  Q.  E.  D. 

PROP.  XIII.  THEOR. 

One  circle  cannot  touch  another  in  more  points  than  one^ 
whether  it  touches  it  on  the  inside  or  outside. 
For,  if  it  be  possible,  let  the  circle  BBF  touch  the  circle  ABC  in 
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wore  points  than  one,  anfl  first  on  the  inside,  in  the  points  B,  D  jjoin 
BD,  and  draw  (10.  11.  1.)  f-H,  l>i?eetingBD  al  right  angle- :  'I'here- 
fore  because  the  points  B,  D  are  iu  the  circumt'erence  of  each  of  the 
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circles,  the  straight  line  BD  falls  within  each  (2.  3.)  o*"  thf  m :  and 
therefore  their  centres  are  (Cor.  1.  3.)  in  the  straight  line  GH  whirh 
bisects  BD  at  rigiit  angles:  Therefore  GH  passes  through  the  point 
of  contact  (1 1.  3.)  ;  but  it  does  not  pass  through  it,  because  the  points 
B,  D  are  without  the  straight  line  GH,  which  is  absurd :  Therefore 
one  circle  cannot  touch  another  in  the  iris  de  in  more  points  than  one. 
Nor  can  two  circles  touch  one  another  on  the  outside  in  more  than 
one  point :  For,  if  it  be  possible,  let  the  circle  ACK  touch  the  circle 
ABC  in  the  points  A,  C,  and  join  AC  : 
Therefore,  because  the  two  points  A,  C  are 
in  the  circumference  of  the  circle  ACK, 
the  straight  line  AC  which  joins  them 
shall  fall  within  the  circle  ACK :  And 
the  circle  ACK  is  without  the  cirr  le  ABC ; 
and  therefore  the  straight  line  AC  is  also 
without  ABC  ;  but,  because  the  points 
A,  C  are  in  the  circumference  of  the  cir- 
cle ABC,  the  straight  line  AC  must  be 
within  (2.  3.)  the  same  circle,  which  is 
ahsurd  :  Therefore  a  circle  cannot  touch 
another  on  the  outside  in  more  than  one 
point :  and  it  has  been  shown,  that  a  cir- 
cle cannot  touch  another  on  the  inside  in 
more  than  one  point.     Therefore,  one  circle,  &c.  Q,  E.  D. 

PROP,  XIV.  THEOR. 

Equal  straigltt  lines  in  a  circle  are  equally  distant  from 
the  centre  ;  and  those  which  are  equally  distant  from  the 
centre,  are  equal  to  one  another. 

Let  the  straight  lines  AB,  CD,  in  the  circle  ABDC,  be  equal  to 
one  another;  they  are  equally  distant  Irum  the  centre. 
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Take  E  the  centre  of  the  circle  ABDC,  »f\<\  Irom  it  draw  EF  EG, 
perpeudiculrtrs  io  AB,  CD;  join  AE  and  EC.  Then,  because  iLe 
stritght  line  EF  pasainij  through  the  cen- 
tre, cuts  the  straight  line  AB,  which  does 
not  pass  through  the  centre  at  right  an- 
gles, it  also  bisects  (3.  3.)  it:  Where- 
fore AF  is  equal  to  FB,  autl  AB  douide 
of  AF.  For  the  sn.tie  reatson,  CD  is 
double  of  CG:  But  AB  is  eiual  to  CD  ; 
therefore  AF  is  equal  to  CG:  And  be- 
Caii-e  AE  is  equal  to  EC,  the  square  of 
AE  is  equal  to  the  square  ol  EC  :  Now 
the  squHies  of  AF,  FE  are  equal  (47.  1,) 
to  the  square  of  AE,  oecause  Ihe  angie  AFE  i»  a  right  angle ;  and, 
for  the  like  reason,  the  squares  of  EG,  GC  are  equal  to  the  square 
of  EC  :  Therefore  the  squares  of  AF,  FE  are  equal  to  the  squares  of 
CG,  GE,  of  which  the  square  of  AF  is  eijual  to  the  square  of  CG,  be- 
cause AF  is  equal  to  OG;  therelore  the  remaining  a(|uare  of  FK  is 
equal  to  the  remaining  sc]uare  of  EG,  and  the  straight  line  EF  is 
therefore  equal  to  EG:  But  straight  lines  in  a  circle  are  said  to  be 
equally  distani  from  the  centre  when  the  perpendiculars  drawn  to 
them  from  the  centre  are  equal  (3.  Def.  3.) :  Therefore  AB,  CD  are 
equally  distant  from  the  centre. 

Next,  if  the  straight  lines  AB,  CD  be  equally  distant  from  the 
centre,  that  is,  if  FE  be  equal  to  EG,  AB  is  equal  to  CD.  For,  the 
same  construction  beint;  made  It  may,  as  before,  be  demonstrated, 
that  AB  is  douole  of  AF,  and  CD  double  of  CG,  and  that  the  squares 
of  EF,  FA  are  equal  to  the  squares  of  EG,  GC;  of  which  the  squa.re 
of  FE  is  equal  to  the  square  of  EG,  because  FE  is  equal  to  EG; 
therefore  the  remaining  square  of  AF  is  equal  to  the  remaining;  square 
of  CG;  and  the  straight  line  AF  is  therefore  equal  to  CG  :  But  AB 
is  double  of  AF,  and  CD  double  of  CG;  wherefore  AB  is  equal  to 
CD.     Therefore  equal  straight  lines,  cfc.  Q.  E.  D. 

PROP.  Xy.  THEOR. 

The  diameter  is  the  greatest  straight  line  in  a  circle ; 
and  of  all  others,  that  which  is  nearer  to  the  centre  is  al- 
ways greater  than  one  more  remote ;  and  the  greater  is 
nearer  to  the  centre  than  the  less. 

Let  ABCD  be  a  circle,  of  which  the  di- 
ameter is  AD,  and  the  centre  E;  and  let 
BC  be  nearer  to  the  centre  than  FG;  AD 
is  greater  than  any  straight  line  BC  which 
is  not  a  diameter,  and  BC  greater  than  FG. 

From  the  centre  draw  EH,  EK  perpen- 
diculars to  BC,  FG,  and  Join  EB,  EC,  EF; 
and  because  AE  is  equal  o  EB,  and  E D  to 
EC,  AD  is  equal  toEB,EC:  ButEB,EC 
are  greater  (20.  1.)  than  BC;  wbereiore, 
also  AD  is  greater  tban  BC. 
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And,  because  BC  is  nearer  to  the  centre  than  FG,  EH  is  less 
(4.  Def.  3.)  than  EK:  But,  as  was  demonstrated  in  the  preecdiiia:; 
BC  is  double  of  BH  and  FG  double  of  FK,  and  the  squares  of  Elf, 
HB  are  equal  to  the  squares  of  EK,  KF,  of  which  the  square  of  EH 
is  less  than  the  square  of  EK,  because  EH  is  less  than  EK;  there- 
fore the  square  of  BH  is  greater  than  the  srniare  of  FK,  and  the 
straight  line  BH  greater  than  FK;  and  therefore  BC  is  arreaterthan 
FG. 

Next,  LetBC  he  greater  than  FG;BC  is  nearer  to  the  centre  than 
FG;  that  is,  the  same  construction  being  made,  EH  is  less  than  EK : 
Because  BC  is  greater  than  FG,  BH  like  wise  is  greater  than  KF :  but 
the  squares  of  BH,  HE  a;e  equal  to  the  squares  of  FK,  KE.  of  which 
the  square  of  BH  is  greater  than  the  square  of  FK,  because  BH 
is  greater  than  FK ;  therefore  the  square  of  F.H  is  less  than  the 
square  of  EK,  and  the  straight  line  EH  less  than  EK.  Wherefore, 
the  diameter,  &e.  Q.  E.  D. 


PROP.  XVI.  THEOR. 

The  straight  line  drawn  at  right  angles  to  the  diameter 
of  a  circle,  from  the  extremity  of  it,  falls  without  the  cir- 
cle ;  and  no  straight  line  can  be  drawn  between  that 
straight  line  and  the  circumference,  from  the  extremity 
of  the  diameter,  so  as  not  to  cut  the  circle. 


Let  ABC  he  a  circle,  the  centre  of  which  is  D,  and  the  diameter 
AB :  and  let  AE  be  drawn  from  A  perpendicular  to  AB,  AE  shall 
fall  without  the  circle. 

In  AE  take  any  point  F,  join  DF,  and  let  DF  meet  the  circle  in  C. 
Because  DAV  is  a  right  angl^',  it  is 
greater  than  the  angle  AFD  {32.  1.); 
but  the  greater  angle  of  any  trianuie 
is  subtended  by  the  greater  side  (19. 
1.),  therefore  DF  is  greater  than  DA; 
now  DA  is  equal  to  DC,  Iherelore 
DF  is  greater  than  DC,  and  the()oint 
F  i»  therefore  without  the  circle. 
AniJ  F  is  any  point  whatever  in  the 
line  AE,  therefore  AE  falls  without 
the  circle. 

Again,  between  the  straight  line 
AE  and  the  circumference,  no  straight 
line  can  be  drawn  from  the  point  A, 
which  does  not  cut  the  circle.    Let  AG  he  dra>vn,  in  the  angle  DAE, 
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from  D  draw  OH  at  ri^ht  angles  to  AG; 
and  because  the  angle  DHA.  is  a  right 
angle,  and  the  angle  DAH  less  than  a 
right  angle,  the  side  DHf  of  the  triangle 
DAH  is  less  than  the  si«le  DA  (19.  1.). 
The  point  H,  therefore,  is  within  the 
civ  le,  and  therefore  the  str  ight  line 
AG  cute  the  circle. 

Cor.  From  this  it  is  manifest,  that  the 
straight  line  which  is  drawn  at  right  an- 
gles to  the  diameter  of  a  circle  from  the 
extremity  of  it,  touches  the  circle  ;  and 
that  it  touches  it  only  in  one  point;  because,  if  itdid  meet  tJie  circle 
in  two,  it  would  fall  within  it  (3.  3.).  Also  it  is  evident  that  there  can 
be  but  one  straight  line  which  touches  the  circle  in  the  same  point. 

PROP.  XYII.  PROB. 


To  draw  a  straight  line  from  a  given  point,  either 
without  or  in  the  circumference,  which  shall  touch  a  given 
circle. 

First,  Let  A  be  a  ^iven  point  without  the  given  circle  BCD ;  it  is 
required  to  draw  a  straight  line  from  A  which  shall  touch  the  circle. 

Find  (1.  3.)  the  centre  E  of  the  circle,  and  join  AE  :  and  from  the 
centre  E,  at  the  distance  EA,  describe  tlie  circle  AF(t;  from  the 
point  D  draw  (11.  1.)  DF  at  right  angles  to  EA,join  EBF,  and  draw 
AB.     AB  touches  the  circle  BCD. 

Because  E  is  the  centre  of  the  cir- 
cles BCD,  AFG,  EA  is  equal  to  EF, 
and  ED  lo  EB ;  therefore  the  two 
siiles  AE,  EB  are  equal  to  the  two  FE, 
ED,  and  they  contain  the  angle  at  E 
common  to  the  two  triangles  AEB, 
FED  ;  Therefore  the  base  DF  is  equal 
to  the  base  AB,  and  the  fricingle  FED 
to  the  triangle  AEB,  and  the  other  an- 
gles to  the  other  angles  (4.  I.)  :  Tnere- 
fore  the  angle  EBA  is  equal  to  the  an- 
gle EDF ;  but  EDF  is  a  right  angle,  wherefore  EBA  is  a  right  angle ; 
and  EB  is  drawn  from  the  centre:  but  a  straight  line  drawn  from 
the  extremity  of  a  diameter,  at  right  angles  to  it,  touches  the  circle 
(Cor.  16.  3.)  :  Therefore  AB  touches  the  circle;  and  is  drawn  from 
the  given  point  A.     Which  was  to  be  done. 

But  if  the  given  point  be  in  the  circu  nference  of  the  circle,  as  the 
point  D,  dravv  DE  to  the  centre  E,  and  DF  at  right  angles  to  DE ;  DF 
touches  the  circle  (Cor.  16.  3.) 
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PROP.  XVIII.  THEOR. 

If  a  straight  line  touch  a  circle,  the  straight  line  drawn 
from  the  centre  to  the  point  of  contact,  is  perpendicular 
to  the  line  touching  the  circle. 

Let  the  straight  line  DE  touch  the  circle  ABC  in  the  point  C ; 
take  the  centre  F,  and  draw  the  straight  line  EC  :  FC  is  perpendicu- 
lar to  l)E. 

For,  if  it  be  not,  from  the  point  F  draw  FBG  perpendicular  to  DE ; 
and  because  FGC  is  a  right  an!2^1e,GCF  must  be  (17. 1.)  an  acute  an- 
gle ;  and  to  the  greater  angle  tlie  great-  x 
er  (19.  1.)  side  is  opposite:  Therefore 
FC  is  greater  than  B'G  ;  butFC  is  equal 
to  FB;  therefore  FB  is  greater  than  FG, 
the  less  than  tlie  greater,  which  is  im- 
possible; wbeiefore  FG  is  not  perpen- 
dicular to  DE :  In  the  same  manner  it 
may  be  shown,  that  no  other  line  but 
FC  can  be  perpendicular  to  DE;  FC  is 

therefore  perpendicular  to  DE.  There-    

fore,  if  a  slraiglit  line,  &c.   Q.  E.  D.       D 
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PROP.  XIX.  THEOR. 

If  a  straight  line  touch  a  circle,  and  from  the  point  of 
contact  a  straight  line  be  drawn  at  right  angles  to  the 
touching  line,  the  centre  of  the  circle  is  in  that  line. 

Let  the  straight  line  DE  touch  the  circle  ABC,  in  C,  and  from  C 
let  CA  be  drawn  at  right  angles  to  DE;  the  centre  of  the  circle  is 
in  CA. 

For,  if  not,  let  F  be  the  centre,  if  possible,  and  join  CF. 
DE  touches  the  circle  ABC,  and  FC  is 
drawn  from  the  centre  to  the  point  of 
contact,  FC  is  perpendicular  (13.  3.)  to 
DE;  therefore  FCE  is  a  right  angle: 
But  ACE  is  also  a  right  angle ;  therefore 
the  angle  FCE  is  equal  to  the  angle 
ACE,  the  less  to  the  greater,  which  is  im- 
possible :  Wherefore  F  is  not  the  centre 
of  the  circle  ABC  :  In  the  same  manner 
it  may  be  shown,  that  no  other  point 
which  is  not  in  C  A,  is  the  centre ;  that  is, 
the  centre  is  in  (,'A.  Therefore,  if  a 
straight  line,  &e.  Q.  E.  D. 
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PROP.  XX.  THEOR. 

The  angle  at  the  centre  of  a  circle  is  double  of  the  an- 
gle at  the  circumference,  upop  the  same  base,  that  is,  upon 
ihe  same  point  of  the  circumference. 

Let  ABC  be  a  circle,  and  BDC  an  angle  at  the  centre  and  B  AC  an 
ana;le  at  the  circumference,  which  have  the  same  circumference  BC 
for  tlieir  base ;  the  angle  BDC  is  double  of  the  angle  BAC. 

First,  let  D,  the  centre  of  the  circle,  be  withifi  the  angle  BAC,  and 
join  AD,  and  produce  it  to  E :  Because  DA  is  equal  to  l)B,the  angle 
DAB  is  equal  (5.  1.)  to  the  angle  DBA; 
therefore  the  angles  DAB,  DBA  together 
are  double  of  the  angle  DAB ;  but  the  an- 
fijle  BDE  is  equal  (32.  1.)  to  the  angles 
DAB,  DBA;  therefore  also  the  angle  BDE 
is  double  of  the  angle  DAB :  For  the  same 
reason,  the  angle  EDC  is  double  of  the 
angle  DAC :  Therefore  the  whole  angle 
BDC  is  double  of  the  whole  angle  BAC 


A  gain  let  D,  the  centre  of  the  circle, 
be  without  the  angle  BAC ;  and  join  AD 
and  produce  it  to  E.     It  may  be  demon- 
strated, as  in  the  first  case,  that  the  an- 
gle EDC  is  double  of  the  angle  DAC, 
and  that  EDB  a  part  of  the  first,  is  dou-  ^  v 
ble  of  DAB,  a  part  of  the  other;  there-        \ 
fore  the  remaining  angle  BDC  is  double       B 
of  the  remaining  angle  BAG.     There-, 
fore  the  angle  at  the  ceutre,&,c.  Q.  E.  D, 

PROP.  XXI,  THEOR. 

The  angles  in  the  same  segment  of  a  circle  are  equal  t» 
one  another. 

Let  ABCD  be  a  circle,  and  BAD,  BED  angles  in  the  same  segment 
BARD :  The  angles  BAD,  BED  are  equal 
to  one  another. 

Take  F  the  centre  of  the  circle  ABCD: 
And,  first,  let  the  segment  BAED  be  great- 
er than  a  semicircle,  and  join  BF,  FD : 
And  because  the  angle  BED  is  at  the  cen- 
tre, and  the  angle  BAD  at  the  circumfer- 
ence, both  having  the  same  part  of  the 
circumference,  viz.  BCD,  for  their  base ; 
therefore  the  angle  BFD  is  double  (30. 
3.)  «f  the  angle  BAD :  for  the  same  rea- 
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son,  the  angle  BED  is  double  of  the  angle  BED; 
gle  BAD  is  equal  to  the  angle  BED. 

But,  if  the  segment  BAED  be  not  greater 
than  a  semicircle,  let  BAD,  BED  be  an- 
gles  in  it;  these  also  are  equj^l  to  one  ano- 
ther.  Draw  AF  to  the  centre,  and  produce 
to  C,  and  join  CE  :  Therefore  the  seg- 
ment BADC  is  greater  than  a  semicircle ; 
and  the  angles  in  it  BAC,  BEC  are  equal, 
by  the  first  case:  For  the  same  reason, 
because  CBED  is  greater  than  a  semicir- 
cle, the  angles  CAD,  CED  are  «qual ; 
Therefore  the  whole  angle  BAD  is  equal 
to  the  whole  angle  BlilD.     Wherefore  the 


Therefore  the  an- 
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ment,  &e.  Q.  E.  D. 


angles  in  the  same  seg- 


PROP.  XXII.  THEOR. 

The  opposite  angles  of  any  quadrilateral  figure  described 
in  a  circle,  are  together  equal  to  two  right  angles. 

LetABCDbe  a  quadrilateral  figure  in  the  circle  ABCD;  any  two 
of  its  opposite  angles  are  together  equal  to  two  right  angles. 

Join  AC,  BD.  The  angle  CAB  is  equal  (21.  3.)  to  the  angle 
CDB,  because  they  are  in  the  same  seg- 
ment BADC,  and  the  angle  ACB  is  equal 
to  the  angle  ADB,  because  they  are  in 
the  same  segment  ADCB;  therefore  the 
whole  angle  ADC  is  equal  to  the  angles 
CAB,  ACB:  To  each  of  these  equals 
add  the  angle  ABC  ;  and  the  angles  ABC, 
ADC,  are  equal  to  the  angles  ABC,  CAB, 
BCA.  But  ABC,  CAB,  BCA  are  equal 
to  two  right  angles  (32.  1.);  therefore 
also  the  angles  ABC.  ADC  are  equal  to 

two  right  angles:  In  the  same  manner,  the  angles  BAD,  DCB  may 
be  shown  to  be  equal  to  two  right  angles.  Therefore  the  opposite 
angles,  &c.  Q.  E.  D.  ^ 

PROP.  XXIII.  THEOR. 

Upon  the  same  straight  line,  and  upon  the  same  side  of 
it,  there  cannot  be  two  similar  segments  of  circles,  not 
coinciding  with  one  another. 

If  it  be  possible,  let  the  two  similar  segments  of  circles,  viz.  ACB, 
ADB,  be  upon  the  same  side  of  the  same  straight  line  AB,  not  coin- 
ciding with  one  another;  then,  because  the  circles  ACB,  ADB,  cut 
one  another  in  the  two  points  A,  B,  they  cannot  eut  one  auolher  in 
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anj  other  point  (10.  3.) :  one  of  the  seg- 
ments must  therefore  fall  within  the  other: 
let  ACB  fall  within  ADB,draw  the  straight 
Kne  BCD,  and  join  CA,  DA :  and  because 
the  segment  ACB  is  similar  to  the  segment 
ADB,  and  similar  segments  of  circles  con- 
tain (9.  def.  3.)  equal  angles,  the  angle 
ACB  is  equal  to  the  angle  ADB,  the  exte- 
rior to  the  interior,  which  is  impossible  (16. 1.).  Therefore,  there 
Oannot  be  two  similar  segments  of  circles  upon  the  same  side  of  the 
same  line,  which  do  not  coincide.    Q.  E.  D. 

PROP.  XXIV.  THEOR. 

Similar  segments  of  circles  upon  equal  straight  lines  are 
equal  to  one  another. 

Let  AEB,  CFD  be  similar  segments  of  circles  upon  the  eqnal 
straight  lines  AB,  CD ;  the  segment  AEB  is  equal  to  the  segment  CFD. 

For,  if  the  segment  AEB  be  applied  to  the  segment  CFD,  so  as  the 
point  A  be  on  C,  and 
the  straight  line  AB 
upon  CD,  the  point 
B  shall  coincide  with 
the  point  D,  because 
AB  is  equal  to  CD:"^ 
Therefore  the  straight  line  AB  coinciding  with  CD,  the  segment 
AEB  must  (23.  3.)  coincide  with  the  segment  CFD,  and  thereforeis 
equal  to  it.     Wherefore,  similar  segments,  &c.  Q.  £.  D. 

PROP.  XXV.  PROB. 

A  segment  of  a  circle  being  given,  to  describe  the  circle 
of  which  it  is  the  segment. 

Let  ABC  he  the  giren  segment  of  a  circle ;  it  is  required  to  de- 
scribe the  circle  of  which  it  is  the  segment. 

Bisect  (10. 1.)  AC  in  D.and  from  the  pointD  draw  ( 11.1.) DB  at 
right  angles  to  AC,  and  join  AB :  First,  let  the  angles  ABD,  BAD  be 
equal  to  one  another;  then  the  straight  line  BD  is  equal  («.  1.)  to  DA, 
and  tlierefore  to  DC ;  and  because  the  three  straignt  line*  DA,  DB, 
DC,  are  all  equal ;  D  is  the  centre  of  the  circle^  (9.  3.) :  from  the 
centre  D,  at  the  distance  of  any  of  the  three  DA,  DB,  DC,  describe  a 
circle ;  this  shall  pass  through  the  other  points ;  and  the  circle  of 
which  ABC  is  a  segment  is  described :  and  because  the  centre  D  is 
in  AC,  the  segment  ABC  is  a  semicircle.  Next  let  the  angles  ABD, 
BAD  be  unequal;  at  the  point  A  in  the  straight  line  ABmake  (23. 
1.)  the  angle  BAE  equal  to  the  angle  ABD,  and  prodaeeBD  ifne^^ 
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sary,  to  E.  and  join  EC :  and  because  the  angle  ABE  is  equal  to  the 
angle  BAE,  the  straight  line  BE  is  equal  (6.  I.)  to  E A ;  and  because 
AD  is  equal  to  DC,  and  DE  common  to  the  triangles  ADE,  CD  t,  the 
two  sides  AD,  DE  are  equal  to  the  two  CD,  DE,  each  to  each :  and  the 
angle  ADE  is  equal  to  the  angle  ('  DE,  for  each  of  them  is  a  right  an- 
gle; therefore  the  base  AB  is  equal  (4.  1.)  to  the  base  EC :  but  AE 
was  shown  to  be  equal  to  EB,  wherefore  also  BE  is  equal  to  EC  :  and 
the  three  straight  lines  AE^EB,  EC  are  therefore  equal  to  one  ano- 
ther; wherefore  (9.  3.)  E  is  the  centre  of  the  circle.  From  the 
centre  E,  at  the  distance  of  any  of  the  three  AE,  EB,  EC,  describe 
a  circle,  this  shall  pass  through  the  other  points ;  and  the  circle  of 
which  ABC  is  a  segment  is  described :  also,  it  is  evident,  that  if  the 
angle  ABD  be  greater  than  the  angle  BAD,  the  centre  E  falls  without 
the  segment  ABC,  which  therefore  is  less  than  a  semicircle;  but  if 
the  angle  ABD  be  less  than  BAD,  the  centre  E  falls  within  the  seg- 
ment ABC,  which  is  therefore  greater  than  a  semicircle :  Wherefore, 
a  segment  of  a  circle  being  given,  the  circle  is  described  of  which  it 
is  a  segment.    Which  was  to  be  done. 


PROP.  XXVI.  THEOR. 

In  equal  circles,  equal  angles  stand  upon  equal  arches, 
whether  they  be  at  the  centres  or  circumferences. 

Let  ABC,  DEF  be  equal  circles,  and  the  equal  angles  BGC.EHF 
at  their  centres,  and  BAC,  EDF  at  their  circumferences :  the  arch 
BKC  is  equal  to  the  arch  ELF. 

Join  BC,  KF;  and  because  the  circles  ABC,  DEF  are  equal,  the 
straight  lines  drawn  from  their  centres  are  equal :  therefore  the  two 
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sides  BG,  GC,  are  eqaal  to  the  twe  EH,  HF;  and  the  angle  at  G  is 
equ  Ito  the  angle  at  H;  therefore  the  base  BO  is  equal  (4,  1.)  to  the 
base  EF :  and  because  the  angle  at  A  is  equal  to  the  angle  at  D,  tlie 
segment  BAG  is  similar  (9.  def.  .i.)  to  the  segment  EUF;  and  they 
are  upon  equal  straight  lines  BC,  EF ;  but  siniilar  segments  of  circles 
upon  equal  straight  lines  are  equal  (24.  3.)  to  one  another,  therefore 
the  segment  BAC  is  equal  to  the  se;-ment  EOF :  but  the  whole  circle 
Ai5C  is  equal  to  the  whole  DEF;  therefore  the  remaining  segment 
BK.C  is  equal  to  ihe  remaining  segment  ELF,  and  the  arch  BKC  to 
the  areliELF.     Wherefore  in  equal  circles,  &c.  Q.  E,  D. 

PROP.  XXVII.  THEdR. 

In  equal  circles,  the  angles  which  stand  upon  equal 
arches  are  equal  to  one  another,  whether  they  be  at  the 
centres  or  circumferences. 

Let  the  angles  BGC,  EHF  at  the  centres,  and  BAC,  EDF  at  the 
oircumferences  of  the  equal  circles  ABC,  DEF  stand  upon  the  equal 
arohes  BC,  EF:  the  angle  BGC  is  equal  to  the  angle  EHF, and  th« 
angle  BAC  to  the  angle  EDF. 

if  the  angle  BGC  be  equal  to  the  angle  EHF,  it  is  manifest  (20.  3.) 
that  the  angle  BAC  is  also  equal  to  EDF.  But,  if  not,  one  of  them  is 
the  greater :  let  BGC  be  the  greater,  and  at  the  point  G,  in  the  straight 
line  BG,  make  the  angle  (23. 1.)  BGK  equal  to  the  angle  EHF.  And 
because  equal  angles  stand  upon  equal  arches  (26.  3,),vyhen  they. are 
at  the  centre,  the  arch  BK  is  equal  to  the  arch  EF:  but  EF  is  equal 
to  f>C;  therefore  also  BK  is  equal  to  BC,  the  less  to  the  greater, 
which  is  impossible.  Therefore  the  angle  BGC  is  not  unequal  to  the 
angle  EHF ;  that  is,  it  is  equal  to  it:  and  the  angle  at  A  is  half  of  the 


angle  BGC,  and  the  angle  at  D  half  the  angle  EHF:  therefore  the 
angl '  .«t  A  is  equal  to  the  angle  at  D.  Wherefore,  in  equal  circles, 
&c.  Q.E.  D. 

PROP.  XXVIII.  THEOR. 

In  equal  circles,  equal  straight  lines  cut  off  equal  arches, 
the  greater  equal  to  the  greater,  and  the  less  to  the  less. 
Let  ABC,  DEF  be  equal  circles,  and  BC,  EF  equal  straight  linesin 
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them,  whieh  cut  off  the  two  greater  arches  BAC,  EDF,  and  the  twft 
lessBGC,  EHF:  the  arreater  BAC  is  equal  to  the  ajreater  EDF,  aud 
the  less  BGC  to  the  less  EHF. 

Take  (1.3.)  K,  L,the  centres  of  the  circles,  and  join  BK,KC,EL, 
LF;  and  beeause  the  circles  are  equal,  the  straight  lines  from  their 


ijentres  are  equal;  therefore  BK,  KC  are  eqaal  to  EL,  LF;  but  the 
baseBC  is  also  equal  to  the  base  EF;  therefore  the  angle  BKC  is 
equal  (8.  l.)  to  the  angle  ELF:  and  equal  angles  stand  upon  equal 
^26.  3.)  arches,  when  they  are  at  the  centres ;  therefore  the  arch  BGC 
is  equal  to  the  arch  EHF.  But  the  whole  circle  ABC  is  equal  to  the 
whole  EDF;  the  remaining  part,  therefore,  of  the  circumference,  viz. 
BAC,  is  equal  to  the  remaining  part  EDF.  Therefore,  in  equal  eir« 
cles,  &c.  Q.  E.  D. 

PROP.  XXIX.  THEOR. 

In  equal  circles   equal  arches  are  subtended  by  equal 
straight  lines. 

Let  ABC,  DEF  be  equal  circles,  and  let  the  arches  BGC,  EHF 
also  be  equal ;  and  join  BC,  EF :  the  straight  line  BC  is  equal  to  the 
straight  line  EF. 

Take  (l.  3.)  K,  L  the  centres  of  the  circles,  and  join  BK,  KC,  EL, 
LF :  and  because  the  arch  BGC  is  equal  to  the  arch  EHF,  the  angle 
BKC  is  equal  (27.  3.)  to  the  angle  ELF:  also  because  the  circles 
ABC,  DEF  are  equal,  their  radii  are  equal :  therefore  BK,  KC  are 
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equal  to  EL,  LF;  and  they  contain  equal  angles :  therefore  the  base 
BC  is  equal  (4.  1.)  to  the  base  EF.  Therefore,  in  equal  circles,  &e. 
Q.  E.  D. 

>  PROP.  XXX.  PROB. 

To  bisect  a  given  arch,  that  is,  to  divide  it  into  two  equal 

parts. 

Let  ADB  be  the  given  arch;  it  is  required  to  bisect  it. 

Join  AB,  and  bisect  (10-  1.)  it  in  C ;  from  the  point  C  draw  CD 
at  right  angles  to  AB,  and  join  AD,  DB :  the  arch  ADB  is  bisected 
'  in  the  point  D. 

Because  AC  is  equal  to  CB,andCD  common  to  the  tr'angle  ACD> 
BCD,  the  two  sides  AC,  CD  are  equal  to  d 

the  two  BC,  CD;  and  the  angle  ACD  is 
equal  to  the  angle  BCD,  because  each  of 
them  is  a  right  angle;  therefore  f he  base 
AD  is  equal  (4.  1.)  to  the  base  BD.  But 
«qual  straight  lines  cut  off  equal  (28.  3.) 
arches,   the  greater  equal  to   the  greater, 

and  the  less  to  the  less;  and  AD,  DB  are  each  of  them  less  than  a 
semicircle,  because  DC  passes  through  the  centre  (Cor.  1.  3.) : 
Wherefore  the  arch  AD  is  equal  to  the  arch  DB;  and  therefore  the 
given  arch  ADB  is  bisected  in  D  :  Which  was  to  be  done. 

PROP.  XXXI.  THEOR. 

In  a  circle,  the  angle  in  a  semicircle  is  a  right  angle ; 
but  the  angle  in  a  segment  greater  than  a  semicircle  is  less 
than  a  right  angle  ;  and  the  angle  in  a  segment  less  than  a 
semicircle  is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC,  and  centre 
E ;  draw  CA  dividing  the  circle  into  the  segments  ABC,  ADC,  and 
join  BA,  AD,  DC  ;  the  angle  in  the  semicircle  BAC  is  aright  angle ; 
and  the  angle  in  the  segment  ABC,  which  is  greater  than  a  semicir- 
cle, is  less  than  a  right  angle;  and  the  angle  in  the  segment  ADC 
which  is  less  than  a  semicircle,  is  greater  than  a  right  angle. 

Join  AE,  and  produce  BA  to  F;  and  because  BE  is  equal  to  EA, 
the  angle  EAB  ia  equal  (5.  1.)  toEBA; 
"also,  because  AE  is  equal  to  EC,  the 
angle  EAC  is  equal  toECA;  where- 
fore the  whole  angle  BAC  is  equal  to 
the  two  angles  ABC,  ACB.  But  FAC, 
the  exterior  angle  of  the  triangle  ABC, 
is  also  equal  (32.  1.)  to  the  two  angles 
ABC,  ACB;  therefore  the  angle  BAC 
is  equal  to  the  angle  FAC,  and  each  of 
them  is  therefore  a  right  (7.  def.  1.) 

angle :  wherefore  the  angle  BAC  in  a  "^« "  ^ 

semicircle  is  a  right  angle.  | 
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And  because  the  two  angles  ABC,  BAG  of  the  triansrlo  ABC  are 
together  less  (17.  I .)  than  two  right  angles,  and  li  AC  is  a  right  angle, 
ABC  must  be  less  than  a  right  angle ;  and  therefore  the  angle  in  a 
segment  ABC,  greater  than  a  semicircle,  is  less  than  a  right  angle. 

Also  because  ABCD  is  a  quadrilateral  figure  in  a  circle,  any  iwo 
of  its  opposite  angles  are  equal  (22.  3.)  to  two  right  angles:  there- 
fore the  angles  ABC,  ADC  are  equal  to  two  right  angles;  and  AEC 
is  less  than  a  right  angle;  wherefore  the  other  ADC  is  greater  than 
a  right  angle.     Therefore,  in  a  circle,  &c.  Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that  if  one  angle  of  a  triangle  be 
equal  to  the  other  two,  it  is  a  right  angle,  because  the  angle  adjacent 
to  it  is  equal  to  the  same  two;  and  when  the  adjacent  angles  are* 
equal,  they  are  right  angles. 

PROP.  XXXII.  THEOR. 

If  a  straight  line  touch  a  circle,  and  from  the  point  of 
contact  a  straight  line  be  drawn  cutting  the  circle,  the  an- 
gles made  by  this  line  with  the  line  which  touches  the  cir- 
cle, shall  be  equal  to  the  angles  in  the  alternate  segments 
of  the  circle. 

Let  the  straight  line  EF  touch  the  circle  ABCD  in  B,  and  from  the 
point  B  let  the  straight  line  BD  be  drawn  cutting  the  circle:  The 
angles  which  BD  makes  with  the  touching  line  EF,  shall  be  equal  to 
the  angles  in  the  alternate  segments  of  the  circle:  that  is,  the  angle 
FBD  is  equal  to  the  angle  which  is  in  the  segment  DAB,  and  the  aa- 
gle  DEE  to  the  angle  in  the  segment  BCD. 

From  the  point  B  draw  (11.  1.)  BA  at  right  angles  to  EF,  and  take 
any  point  C  in  the  arch  Bl),  and  join  AH,  DC.CB  ;  and  because  the 
straight  line  EF  touches  the  circle  ABCD  in  the  point  B,  and  BAis 
drawn  at  right  angles  to  the  touching  line,  from  the  point  of  contact 
B,  the  centre  of  the  circle  is  (19.3.) 
in  BA;  therefore  the  angle  ADB,  in  a 

a  semicircle,  is  a  right  (31.  3.)  angle, 
and  consequently  the  other  two  angles 
BAD,  AP-D  are  equal  (32.  1.)  to  a 
right  angle:  but  ABF  is  likewise  a 
right  angle;  therefore  the  a»glc  ABF 
is  equal  to  the  angles  BAD,  ABD: 
take  from  these  equals  the  common 
angle  ABD;  and  there  will  remaiu 
tht^  angle  DBF  equal  to  the  angle 
BAD,  which  is  in  the  alternate  seg 
ment  of  the  circle.  And  because  ABCD  is  a  quadrilateral  figure  in  a 
circle,  the  opposite  angles  B  \D,  BCD  are  equal  (22.3.)  to  two  right 
angles;  therefore  the  angles  DBF,  DBE,  being  likewise  equal  (ts.l.) 
to  two  right  angles,  are  equal  to  the  angles  BAD.  BCD ;  and  DBF  ha* 
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been  proved  equal  to  BAD:  therefore  the  remaining  angle  DBE  is 
equal  to  the  ande  BCD  in  the  alternate  sej^ment  of  the  circle. 
Wherefore,  if  a  straight  line,&c.  Q.  E.  D. 

PROP.  XXXIII.  PROB. 

Upon  a  given  straight  line  to  describe  a  segment  of  a  cir- 
cle, containing  an  angle  equal  to  a  given  rectilineal  angle. 

Let  AB  he  the  given  straight  line,  and  the  angle  at  C  the  given  rec- 
tilineal angle;  it  is  required  to  describe  upon  the  given  straight  line 
AB  a  segment  of  a  circle,  containing  an  angle  equal  to  the  angle  C. 
First,  let  the  angle  at  C  be  aright  angle;  bisect  (10.  1.)  AB  in  F, 
and  from  the  centre  F,  at  the  dis- 
tance FB,  describe  the  semicircle 
AHB ;  the  angle  AHB  bein^  in  a  se- 
micircle is  (31.  3.)  equal  to  the 
right  angle  at  C. 

But  if  the  angle  C  be  not  aright 
angle  at  the  point  A,  in  the  straight 
line  AB,  make  (23. 1.)  the  angle  BAD  equal  to  the  ande  C,  and  from 
thepointAdraw(ll.  I.)  AE 
at   right   angles  to  AD  ;  bi- 
sect  (10.  1.)  AB  in  F,  and 
from  F  draw  (11.  1.)  FG  at 
right  angles  to  AB,  audjoia 
GB:    Then  because   AF  is 
equal  to  FB,   and  FG  eom- 
nio<i  to   tbe  triangles  AFG, 
BFG,  the  two  sides  AF,  FG 
are    equal     to  the  two    BF, 
FG;   but  the  angle  AFG  is 
also  equal  to  the  angle  BFG; 
thereiore  the  base  AG  is  e- 
qnal  (4.  1.)  to  the  base  GB;  and  the  circle  described  from  the  qen- 
tre  G,  at  the  distance  GA,  shall  pass  through  the  point  B ;  let  this  be 
the  circle  AHB:  And  because  from  the  point  A  the  extremity  of  the 

diameter  AE,  AD  i^  drawn  at  right 

angles  to  AB,  thereiore  AD  (Cor. 

16.   3.)   t(uiches    the  circle;    and 

because  AB,  drawn  Irora  the  point 

o!  •  ontact  A,  cuts  the  circle,  the 

angle  DAB  ia  equal  to  the  angle 

in    the    alternate    segment  AHB 

(33.  3.)}  but   the   angle  DAB  is 

equal  to  the    ant^le   C,   therefore 

.also  the  angle   C   is  equal  to  tbe 

angle    in    the    segment    AKB : 
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Wherefore,  upon  the  given  straight  line  AB  the  segment  AHB  of  a 
circle  is  described  which  contains  an  angle  equal  to  the  given  angle 
al  C.    Which  was  to  be  done. 


PROP.  XXXIV.  PROB. 

To  cut  off  a  segment  from  a  given  circle  which  shall  con- 
tain an  angle  equal  to  a  given  rectilineal  angle. 

Let  ABC  be  the  given  circle,  and  D  the  given  rectilineal  angle ;  it 
is  required  to  cut  off  a  segment  from  the  circle  ABC  that  shall  con- 
tain an  angle  equal  to  the  angle  D. 

Draw  (17. 3.)  the  strai^t  line  EF  touching  the  circle  ABC  in  the 
point  B,  and  at  the  point  B,  in  the 
straight   line  BF  make  (33.   1.) 
the  angle  FBC  equal  to  the  angle 
D  ;  therefore,  because  the  straight 
line  EF  touches  (he  circle  ABC, 
and  BC  is  drawn  from  the  point 
of  contact  B,  the  angle  FBC  is 
equal  (33.  3.)  to  the  angle  in  the 
alternate  segment  BAG:  but  the 
angle  FBC  is  equal  to  the  angle 
D;    therefore    the    angle  in  the 
segment B  AC  is  equal  to  the  angle  D  :  wherefore  the  segment  BAC 
is  cut  offfrom  the  given  circle  ABC  containing  an  angle  equal  to  the 
sriven  ansle  D.    Which  was  to  be  done. 


PROP.  XXXV.  THEOR. 

If  two  straight  lines  within  a  circle  cut  one  another,  the 
rectangle  contained  by  the  segments  of  one  of  them  is  equal 
to  the  rectangle  contained  by  the  segments  of  the  other. 

Let  the  two  straight  lines  AC,  BD,  within  the  circle  ABCD,  cut  one 
another  in  the  point  E :  the  rectangle  contained  by  AE,  EC  is  equal 
to  the  rectangle  contained  by  BE,  ED. 

If  AC,  BD  pas>s  each  of  thera  through  the 
centrt",  so  that  E  is  the  centre,  it  is  evident, 
that  AE,  EC,  BE,  ED,  being  all  equal,  the 
rectangle  AE.PiC  is  likewise  equal  to  the 
rectangle  BE.ED. 

But  let  one  of  them  BD  pass  through  the 
centre,  and  cut  the  other  AC,  which  does  not 
pnse  through  the  centre,  at  ritrht  angles  in  the 
point  £ :  then,  if  BD  be  bisected  in  F,  F  is  the  centrer  of  the  circle 
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ABCD ;  join  AF  :  and  because  BD,  which  passes  tiirough  the  centre, 

cuts  the  straight  line  AC,  which  does  not 

pass  through  the  centre  at  right  angles,  in 

E,  AE,  EC  are  equal  (3.  3.)  to  one  another: 

and  because  (he  straight  line  BD  is  cut  into 

two  equal  parts  in  the  point  F,  and  into  two 

unequal,  in  the  point  E,  BE.ED  (5.  2.)  + 

EF^=FB='  =  AF^      But  AF^  =  AE^  -f 

(47.   1  )    EF",  therefore  BE.ED-|-EF2= 

AE'^+EF*,  and  taking  EF^  from  each,  BE. 

ED=AE^==AE.EC. 

Next,  Let  BD,  which  passes  through  the  centre,  cut  the  other  AC, 
which  does  not  pass  through  the  centre, 
in  E,  but  not  at  right  angles:  then,  as  be- 
lore,  if  BD  be  bisected  in  F,F  is  the  centre 
of  the  circle.  Join  AF,  and  from  F  draw 
(12.1.)  FG  perpendicular  to  AC;  there- 
fore x\G  is  equal  (3.  3  )  to  GC;  wherefore  ^, 
AE.EC+(5.  2.)  EG^=AGa,  and  adding 
GF^  toboth,AE.EC+EG^+GF^=AG3 
+GF^  Now  EG^  +  GF^  =  EF^,  and 
AG«4-GF^=AF^;  therefore  AE.EC+EF2=AF3=FB^     Bat  FB^ 

=BE.ED  +  (5.2.)EF^there^orf  AE.EC+EF^=BE.ED+£F«,and 
taking  EF'^  from  both,  AE.EC.=BE.ED. 

Lastly,  Let  neither  of  the  straight  lines 
AC,BD  pass  through  the  centre:  take  the 
centre  F,  and  through  E,  the  intersection 
of  the  straight  lines  AC  DB,  dravv  the  di- 
ameter GEFH :  and  because  as  hai*  hpen 
shown,  AE.EC=GE.EH,  and  BE.ED= 
GE.EH  ;  therefore  AE.EC  =  BE.ED. 
Wherefore,  if  two  straight  lines,  ts'c. 
Q.  E.  D. 


1PR0P.  XXXVI.  THEOR. 

If  from  any  point  without  a  circle  two  straight  lines  be 
drawn,  one  of  which  cuts  the  circle,  and  the  other  touches 
it ;  the  rectangle  contained  by  the  whole  line  which  cuts 
the  circle,  and  the  part  of  it  without  the  circle,  is  equal 
to  the  square  of  the  line  which  touches  it. 

Let  D  be  any  point  without  the  circle  ABC,  and  DCA,  DB  two 
straight  lines  drawn  from  it,  of  which  DCA  cuts  the  circle,  and  DB 
toaches  it :  the  rectangle  AD. DC  is  equal  to  the  square  of  DB. 

M 
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Either  DCA  passes  through  the  centre,  or 
it  does  not  5  fir?t,  Let  it  pass  through  Ihe  Cf-n- 
tre  tJ,  and  join  EB;  therefore  the  angle 
EBD  is  a  right  (18.  3.)  angle:  and  hecau>e 
the  straight  line  AC  is  bisected  in  E,  ai)d  pro- 
duced to  the  point  D.  AH. DC  +  EC^  = 
ED"*  (6.  2).  But  EC=EB,  tderefoie  AD 
DC+EB^  =  ED'».  Now  ED^  =  (47.  l.) 
EB^-f-BDa,  because  EBD  is  a  right  antcle ; 
therefore  AD.DC+EB2=EB« -|- BD^  and 
taking  EB''  from  each,  AD.DC=BD». 

.But,  if  DCA  does  not  pass  through  the 
centre  of  the  circle  ABC,  take  (1.  3.)  the 
centre  E,  and  draw  EF  perpeodicul{ir  (13. 
1.)  to  AC,  and  Join  EB,  EC,  ED:  and  be- 
cause the  straight  line  EF,  which  passes 
through  the  centre,  cuts  the  straight  line 
AC,  which  does  not  pass  through  the  cen- 
tre, at  right  anglesji  it  likewise  hesects  (3.  3.) 
it;  therefore  AF  is  equal  to  FC;  and  be- 
cause the  straight  line  AC  is  bisected  in  F, 
and  produced  to  D  (6.  2.),  AD.DC+FC2= 
FD«;  add  FE*^  to  both,  then  AD-DC-t-FC 
+  FE»=sFD''+FE^  But  (47.  l.)EC2=FC' 
+  FE2,  and  ED==FD''  +  FE%  because 
DFE  is  a  right  angle;  therefore  AD.D-f- 
£^=£0*.  Now,  because  EBD  is  a  right 
angle,  ED«=EBHBD^=EC^+BDS  and 
therefore,  AD.DC+EC=»=BC2+BDS  and 
AD.DC=BD^ 

Wherefore,  if  from  any  point,  &c.  Q.  E.D. 

CoR.  If  from  any  point  without  a  circle, 
there  be  drawn  two  straight  lines  cutting  it, 
as  AB,  AC,  the  rectangles  contained  by  the 
whole  lines  and  the  parts  of  them  without 
the  circle,  are  equal  to  one  another,  viz. 
BA.AE=CA.AF;  for  each  of  these  rect- 
angles is  equal  to  the  square  of  the  straight 
liue  AD,  which  touches  the  circle. 
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PROP,  XXXVII.  THEOR. 

If  from  a  point  without  a  circle  there  be  drawn  twp 
straight  lines,  one  of  which  cuts  the  circle,  and  the  other 
meets  it ;  if  the  rectangle  contained  by  the  whole  line, 
which  cuts  the  circle,  and  the  part  of  it  without  the  cir* 
cle,  be  equal  to  the  square  of  the  line  which  meets  it,  the 
line  which  meets  shall  touch  the  circle. 

Let  any  point  D  !te  taken  without  the  circle  ABC,  and  from  it  let 
two  straight  tines  DC  A  and  DB  be  drawn,  of  which  DCA  cuts  the 
circle,  and  DB  meets  it ;  if  the  rectangle  AD.DC,  be  equal  to  the 
»qiiar»' 0  DB,  DB  touches  the  circle. 

Draw  (l7  3.)  he  8<r us;ht  line  Til^  touching  the  circle  ABC ;  find 
the  centre  F,  ndjoin  FE,  FB,  FD ;  then  FED  is  a  right  (18.  3.)  an- 
gle :  and  liecause  DE  touchet^  the  circle  ABC,  and  DCA  cuts  it,  the 
reetanKl*-  AD.DC  is  equal  (3fi.  3.)  to  the  square  ol  DE  ;  t>ut  the  rect- 
angle AD.DC  IS  by  hypothesis,  equal  to  the  square  of  DB:  thereibre 
the  squire  of  DE  is  equal  to  the  square  of  DB;  and  the  straight  lioe 
DE  equal  to  the  straight  line  DB  ;  but  FE  is 
equal  toFB,  wherefore  DE,  EF  are  equal  to 
DB,  BF;  and  the  ►lase  FD  is  common  to  the 
two  tria  gles  DEF  DBF  ;  thereiore  the  an- 
gle DEF  is  equal  (8.  I.)  to  the  angle  DBF? 
and  DEF  is  a  right  angle,  therefore  also  DBF 
is  a  right  angle:  but  FB,  if  produced,  is  a 
diameter,  and  the  straight  line  which  is  drawn 
at  riaiht  angles  to  a  dia-neter,  from  the  extre- 
mity of  it,  touches  (16.  3.)  the  circle:  there- 
fore DB  touches  the  circl*'  \BC.  Where- 
fore, it'  Irom  a  point,  &c.  Q.  E.  D. 
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BOOK  IV. 

DEFINITIONS. 


4     Rectilineal  figure  is  said  to  be  inscribefl  in  another  rectilineal 
j^   figure,  when  all  the  angles  of  the  inscribed 
figure  are  U|)on  the  sides  of  the  figure  in  which 
it  is  inscribed,  each  upon  each. 

II. 


In  like  manner,  a  figure  is  said  to  be  described 
about  another  figure,  when  all  the  sides  of  the 
circumscribed  figure  pass  through  the  angular 
points  of  the  figure  about  which  it  is  described,  each  through  each. 

III. 

A  rectilineal  figure  is  said  to  be  inscribed  in 
a  circle,  when  all  the  angles  of  the  inscrib- 
ed figure  are  upon  the  circumference  of  the 
circle. 

IV. 

A  rectilineal  figure  is  said  to  be  described 
about  a  circle,  when  each  side  of  the  cir- 
cumscribed figure  touches  the  circumfer- 
ence of  the  circle. 

y. 

In  like  manner,  a  circle  is  said  to  be  inscrib- 
ed in  a  rectilineal  figure,  when  the  circum- 
ference of  the  circle  touches  each  side  of 
the  figure. 
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VI. 

A  circle  is  said  to  be  described  about  a  recti- 
lineal figure,  when  (he  circumlerence  of 
the  circle  passes  through  all  the  angular 
points  of  the  figure  about  which  it  is  de- 
scribed. 

VII. 

A  straight  line  is  said  to  be  placed  in  a  circle,  when  the  extremities 
of  it  are  in  the  circumference  of  the  circle. 

PROP.  I.  PROB. 

In  a  given  circle  to  place  a  straight  line  equal  to  a  given 
straight  line^  not  greater  than  the  diameter  of  the  circle. 

Let  ABC  be  the  given  circle,  and  D  the  given  straight  line,  not 
greater  than  the  diameter  of  tiie  circle. 

Draw  BC  the  diameter  of  the  cir- 
cle ABC;    then,  if  BC  is  equal  to 
1),  the  thing  required  is  done ;  for 
in  the  circle  ABC  a  straight  line  BC 
is  placed  equal  to  D :    But,  if  it  is 
not,  BC  is  greater  than  D ;   make 
CE    equal   (3.  1.)   to  D,  and  from 
the  centre  C,  at  the  distance  CE, 
describe  the  circle  AEF,  and  join 
CA:  Therefore,  because  C  is  the 
centre   of  the  circle  AEF,  CA   is 
equal  to  CE  ;   but  D  is  equal  to  CE  ;  therefore  D  is  equal  to  CA  : 
Wherefore,  in  the  circle  ABC,  a  straight  line  is  placed,  equal  to  the 
given  straight  line  D,  which  is  not  greater  than  the  diameter  of  the 
circle.    Which  was  to  be  done. 

PROP.  II.  PROB. 

In  a  given  circle  to  inscribe  a  triangle  equiangular  to  a 
given  triangle. 

Let  ABC  be  the  given  circle,  and  DEP  the  given  triangle;  it  is 
required  to  inscribe  in  the  circle  ABC  a  triangle  equiangular  to  the 
triangle  DEF 

Draw  ( 1 7. 3.)  the  straight  line  GAH  touching  the  circle  in  the  point 
A,  and  at  the  point  A,  in  the  straight  line  AH*  make  (33.  1.)  the  angle 
HAC  equal  to  the  angle  DEF ;  and  at  the  point  A,  in  the  straight  line 
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AG,  make  the  an^le  GAB  e- 
qual  <o  the  anajle  DFE,  and 
join  BC.  Therefore,  because 
HAG  touches  the  circle  ABC 
and  AC  is  drawn  from  the 
po'nt  of  contact,  the  ansjle 
HAC  is  equal  (32.  3.)  to  the 
anu:le  ABC  in  the  alternate 
seajmcTit  of  the  circle :  Bit 
HAC  is  equal  to  the  angie 
DEF;  therefore  also  the  an- 
gle ABC  is  equal  to  DEF; 
for  the  same  reason,  the  anajle  ACB  is  equal  to  the  angle  DFE ;  there- 
fore the  remaining  angle  BAC  is  equal  (32. 1.)  to  the  remaining  angle 
EDF:  Wherefore  the  triangle  ABC  is  equiangular  to  the  triangle 
DEF,  and  it  is  ipseribedin  the  circle  ABC.   Which  was  to  be  done; 

PROP.  III.  PROB. 

About  a  given  circle  to  describe  a  triangle  equiangular  to 
a  given  triangle. 

'  Let  ABC  be  the  given  circle,  and  DBF  the  given  triangle;  it  is 
required  to  describe  a  triangle  about,  the  oircle  ABC  equiangular  to 
the  triangle  DEF. 

Produce  EF  both  ways  to  the  points  G,  H,  and  find  the  centre 
K  of  the  circle  ABC,  and  from  it  draw  any  straight  line  KB;  at  the 
point  K  in  the  straight  line  KB,  make  (23.1.)  the  angle  BKA  equal 
to  the  angle  DEG,  and  the  angle  BKC  equal  to  the  angle  DFH ;  and 
through  the  points  A,  B,  C,  draw  the  straight  lines  LAM,  MBN,  NCL 
touching  (17  3.)  the  circle  ABC  :  Therefore,  because  LM,  i\IN,NL 
touch  the  circle  ABC  in  the  points  A,  B,  C,  to  which  from  the  centre 
are  drawn  RA,  KB,  KC,  the  angles  at  the  points  A,  h,  C,  are  right 
(18.  3.)  angles.  And  because  the  four  angles  of  the  equilateral 
hgure  AMBK  are  equal  to  four  right  angles,  for  it  can  be  divided  into 
two  triangles;  and  because  two  of  them;  KAM,  KBM  are  right  angles, 
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the  other  two  AKB,  AMB  are  equal  to  two  right  angles :  But  the  an* 
6fies  DEG,  DEF  are  likewise  equal  (43i  1.)  to  two  right  angles ;  there- 
jPore  the  angles  AKB,  AiVlB  are  equal  to  the  angles  DE(J,  DEF,  of 
which  AKB  is  equal  to  DEG ;  wherefore  the  remaining  angle  AMB  is 
equal  to  the  remaining  angle  DEF.  In  like  manner,  the  angle  LNM 
may  be  demonstrated  to  he  equal  to  DFE ;  and  therefore  the  remain^ 
ing  angle  MLN  is  equal  (32.  1.)  to  the  remaining  angle  EDF: 
Wherefore  the  triangle  LMN  is  equiangular  to  the  triangle  DEF: 
And  it  is  described  about  the  circle  ABC.     Which  was  to  be  done,. 

PROP.  IV.  PROB. 

To  inscribe  a  circle  in  a  given  triangle. 

Let  the  given  triangle  be  ABC ;  it  is  required  to  inscribe  a  circle 
in  ABC. 

Bisect  (9.  1.)  the  angles  ABC,  BCA  by  the  straight  lines  BD,  CD, 
meeting  one  another  in  the  point  D,  from  which  draw  (13. 1.)  DE,  DF, 
DG  perpeniJifulargj  to  AB,  BC,  CA. 
Then  because  the  angle  EBD  is  equal 
to  the  angle  FBD,  the  an»le  ABC  be- 
ing bisected  by  BD ;  and  because  the 
right  angle  BED,  is  equal  to  the  rieht 
ancle  BFD,  the  two  triangles  EBD, 
FBD  have  two  artgl'-sof  the  one  equal 
to  two  angles  oi'  the  other  J  and  the  side 
BD,  which  is  opposite  to  one  of  the 
equal  ans;les  in  each,  is  common  to 
both;  therefore  their  other  sides  are 
equal  (26.  1.);  wherefore  DE  is  equal 
to  DF.  For  the  same  reason,  DG  is  equal  toDF;  therefore  the  three 
Straight  lines  DE,  DF,  DG  areequjyl  to  one  another,  and  the  circle 
described  from  the  centre  D,  at  the  distance  of  any  of  thom,  will 
pass  through  the  extremities  of  the  other  two,  and  will  touch  the 
straight  lines  AB,  BC,  CA,  because  the  angles  at  the  points  E.  F,  G 
are  nsht  angles,  and  the  straight  line  which  is  drawn  from  the  extre- 
mity of  a  diameter  at  right  angles  to  it,  touches  (Cor.  16.  3.)  the  cir- 
cle. Therefore  the  straight  lines  AB,  BC,  CA,  do  each  of  them 
touch  the  circle,  and  the  circle  EFG  is  inscribed  in  the  Uiangle  ABC. 
Whieh  was  to  be  done. 

PROP.  V.  PROB, 

To  describe  a  circle  about  a  given  triangle. 

Let  the  given  triangle  be  ABC ;  it  is  required  to  describe  a  circle 
about  ABC. 

Bisect  (10. 1.)  AB,  AC  in  the  points  D.  E,  and  from  these  points 
draw  DF,  EF  at  right  angles  (11.  i.)  to  AB,  AC  j  DF,  EF  produc^dl 
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will  meet  one  another :  for,  if  they  do  not  meet,  they  are  parallel, 
wherefore,  AB,  AC,  which  are  a^ri2;ht  angles  to  them,  are  parallel, 
which  is  absurd :  Let  them  meet  in  F,  and  join  FA  ;  also,  if  the  point 
F  be  not  in  BC,  join  BF,  CF :  then,  because  AD  is  equal  to  DB,  and 
DF  common,  and  at  right  angles  to  AB,the  base  AF  is  equal  (4.1.) 
to  the  base  FB.  In  like  manner,  it  may  be  shown  that  CF  is  equal  to 
FA*  and  therefore  BF  is  equal  to  FC;  andFA,  FB,FC  are  equal  to 
one  another;  wherefore  the  circle  described  from  the  centre  F,  at  the 
distance  of  one  of  them,  will  pass  through  the  extremities  of  the  other 
two  and  be  described  about  the  triangle  ABC,  which  was  to  be  done. 
Cor.  When  the  centre  ofthe  circle  falls  within  the  triangle, each 
of  its  angles  is  less  than  a  right  angle,  each  of  them  being  in  a  seg- 
ment o-reater  than  a  semicircle;  but  when  the  centre  is  in  one  of 
the  sides  of  the  triangle,  the  angle  opposite  to  this  side,  being  in  a  se- 
micircle, is  a  right  angle  :  and  if  the  centre  falls  without  the  triangle, 
the  angle  opposite  to  the  side  beyond  which  it  is,  being  in  a  segment 
less  than  a  semicircle,  is  greater  than  a  right  angle.  Wherefore,  if  the 
given  triangle  be  acute  angled,  the  centre  of  the  circle  falls  within 
it:  if  it  be  a  right  angled  triangle,  the  centre  is  in  the  side  opposite 
to  the  right  angle;  and  if  it  be  an  obtuse  angled  triangle,  the  centre 
falls  without  the  triangle,  beyond  the  side  opposite  to  the  obtuse  angle.. 

PROP.  VI.  PROB. 

To  inscribe  a  square  in  a  given  circle. 
Let  \BCD  be  the  given  circle;  it  is  required  to  inscribe  a  square 

in  ABCD. 

Draw  tbe  diameters  AC,BD  at  right  angles  to  one  another,  and  join 
AB  BC,  CD,  D  A ;  because  BE  is  equal  to  ED,  E  being  the  centre, 
and  because  EA  is  at  right  angles  to  RD, 
ami  common  to  the  triani^les  ABE,  ADE ; 
the  base  BA  is  equal  (4.  I.)  to  the  base 
AD ;  and,  for  the  same  reason,  BC,  CD 
are  each  of  them  equal  to  BA  or  AD ;  u| 
therefore  the  quadrilateral  figure  ABCD 
is  equilateral.  It  is  also  rectangular; 
for  the  straight  line  BD  heini^  a  diameter 
of  the  circle  ABCD,  BAD  is  a  semicir- 
cle;  wherefore  the  angle  BAD  is  a  right 
(31.  3.)  angle ;  for  the  same  reaaon  each 
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of  the  atij^les  ABC,  BCD,  CD  A  is  a  right  angle ;  therefore  the  quad= 
rilateral  figure  ABCD  is  rectangular,  and  it  has  been  shown  to  be 
equilateral;  therefore  it  is  a  square;  and  it  isinseribed  in  the  eirale 
ABCD.    Which  was  to  be  done. 

PROP.  VII.  PROB. 

To  describe  a  square  about  a  given  circle. 

Let  ABCD  be  the  given  circle;  it  is  required  to  describe  a  square 
about  it. 

Draw  two  diameters  AC,  BD  of  the  circle  ABCD,  at  right  angles 
to  one  another,  and  through  the  points  A,  B,  C,  D  draw  (17.  8.)  FG, 
GH,  HK,  KF  touching  the  circle;  and  because  FG  touches  the  eir- 
ele  ABCD,  and  EA  is  drawn  from  the  centre  E  to  the  point  of  con- 
tact A,  the  angles  at  A  are  right  (18.  3.)  angles;  for  the  same  rea- 
son, the  angles  at  the  points  B,  C,  D  are  right  angles;  and  because 
the  angle  AEB  is  a  right  angle,  as  likewise  is  EBG,  GH  b  parallel 
(28.  1.)  to  AC ;  for  the  same  reason, 
AC  is  parallel  to  FK,  and  in  like  man- 
ner, GF,  HK  may  each  of  them  be  de- 
monstrated to  be  parallel  to  BED; 
therefore  the  figures  GK,GC,  AK,  FB, 
BK  are  parallelograms;  and  GF  is 
therefore  equal  (34.  1.)  to  HK,  and 
GH  to  FK ;  and  because  AC  is  equal  to 
BD,  and  also  to  each  of  the  two  GH, 
FK;  and  BD  to  each  of  the  two  GF, 
HK:  GH,  FK  are  each  of  them  equal 
to  GF  or  HK;  therefore  the  quadrilateral  figure FGHK  is  equilafe* 
?i«  ^*  '•  i'**  ^ef  angiilar ;  for,  GBEA  being  a parallelogrtin,  and 
AEB  a  right  angle,  AGB  (34.  i.)  is  likewise  a  right  angle  •  In  the 
same  manner,  it  may  be  shown  that  the  angles  at  H,  K,  F  are  riarht 
ajigles;  therefore  the  quadrilateral  figure  F(BHK  is  rectano-ular-  and 
it  was  demonstrated  to  be  equilateral;  therefore  it  is  a  square'  and 
It  ts  described  about  the  circle  ABCD.     Which  was  to  be  done. ' 

PROP.  Vin.  PROB. 

To  inscribe  a  circle  in  a  given  square^ 
'    ^^nV^i?^^  ^^  *^^  ^^^"^  square;  it  is  required  to  inscribe  a  elrck 

Bisect  (10. 1.)  each  of  the  side*  AB,  AD,  in  the  points  F,  E,  and 
through  E  draw  31.  1 .)  EH  parallel  to  AB  or  DC,  and  through  P 
iT "^  A  u  S^^"»^i  *^^"  *'^  ^^ '  therefore  each  of  the  figures.  AK, 
KB,  AH,  ilD,  AG,  GC,  BG,  GlHs  a  parallelogram,  and  their  opp^ 
site  sides  are  equal  (34.  l.) :  and  because  fkat^AB  is  equal  t«  AJB, 
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and  that  AE  is  the  half  of  AD,  and  AF  the  half  of  AB,  AT.  is  enual  to 
AF;  wherefore  th?  sides  opposite  to  these  are  ecjual.  viz.  FG  to 
GK:  in  the  same  manner,  it  maybe  demonstrated,  that  GH,GK,  arts 
each  of  them  equal  to  FG  or  GE ;  there- 
fore the  four  straight  lines,  GE,  GF,  GH, 
GK,  are  equal  to  one  another;  and  the 
circle  described  from  the  centre  G.  at  tl-.e 
distance  of  one  of  them,  will  pass  throuc  h 
the  extremities  of  the  other  three;  and 
will  also  touch  the  straight  lines  AB,  RC, 
CD,  DA,  because  the  angU-s  at  the  points 
E,  F,  H,  K,  are  right  (29.  1.)  angles,  and 
because  the  straight  line  which  is  drawn 
from  the  extremity  of  a  diameter  at  right 
angles  to  it,  touches  the  circle  (16.3.) ;  therefore  each  of  the  straight 
lines  AB,  BC,  CD,  DA  touches  the  circle,  which  is  therefore  in- 
scribed in  the  square  ABCD.     Which  was  to  be  done. 


PROP.  IX.  PROB. 

To  describe  a  circle  about  a  given  square. 

Let  ABCD  be  the  given  square;  it  is  required  to  describe  a  circle 
about  it. 

Join  AC,  BD,  cutting  one  another  in  E ;  and  because  DA  is  equal 
to  AB,  and  AC  common  to  the  triangles  DAC,  BAC,  the  two  sides 
DA,  AC  are  equal  to  the  two  BA,  AC,  and  the  base  DC  is  equal  to 
the  base  BC ;  wherefore  the  angle  DAC  is 
equal  (8.  1.)  to  the  angle  BAC,  and  the  an- 
gle DAB  is  bisected  by  the  straight  line  AC. 
in  the  same  manner,  it  may  be  demonstrat- 
ed, that  the  angles  ABC,  BCD,  CDA  are 
severally  bisected  by  the  straight  lines  BD, 
AC ;  therefore,  because  the  angle  DAB  is 
e(pial  to  the  anerle  ABC,  and  the  angle  EAB 
is  the  half  of  DAB,  and  EBA  the  half  of 
ABC ;  the  angle  EAB  is  equal  to  the  angle 
EBA:  and  the  side  EA  (6.  1.)  to  the  side  EB.  In  the  same  manner, 
it  may  be  demonstrated,  that  the  straight  lines  EC,  ED  are  each  i,f 
them  equal  toEA,  or  EB;  therefore  the  four  straight  lines  EA.  EB, 
EC,  ED  are  equal  to  one  another;  and  the  circle  deseriled  from  the 
centre  E,  at  the  distance  of  one  of  them  must  pass  (brouah  tb "  ex- 
tremities of  the  other  three,  and  be  described  about  the  square  ABCD. 
Which  was  to  be  done. 
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PROP.  X.  PROB. 

To  describe  an  isosceles  triangle,  having  each  of  the  an- 
gles at  the  base  double  of  the  third  angle. 

Take  any  straight  line  AB,  ani^i^ide  (H.  2.)  it  in  the  point  C,so 
thai  the  rectan2;le  A3,  liC  may  b^Pjual  to  the  Sijjiare  of  AC  ;  aad 
fro  n  the  centre  A,  at  the  distance  A\i,  describe  the  circle  BOE,  in 
which  place  (1.  4>.)  the  straiu;ht  lin«  QD  equal  to  AC,  which  is  not 
gr.^ater  than  the  diameter  o^Jie  ,  irele  BOB;  join  DA,  iJC,  and 
about  the  triangle  ADC  desc^p  (5.  4.)  the  circle  ACIJ;  the  trian- 
gle AB.)  is  such  as  is  roquiredTlhatisjeaGh  of  the  angles  ABD,  Ai)B 
is  double  of  the  angle  BAD. 

Because  the  r^'ctangle  A  5.BC  is  equal  to  the  square  of  AC,  and 
AC  equal  to  BD,  the  reclaiigle 
AB.3C  is  equal  to  the  square  of 
Bi);  and  because  from  the  point 
B  without  the  circle  ACD  two 
straight  lines  BCA,  BO  are  drawn 
to  the  circumference,  one  of 
which  cuts,  and  the  other  meets 
the  circle,  aiiil  the  rectangle  AB. 
BC  contained  by  the  whole  of  the 
cutting  line,  and  the  part  of  it 
without  the  circle,  is  equal  to  the 
square  of  BD  wliieli  meets  it; 
the  straight  line  8D  touches  (37. 
3."^  the  circle  ACD.    And  becau.ia  d 

BD   touches   the  circle,  aiid  DC 

is  drawn  from  the  point  of  c  it  ict  D,  the  angle  BDC  is  equal 
(3  3.  3.)  to  the  angle  1)  VO  in  the  alternate  segment  of  the  circle;  to 
each  of  these  add  the  angle  CDA:  therefore  the  whole  angle  BT)A 
is  equal  to  the  two  angles  CDA,  DAC;  hut  the  exterior  angle  BCD 
is  equal  (32.  1.)  to  the  angles  CDA,  DAC;  therefore  also  BOA  is 
equal  to  BCD:  but  BDA  is  equal  (5.  1.)  to  C^B^  because  the  side 
AD  is  equal  to  the  side  AB:  therefore  CBD,  or  DRA  is  equal  to 
BCD;  and  consequently  the  three  angles  BDA,  DlR.,  BCD,  are 
equal  to  one  another.  And  because  the  angle  DBC  is  equal  to  the  an- 
gle BC  D,  the  side  BD  is  equal  (6.1.)  to  the  side  DC ;  but  BD  was  made 
equal  to  CA ;  therefore  also  C  A  is  equal  to  CD,  and  the  angle  CDA 
equal  (3.  1.)  to  the  angle  DAC;  therefore  the  angles  CDA,  DAC  to- 
gether, are  double  of  the  angle  DAC;  but  BCD  is  equal  to  the  an- 
gles CDA,  DAC  (32. 1.);  therefore  also  BCD  is  double  of  DAC. 
But  BCD  is  equal  to  each  of  the  angles  BDA,  DBA,  and  therefore 
each  of  the  angles  BDA,  DBA,  is  double  of  the  angle  DAB ;  where- 
fore an  isosceles  triangle  ABD  is  described,  having  each  of  the  an.- 
§les  at  the  base  double  of  the  third  angle.    Which  was  to  he  done. 
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«  Cor.  1.  The  aBajle  BAD  is  the  fifth  part  of  tw»  T\^ht  angles. 
For  since  >^hc1i  of  the  angles  ABD  and  ADB  is  equ:\l  to  twice  the 
ans^le  BAD,  they  are  together  equal  to  four  times  BAD,  and  there- 
fore all  the  tiiree  angles  ABD,  ADB,  BAD,  taken  together,  are 
equal  to  five  times  the  angle  BAD.  But  the  three  angles  ABD, 
ADB,  BAD  are  equal  to  two  jaolit  angles,  therefore  five  times  the 
angle  BAD  is  eqyal  to  two  rignPlngles;  or  BAD  is  tlie  fifth  part  of 
two  right  angles." 

*'  Cor.  2.  Because  BAD  is  the  fifth  part  of  two,  or  the  tenth  part 


of  four  right  angles,  all  the  angles  about  the  centre  A  are  together 
equal  to  ten  times  the  angle  BAD,  a^B  may  therefore  be  divided  into 
ten  parts  each  equal  to  BAD.  AncHis  these  ten  equal  angles  at  the 
centre,  must  stand  on  ten  equal  arches,  therefore  the  arch  BD  is 
one-tenth  of  the  circumference ;  and  the  straight  line  BD,  that  is  AC, 
is  therefore  equal  to  the  side  of  an  equilateral  decagou  inscribed  in 
the  circle  BD£." 

PROP.  XL  PROB. 

To  inscribe  an  equilateral  and  equiangular  pentagon  in  a 
given  circle. 

Let  ABODE  be  the  given  circle,  it  is  required  to  inscribe  an  equi- 
lateral and  equiangular  pentagon  in  the  circle  ABCDK. 

Describe  (10.  4.)  an  isosceles  triangle  FGH,  having  each  of  the  an- 
gles at  G,  H,  double  of  the  angle  at  F ;  and  in  the  circle  ABC  D  E  in- 
scribe (2.  4.)  the  triangle  ACD  equiangular  to  the  triangle  FGH,  so 
that  the  angle  CAD  be  equal  to  the  angle  at  F,  and  each  of  the  angles 
ACD,  CDA  equal  to  the  angle  a 

at  G  or  H  ;  wherelore  eacli  o\ 
the  angles  ACD,  CDA  is  dou- 
ble of  the  angle  CAD.  Bisect 
(9.  1.)  the  angles  ACD,  CDA 
by  the  straight  lines  CE,  DB; 
and  Join  AB,  BC,  DE,  EA. 
ABCDE  is  the  pentagon  re- 
quired.      9 

Because  the  angles  ACD,  ^^ 
CDA  are  each  of  them  rlouhl'^ 
of  CAD,  and  are  bisected  by  the  straight  lines  CE,  DB,  the  five  angles 
DAC,  ACK,  ECD,CDB,'BDA  are  equal  to  one  another;  but  equal 
angles  stand  upon  equal  (26.  3.)  arches;  therefore  the  five  arches 
AB,  BC,  CD,  DE,  EA  are  equal  to  one  another;  aud  equal  arches 
are  subtended  by  equal  (29.  3.)  straight  lines;  therefore  the  five 
straight  lines  AB,  BC,  CD,  DE,  EA  are  equal  to  one  another. 
"Wherefore  the  pentagon  ABCDE  is  equilateral.  It  is  also  equiangu- 
lar; because  the  arch  AB  is  equal  to  the  arch  DE ;  if  to  each  be  add- 
ed BCD,  the  whole  ABC D  is  equal  to  the  whole  EDCB:  and  the  angle 
AED  stauds  on  the  arch  ABCD,  and  the  angle  BAE  on  the  arcli 
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KDCB ;  therefore  the  an^le  BAE  Is  equal  (27.  3.)  to  the  ana;1e  AED : 
for  the  same  reason,  each  of  the  anj;!es  ABC,  BCD,  CDE  is  equal  to 
the  angle  BAE  or  AED:  therefore  the  pentagon  ABCDBis  equian- 
gular: and  it  has  been  shown  that  it  is  equilateral.  Wherefore,  in 
the  given  circle,  aii^quilateral  and  equiangular  pentagon  has  been 
inscribed.     Which  was  to  be  done. 

Otherwise : 

"Divide  the  radius  of  the  given  circle,  so  that  the  rectangle  con- 
fined by  the  whole  and  one  of  the  parts  may  be  equal  to  the  square 
of  the  other  (il.  2.).  Apply  in  the  circle,  on  each  side  of  a  given 
point,  a  line  equal  to  the  greater  of  these  parts ;  then  (3.  Cor.  10,4.) 
each  of  the  arches  cut  oft'  will  be  one-tenth  of  the  circumference,  and 
therefore  the  arch  made  up  of  both  will  be  one-tiftli  of  tbe  circum- 
ference :  and  if  the  straight  line  subtending  this  arrh  be  drawn  it  will 
be  the  side  of  an  equilateral  pentagon  inscribed  in  the  circle." 

PROP.  XII.  PROB. 

To  describe  an  equilateral  and  equiangular  pentagon  about 
a  given  circle. 

Let  ABCDE  be  the  given  circle,  it  is  required  to  describe  an  equila- 
teral and  etpiiangular  pentagon  about  the  circle  AB'.'DE. 

Let  the  angles  of  a  pentagon,  inscribed  in  the  circle,  by  the  last  pro-- 
position,  be  in  the  points,  A,  B,  C,  D,  E,so  that  the  arches,  AB,  BC, 
CD,  DE,  EA  are  equal  (11.4.);  and  through  the  points  A,  B,C,  D, 
E  draw  GH,  HK,  KL,  L.VI,  MG,  touching  (17. 3.)  the  circle ;  take  iha 
centre F,and  join, FB,FK,FC.FL,FD.  And  because  the  straight  line 
KL  touches  the  circle  ABCDE  in  the  point  C,  to  which  FC  is  drawn 
from  the  centre  F,FC  is  perpendicular  (is.  3.)  to  KL;  therefore  each 
of  the  angles  at  C  is  a  right  angle :  for  the  same  reason,  the  angles  at 
the  points  B,  D  are  right  angles;  and  because  FCKis  aright  ang^a 
the  square  of  FK  is  equal  (47.  1.)  to  the  squares  of  FC,  CK.  For 
the  same  reason,  the  square  of  FK  is  equal  to  the  squares  of  FB, 
BK:  therefore  the  squares  of  FC,  CK  are  equal  to  the  squares  of 
FB,  BK,  of  which  the  square  of  FC  is  equal  to  the  square  of  FB  ;  the 
remaining  square  of  CK  is  therefore  equal  to  the  remaining  square 
of  BK,  and  the  straight  line  CK  equal  to  BK:  and  because  FB  is 
equal  to  FC  and  FK  common  to  the  triangles  BFK,  CFK,the  two 
BF,  FK  are  equal  to  the  two  CF,  FK;  and  the  base  BK  is  equal  to 
the  base  KC;  therefore  the  angle  BFK  is  equal  (8.  1.)  to  the  angle 
KFC,  and  the  angle  BKF  to  FKC ;  wherefore  the  angle  BFC  is 
double  of  the  angle  KFC,  and  BKC  double  of  FKC :  for  the  same 
reason,  the  angle  CFD  is  double  of  the  angle  CFL,  and  CLD  double 
of  CLF:  ajj^ecause  the  ai di  BC  is  equal  to  the  arch  CD  the  angle 
BFC  is  eH  (37.  3.)  to  the  angle  CFD ;  and  BFC  is  ^hble  of  the 
angle  KF~aiid  CFD  double  of  CFL;  therefore  tke  angle  KFC  is 
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eqtia'  to  tlip  anz\e  CFL;  now  the 
right  aniile  FCK  is  equal  to  the  right 
an2;le  FCL;  Hn<l  therefore  in  the 
two  triangles  FKC,  FLC,  there  are 
tvvi)  ariLiles  of  one  equal  to  two  an- 
gles ol'  the  other,  each  to  each,  mid 
the  side  FC,  vvtiich'  is  adjacent  to 
the  Cijual  anjjies  in  each,  is  common 
to  both  ;  tlu^refore  the  other  t-icles 
are  equal  (26.  I.)  to  llie  other  sides, 
aoil  the  third  anglelo  the  third  ani<!e; 
therefore  the  straicttt  line  KC  is 
equal  toCL,  and  the  angle  FKC  to  the  angjleFLC:  and  becanseKC 
is  equal  to  CL,  IvL  is  di»u!)!e  of  KC  :  in  the  same  manner,  it  may  be 
slumn  that  HK.  is  double  of  BK:  and  because  BK.  is  equal  to  Ki',  as 
was  demonstrated,  and  KLis  double  of  IvC.  and  HK  double  of  BK,HK 
is  equal  to  KL:  in  like  manner,  it  may  be  shown  that  GH,  GM,  Vl  L  are 
each  of  them  equal  to  HK  or  KL:  therefore  the  pentaajon  GHKLM  is 
equilateral.  It  is  alsoequian^'ular;  for,  since  the  an;^le  FKC  is  equal 
to  the  an<rle  FIjC,  and  the  angle  HKL  double  of  the  angle  FKC  and 
KLM  double  of  FLC,  as  was  before  dem;mstrated,  the  angle  HKL  is 
equal  to  KLM  :  and  in  like  manner  it  may  be  shown,  that  each  of  the 
aaides  KHG,  HGM,  GVJL  is  equal  to  the  angle  HKL  or  KLM: 
therefore  the  five  angles  GH  K,  HKL,  K  L M ,  LMG,  M GH  being  equal 
to  one  anothr,  the  pentagon  GHKLM  is  equiangular:  and  it  is 
equilateral  as  was  demonstrated;  and  it  is  described  about  the  circle 
ABCDE.     Which  was  to  be  done. 


PROP.  XIII.  PROS. 

To  inscribe  a  circle  in  a  given  equilateral  and  equiangu- 
lar pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular  pentagon; 
it  is  required  to  inscribe  a  circle  in  the  [)enlagon  ABCDE. 

Bi.-^ect  (9.  1.)  the  angles  BCD,  CDE  by  the  straight  lines  CF.DF, 
and  froo  the  [>ointF,  io  whirh  they  meet,  draw  the  straight  lines  FB, 
FA,  FE  :  therelore,  since  BC  is  equal  to  CI),  and  CF  common  to  the 
triangles  BCF,  DCF,  the  two  sides  BC,  CF  are  equal  to  the  two  DC, 
CI'';  and  the  angle  BCF  is  equal  to  the  angle  DCF:  therefore  the  base 
BF  is  equal  (4.  \.)  to  the  base  FD,  and  the  other  angles  to  the  other 
angles,  to  which  the  equal  sides  are  opposite ;  therefore  the  angle  CBF 
is  equHl  to  the  angle  CDF:  and  because  the  angle  CDE  is  double  of 
CDF,  and  CDE  equal  to  CBA,  and  CDF  to  CBF;  CBA  is  also  doubly 
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of  the  anff!e  CBF;  therefore  the 
antrip  ABF  i«  equal  to  the  angle 
CBF  ;  wherefore  the  angle  ABC  is 
bisertel  hy  the  straight  line  BF:  la 
the  same  manner,  it  may  he  demnn- 
Btrateil  that  the  angles  BAE,  AED, 
are  bisected  hy  the  straight  lines 
AF,  EF :  from  th«*  point  F  draw 
(12.  l.)FG,  FH,  Fk,  PL,  FVI  ppr- 
tiHM  lir.ulars  to  the  straight  lines  AB, 
BC,  CD.  DE,  E  \  :  and  'lecause  the 
angle  HCF  )•?  equal  to  KCF,  and  the 
rin'hf  angle  FHC,  equal  to  the  riaiht  ang'e  FKC ;  in  the  triangles  FHC 
FKC  there  are  two  angles  of  one  equal  to  two  angles  of  the  other,  and 
the  side  FC,  which  is  opposite  to  one  of  the  equal  angles  in  each,  13 
common  to  hoth  ;  therefore,  the  other  sides  shall  he  equal  (Sfi.  l), 
each  to  each  ;  wherefore  the  [)erpendJcularFHip  equal  to  the  perpen- 
dicular FK:  in  the  same  manner  it  may  he  demonstrated,  that  FL,  FM 
FG  are  each  of  them  equal  to  FH,or  FK;  therefore  the  five  straight 
lines  FG,  FH,  FK,  FL,  FM  are  equal  to  one  another;  wherefore  the 
circle  descrihed  from  the  centre  F,  at  the  distance  of  one  of  these  five, 
will  pass  through  the  extremities  of  the  other  four,  and  touch  the 
straight  lines  AB,  BC,  CD,  DE,  EA,  because  that  the  angles  at  the 
points  G,  H,  K,  L,  M  are  right  angles,  and  that  a  straight  Hoe  drawn 
from  the  extremity  of  the  diameter  of  a  circle  at  right  angles  to  it, 
touchps  (Cor.  16.  3.)  the  circle  :  therefore  each  of  the  straio-ht  lines 
AB,  BC,  CD,  DE,  EA  touches  the  circle  ;  wherefore  the  circle  is  iu- 
scribed  in  the  pentagon  ABCDE.     Which  was  to  be  done. 

PROP.  XIV.  PHOB. 

To  describe  a  circle  about  a  given  equilateral  and  equian- 
gular pentagon. 

Let  ABCDE  be  the  giren  equilateral  and  equiangular  pentau-on* 
it  is  required  to  describe  a  circle  about  it.  ,        °      ' 

Bisect  (9.  1.)  the  angles  BCD.CDE  by  the  straight  lines  CFjFD, 
and  ^frorn  the  point  F,  in  which  they 
meet,  draw  the  straight  lines  FB,  FA, 
FK  to  the  points  B,  A,  E.  It  may  be 
demonstrated,  in  the  same  manner  as  ia 
Ihe  preceding  nroposition,  that  the  an- 
^les  CBA,  BAE,  AED  are  bisected  by 
the  straight  lines  FB,  FA,  FE  :  and  he- 
cause  that  the  angle  BCD  ia  equal  to 
the  angle  CDE,  and  that  FCD  is  the 
half  of  the  angle  BCD,  and  CDF  the 
half  of  CDSi  tUe  uflgle  FGD  i^  eqatrl 
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to  FDC  ;  wherefore  the  side  CF  is  equal  (6.  1.)  te  the  side  FD :  In 
like  msDner  it  may  be  dptnoDstrafed,  thai  FB,  FA,  FE  are  each  of 
them  equal  to  FC,  or  FD :  therefore  the  five  straight  line?  FA,  FB, 
FC,  FD,  FE  are  equal  to  one  another;  and  the  circle  described  from 
the  centre  F,  at  the  distance  of  one  of  them,  will  pass  through  the 
extremities  of  the  other  four,  and  be  described  about  the  equilateral 
and  equiangular  pentagon  ABCDE.     Which  was  to  be  done. 

PROP.  XV.  PROB. 

To  inscribe  an  equilateral  and  equiangular  hexagon  in  a 
given  circle. 

Let  ABCDEF  be  the  given  circle;  it  is  required  to  inscribe  an 
equilateral  and  equiangular  hexagon  in  it. 

Find  the  centre  G  of  the  circle  ABCDEF,  and  draw  the  diameter 
AGD  ;  and  from  D  as  a  centre,  at  the  distance  DG,  describe  the  cir- 
cle EGCH,  join  EG,  CG,  and  produce  them  to  the  points  B,  F;  and 
join  AB,  BC,  CD,  i5e,  EF,  FA  :  the  hexagon  ABCDEF  is  equi- 
lateral and  equiangular. 

Because  G  is  the  centre  of  the  circle  ABCDEF,  GE  is  equal  to 
GD  :  and  because  D  is  the  centre  of  the  circle  EGCH,  DE  is  equal 
to  DG;  wherefore  GE  is  equal  to  ED,  and  the  triangle  EGD  is  equi- 
lateral ;  and  therefore  its  three  angles  EGD,  ODE,  DEG  are  equal 
to  one  another  (Cor.  3.  1.);  and  the  three  angles  of  a  triangle  are 
equal  (32. 1.)  to  two  right  angles;  therefore  the  angle  EGD  is  the 
third  part  of  two  right  angles:  In  the 
same  manner  it  may  be  demonstrated  that 
the  angle  DGC  is  also  the  third  part  of 
two  right  angles :  and  because  the  straight 
line  GC  makes  with  EB  the  adjacent  an- 
gles EGC,  CGB  equal  (13.  1.)  to  two 
right  angles  :  the  remaining  angle  CGB  is 
the  third  part  of  two  right  angles:  there-  ^\ 
fore  the  angles  EGD,  DGC,  CGB,  are 
equal  to  one  another:  and  also  the  angles 
vertical  to  them, EGA, AG F,  FGE  (1 5.1.); 
therefore  the  six  angles  EGD,  DGC,  CGB, 
BOA,  AGF,  FGE  are  equal  to  one  ano- 
ther. But  equal  an^^Ies  at  the  centre 
stan<l  upon  equal  (26.  3.)  arches;  there- 
fore the  six  arches  AB,  BC,  CD,  DE,  EP, 

FA  are  equal  to  one  another :  and  equal  arches  are  subte.nded  bj 
equal  (29.  3.)  straight  lines;  therefore  the  six  straight  lines  are 
equal  to  one  another,  and  the  hexagon  ABCDEF  is  equilateral.  It 
is  also  equiangular;  for,  since  the  arch  AF  is  equal  to  ED,  to  each  of 
these  add  the  arch  ABCD :  therefore  the  whole  arch  FABCD  shall 
be  equal  to  the  whole  EDCBA  :  and  the  angle  FED  stands  upon  the 
arch  FABCD,  and  the  angle  AFE  upon  EDCBA;  therefore  the  angi* 
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AFE  la  equal  to  FED:  in  the  same  manner  it  maybe  demonstrated, 
that  the  other  angles  of  the  hexagon  ABCDEF  are  each  of  them 
equal  to  the  angle  AFE  or  FED;  therefore  the  hexagon  is  equiangu- 
lar; it  is  also  equilateral,  as  was  shown;  and  it  is  inscribed  in  the 
given  circle  ABCDEF.     Which  was  to  be  done. 

CoR.  From  this  it  is  maniiest,  that  the  side  of  the  hexagon  is  equal 
to  the  straight  line  from  the  centre,  that  is,  to  the  radius  of  the  circle. 

And  if  through  the  points  A.  B,  C,  D  E,  F,  there  be  drawn  straight 
lines  touching  the  circle,  an  equilateral  and  equiangular  hexagon  shall 
be  described  about  if,  which  may  be  demonstrated  from  what  has 
been  said  of  the  pentagon;  and  likewise  a  circle  may  be  inscribed  in 
a  given  equilateral  and  equiangular  hexngon,  and  circumscribed 
about  it,  by  a  method  like  to  that  used  for  the  pentagon. 

PROP.  XVI.  PROB. 

To  inscribe  an  equilateral  and  equiangular  quindecagon 
in  a  given  circle. 

Let  ABCD  be  the  given  circle;  it  is  required  to  inscribe  an  equi- 
lateral and  equiangular  quindecagon  in  the  circle  ABCD. 

Let  AC  be  the  side  of  an  equilateral  triangle  inscribed  (2.  4.)  io 
the  circle,  and  AB  the  side  of  an  equi- 
lateral and  equiangular  pentagon  inscrib- 
ed (11.  4.)  in  the  same;  therelore,  of 
such  equal  parts  as  the  whole  circum- 
ference ABCDF  contains  fifteen,  the 
arch  ABC,  being  the  thini  part  of  the 
whole  contains  five;  and  the  arch  AB, 
which  is  the  fiith  part  of  (he  whole, 
contains  three;  therefore  BC  their  dif- 
'erence  contains  two  of  the  same  parts: 
bisect  (30.  3.)  BC  in  E;  therefore  BE, 
EC  are,  each  of  them,  the  fiiteenth 
part  of  the  whole  circumferetjce  ABCD:  therefore  if  the  straight 
lines  BE,  EC  be  drawn,  and  straight  lines  equal  to  them  be  placed 
(1.4.)  around  in  the  whole  circle,  an  equilateral  and  equiangular 
quiiidecagun  will  be  inscribed  in  it.     Which  was  to  be  done. 

Ami  in  the  same  manner  as  was  done  in  the  pentagon,  if  through 
the  points  of  division  made  by  inscribing  the  quindecagon,  straight 
lines  be  drawn  touching  the  circle,  an  equilateral  and  equiangular 
quindecagon  maybe  described  about  it:  And  likewise,  as  in  the 
pentagon,  a  circle  may  be  inscribed  in  a  given  equilateral  and  equi- 
angular quindecagon,  and  circumscribed  about  if. 
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GEOMETRY. 


BOOK  V. 

IN  the  demonstrations  of  this  hook  there  are  certain  '*  signs  or 
characters  which  it  has  been  found  convenient  to  employ. 

"  1.  The  letters  A,  "B,  C,  &c.  are  used  to  denote  magnitudes  of  any 
kind.     The  letters  m,  n,  p,  q^  are  used  to  denote  numbers  only. 

"  2.  The  sign  -f-  (plus),  written  between  two  letters,  that  denote 
magnitudes  or  numbers,  signifies  the  sum  of  those  magnitudes  or 
numbers.  Thus,  A+B  is  the  sum  of  the  two  magnitudes  denoted 
by  the  letters  A  and  B;  m-f-n  is  the  sum  of  the  numbers  denoted  by 
m  and  n. 

"  3.  The  sign  —  (minus),  written  between  two  letters,  signifies  the 
excess  of  the  magnitude  denoted  by  tbe  first  of  these  letters  which  is 
supposed  the  greatest,  above  that  whicb  is  deiioted  by  the  other. 
Thus,  A— B  signifies  the  excess  of  the  maa'HJtude  A  above  the  mag-ni- 
tudeB.  ^  « 

"4.  When  a  number,  or  a  letter  denoting  a  number,  is  written 
clese  to  another  letter  denoting  a  magnitude  of  any  kind,  it  signifies 
that  the  magnitude  is  multiplied  by  the  number.  Thus,  SA  signifies 
three  times  A ;  ?mB,  m  times  B,  or  a  multiple  of  B  by  m.  When  the 
number  is  intended  to  multiply  two  or  more  magnitudes  that  follow, 
it  is  written  thus,  m  (A+B),*  which  signifies  the  sum  of  A  and  B 
taken  m  times;  m  {\ — B)  is  m  times  the  excess  of  A  above  B. 

"Also,  when  two  letters  that  denote  numbers  are  written  close  to 
one  another,  they  denote  the  product  of  those  numbers,  when  mul- 
tiplied into  one  another.  Thus,  Jnn  is  the  product  of  m  into  ?i;  and 
m?iA  is  A  multiplied  by  the  product  of  7h  into  n. 

''e.  The  sign  =  sigaifies  the  equality  of  the  magnitudes  denoted 
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by  the  letters  that  stand  on  the  opposite  sides  of  it;  A=B  signifies 
that  A  is  equal  to  B.  A-f-B=C — U  signifies  thatth«  sum  ef  A  and 
B  is  equal  to  the  excess  of  C  above  D. 

"  6.  The  sign  "7  is  used  to  signify  that  the  magnitudes  between 
which  it  is  placed  are  unequal,  and  that  the  magnitude  to  which  the 
opening  of  the  lines  is  turned  is  greater  than  the  other.  Thus  A  "7 
B  signifies  that  A  is  greater  than  B ;  and  A  Z,  B  signifies  that  A  is 
lessthanB." 

DEFINITIONS. 
I. 

A  less  magnitude  is  said  to  be  a  part  of  a  greater  magnitude,  when 
the  less  measures  the  greater,  that  is,  when  the  less  is  contained  a 
certain  number  of  times,  exactly,  in  the  greater. 

II. 

A  greater  magnitude  is  said  to  be  a  multiple  of  a  less,  when  the  great- 
er is  measured  by  the  less,  that  is,  when  the  greater  contains  the 
less  a  certain  number  of  times  exactly. 

III. 

Ratio  is  a  mutual  relation  of  two  magnitudes,  of  the  same  kind,  to 
one  another,  in  respect  of  quantity. 

IV. 

Magnitudes  are  said  to  be  of  the  same  kind,  when  the  less  can  be 
multiplied  so  as  to  exceed  the  greater ;  and  it  is  only  such  magni°> 
tudes  that  are  said  to  l^ve  a  ratio  to  one  another. 

V. 

If  there  be  four  m.agnitudes,  and  if  any  equimultiples  whatsoever  be 
taken  of  the  first  and  third,  and  any  equimultiples  whatsoever  of 
the  second  and  fourth,  and  if,  according  as  the  multiple  of  the  first 
is  greater  than  the  multiple  of  the  second,  equal  to  it,  or  less,  the 
multiple  of  the  third  is  also  greater  than  the  multiple  of  the  fourth, 
equal  to  it,  or  less;  then  the  first  of  the  magnitudes  is  said  to  have 
to  the  second  the  same  ratio  that  the  third  has  to  the  fourth. 

VI, 

Magnitudes  are  said  to  be  proportionals,  when  the  first  has  the  same 
ratio  to  the  second  that  the  third  has  to  the  fourth ;  and  the  third 
to  the  fourth  the  same  ratio  which  the  fifth  has  to  the  sixth,  and  so 
on  whatever  be  their  number. 

"  When  four  magnitudes.  A,  B,  C,  D  are  proportionals,  it  is  usual 
to  say  that  A  is  to  B  as  C  to  D,  and  to  write  them  thus,  A :  B  '* 
C  :  D,  or  thus,  A  ;  B  =  C  :  D." 
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VII. 

When  of  the  equimultiples  of  four  magnitudes,  taken  as  in  the  fifth 
definition,  the  multiple  of  the  first  is  greater  than  that  of  the  second, 
but  the  multiple  of  the  third  is  not  greater  than  the  multiple  of  the 
fourth;  then  the  first  is  said  to  have  to  the  second  a  greater  ratio 
than  the  third  magnitude  has  to  the  fourth;  and,  on  the  contrary, 
the  third  is  said  to  have  to  the  fourth  a  less  ratio  than  the  first  has 
to  the  second. 

VIII. 

When  there  is  any  numher  of  magnitudes  greater  than  t^^o,  of  whicb 
the  first  has  to  the  second  the  same  ratio  that  the  second  has  to  the 
third,  and  the  second  to  the  third  the  same  ratio  which  the  third 
has  to  the  fourth,  aud  so  on,  the  magnitudes  are  said  to  be  conti- 
nual proportionals. 

IX. 

When  three  magnitudes  are  continual  proportionals,  the  second  is 
said  to  be  a  mean  proportional  between  the  other  two. 

X. 

When  there  is  any  number  of  magnitudes  of  the  same  kind,  the  first 
is  said  to  hare  to  the  last  the  ratio  compounded  of  the  ratio  which 
the  first  has  to  the  second,  and  of  the  ratio  which  the  second  has  to 
the  third,  and  of  the  ratio  which  the  third  has  to  the  fourth,  and 
so  on  unto  the  last  magnitude. 

For  example,  if  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind,  the 
first  A  is  said  to  have  to  the  last  J),  the  ratio  compounded  of  the 
ratio  of  A  to  B,  and  of  the  ratio  of  B  to  C,  and  of  the  ratio  of  C  to 
D ;  or,  the  ratio  of  A  to  D  is  said  to  be  compounded  of  the  ratios 
of  A  to  B,  B  to  C,  and  C  to  D. 

Andif  A  :  B  : :  E  :  F;  and  B  :  C : :  G  :  H,and  C  :  D  :  :  K  :  L,then, 
since  by  this  definition  A  has  to  D  the  ratio  compounded  of  the 
ratios  of  A  to  B,  B  to  C,  C  to  D ;  A  may  also  be  said  to  have  to  D 
the  ratio  compounded  of  the  ratios  which  are  the  same  with  the 
ratios  of  E  to  F,  G  to  H,  and  K  to  L. 

In  like  manner,  the  same  things  being  supposed,  if  M  has  to  N  the 
same  ratio  which  A  has  to  D,  then, for  shortness'  sake,  M  is  said  to 
have  to  N  a  ratio  compounded  of  the  same  ratios,  which  compound 
the  ratio  of  A  to  D ;  that  is,  a  ratio  compounded  of  the  ratios  ef  E 
to  F,  G  to  H,  aud  K  to  L. 

XI. 

If  three  magnitudes  are  continual  proportionals,theratioof  the  first, 
to  the  third  is  said  to  be  duplicate  of  the  ratio  of  the  first  to  the 
second. 

"Thus,  if  A  be  to  B  as  B  to  C,the  ratio  of  A  to  C  is  said  to  be  dnpli- 
cate  of  the  ratio  of  A  to  B.  Hence,  since  by  the  last  definition, 
the  ratio  of  A  to  C  is  compounded  of  the  ratios  of  A  toB,  and  B 
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to  e,  a  ratio,  which  is  compounded  of  two  equal  ratios,  is  duplicate 
of  either  of  these  ratios." 

XII. 

If  four  magnitudes  are  continual  proportionals,  the  ratio  of  the  first 
to  the  fourth  is  said  to  be  triplicate  of  the  ratio  of  the  first  to  the 
second,  or  of  the  ratio  of  the  second  to  the  third,  &c. 

"  So  also,  if  there  are  five  continual  pi-oportionals ;  the  ratio  of  the 
first  to  the  fifth  is  called  quadruplicate  of  the  ratio  of  the  first  to  the 
second;  and  so  on,  according  to  the  number  of  ratios.  Hence,  a 
ratio  compounded  of  three  equal  ratios  is  triplicate  of  any  one  of 
those  ratios;  a  ratio  compounded  of  four  equal  ratios  quadrupli- 
cate," &c. 

XIIT. 

In  proportionals,  the  antecedent  terms  are  called  homologons  to  one 
another,  as  also  the  consequents  to  one  another. 

Geometers  make  use  of  the  following  technical  words  to  signify  cer- 
tain ways  of  changing  either  the  order  or  magnitude  of  propor- 
tionals, so  as  thatt^iey  continue  still  to  be  proportionals. 

XIV. 

Permutando,  or altemando,by permutation, or  alternately;  this  word 
is  used  when  there  are  four  proportionals,  and  it  is  inferred,  that 
the  first  has  the  same  ratio  to  the  third  which  the  second  has  to  the 
fourth;  or  that  the  first  is  to  the  third  as  the  second  to  the  fourth: 
See  Prop.  16.  of  this  Book. 

XV. 

Invertendo,  by  inversion:  When  there  are  four  proportionals,  and  it 
is  inferred,  that  the  second  is  to  the  first,  as  the  fourth  to  the  third 
Prop.  A.  Book  5. 

XVI. 

Componendo,  hy  composition :  When  there  are  four  proportionals, 
and  it  is  inferred,  that  the  first,  together  with  the  second,  is  to  the 
second  as  the  third,  together  with  the  fourth,  is  to  the  fourth. 
iSth  Prop.  Book  5. 

XVII, 

Dividendo,  by  division:  when  there  are  four  proportionals,  and  it  is 
inferred,  that  the  excess  of  the  fir?t  above  the  second,  is  to  the 
second,  as  the  excess  of  the  third  above  the  fourth,  is  to  the  fourth. 
17th  Prop.  Book  5. 

XVIIL 

CJonvertendo,  by  conversion :  when  there  are  four  proportional?,  and 
it  is  interred,  that  the  firsft  is  to  its  excess  above  the  second,  aa  the 
third  to  its  excess  above  the  Ifoartb.   Prop.  1).  Book  5. 
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XIX. 

ExaBquali(sc.ilistantia),orex8equo,  from  equality  of  distance;  when 
there  is  any  number  of  magnitudes  more  than  two,  and  ag  many 
others,  so  that  they  are  proportionals  when  taken  two  and  two  of 
eanh  rank,  and  it  is  inferred,  that  the  first  is  to  the  last  of  the  first 
rank  of  magnitude?,  as  the  first  is  to  the  last  of  theother^.  Of  this 
there  are  the  two  following  kinds  which  arise  from  the  difterent 
order  in  which  the  magnitudes  are  taken  two  aud  two. 

XX. 

Ex  feqnair,  from  equality :  this  term  is  used  simply  by  itself,  when  the 
first  magnitude  is  to  the  second  of  the  first  rank,  as  the  first  to  the 
second  of  the  other  rank ;  and  as  the  second  is  to  the  third  of  the 
first  rank,  so  is  the  second  to  the  third  of  the  other;  and  so  on  in 
order,  and  the  inference  is  as  mentioned  in  the  preceding  defini' 
tioo;  whence  this  is  called  ordinate  proportion. 

It  is  demonstrated  in  the  22d  Prop.  Book  5. 

XXI. 

Ex  gequali,  in  proportione  perturbata,  seu  inordinata:  from  equality, 
in  perturbate,  or  disorderly  proportion;  this  term  is  used  when  the 
first  magnitude  is  to  the  second  of  the  first  rank,  as  the  last  but  one 
is  to  the  last  of  the  second  rank;  and  as  the  second  is  to  the  third 
of  the  first  rank,  so  is  the  last  but  two  to  the  last  but  one  of  the 
second  rank ;  and  as  the  third  is  to  the  fourth  of  the  first  rank,  so  is 
the  third  from  the  last,  to  the  last  but  two,  of  the  second  rank;  and 
so  on  in  a  cross,  or  inverse,  order;  and  the  inference  is  as  in  the 
19th  definition.    It  is  demonstrated  in  the  23d  Prop,  of  Book  5. 


AXIOMS. 

I. 

Equimultiples  of  the  same,  or  of  equal  magnitudes,  are  equal  to  one 
another. 

II. 

Those  magnitudes  of  which  the  same,  or  equal  magnitudes,  are  equi- 
multiples, are  equal  to  one  another. 

III. 

A  multiple  of  a  greater  magnitude  is  greater  than  the  same  multiple 
ol  a  less. 

IT. 

That  magnitude  of  which  a  multiple  is  greater  than  the  same  multiple 
of  another,  is  greater  than  that  other  magnitude. 
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PROP.  I.  THEOR. 

If  any  number  of  magnitudes  be  equimultiples  of  as 
many  others,  each  of  each,  what  multiple  soever  any  one 
of  the  first  is  of  its  part,  the  same  multiple  is  the  sum  of 
all  the  first  of  the  sum  of  all  the  rest. 

Let  any  number  of  maajnitiules  A,  B,  and  C  be  equimultiples  of  as 
many  others,  D,  E,  and  F,  each  of  each  A+B-j-C  is  the  same  mul- 
tiple of  D  +  E+F,tbat  A  isof  D. 

Let  A  eontain  D,  B  contain  E,  and  C  contain  F,  each  the  same  num* 
ber  of  times,  as,  for  instance,  three  times. 

Then,  because  A  contains  D  three  times,  A=D4-0+D. 

For  the  same  reason,  B=E4-E-t-E; 

And  also,  C=F+P+F. 

Therefore,  adding  equals  to  equals  (Ax.  2. 1.), A-fB-f-C  is  equal 
toD+E+F,  taken  three  times.  In  the  same  manner,  if  A,  B,andC 
were  each  any  other  equimultiple  of  D,  E,andF,  it  would  be  showa 
that  A-f  B-f 'C  was  the  same  multiple  of  O+E-f  F.  Therefore.  &e. 
Q.  E.  D. 

Cox.  Hence,  if  m  be  any  number,  mD+mE+mF=m  (D-fE+F). 
For  fliD,  mE,  and  mF  are  multiples  of  T),  E,  and  F  by  m,  therefore 
their  sum  is  also  a  multiple  of  D +E  +F  by  ?«. 

PROP.  II,  THEOR. 

If  to  a  multiple  of  a  magnitude  by  any  number,  a  multi- 
ple of  the  same  magnitude  by  any  number  be  added,  the 
sum  will  be  the  same  multiple  of  that  magnitude  that  the 
sum  of  the  two  numbers  is  of  unity. 

Let  A=mC,  and  B=nC ;  A+B=(?n+7i)  C. 

For,  since  A=mC,  A=C-f  C+C-j-  &c.C  being  repeated m  times. 
For  the  same  reason,  B=C+C+  &c.  C  being  repeated  n  times- 
Therefore,  adding  equals  to  equals,  A+B  is  equal  to  C  taken  m-f-w 
times :  that  is,  A-\-B—{in-\-n)  C.  Therefore  A-f-B  contains  C  as  oft 
as  there  are  units  in  m-\-n.     Q.  E.  D. 

Cor.  1.  In  the  same  way,  if  there  be  any  riiimber  of  multiples 
whatsoever,  as  A=inE5B=KE,C=;jE,iti3showiJ,that  A+B-f  C= 
(m+n+p)E. 

Cor.  2.  Hence  also,  since  A-f  B-fC=(w-j-n-fp)  E.andsiueeA= 
fliE,  B=?tE,  and  C=:pE,m^+nE+pE={m+n-i-p)'E, 

PROP.  III.  THEOR. 

If  the  first  of  three  magnitudes  contain  the  second  as 
oft  as  theie  are  units  in  a  certain  number,  and  if  the 
second  contain  the  third  also,  as  often  as  there  are  units 
in  a  certain  number,  the  first  will  contain  the  third  as  oft 
as  there  are  units  in  the  product  of  these  two  numbers. 

Let  A=H!B,  and  B=??C :  then  AaswwC. 
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Since  B=nC,mB=nC4-wC4-&c.  repeated m times.  BiitnC+wf' 
&c.  repeated  w  times  is  equal  to  C  (2.  Cor.  2.  5.),  multiplied  by  n+K 
4-&C.  n  beina;  added  to  itself  m  times;  but  n  added  to  itself  ?n  times,  is 
n  multiplied  by  m,  or  mn.  Therefore  nC-f-nC+^e.  repeated  to 
times^jnnC ;  whence  also  mB=mnC,  and  by  hypothesis  A=mB, 
therefore  A=mnC.    Therefore,  &c.  Q.  E.  D. 

PROP.  IV.  THEOR. 

If  the  first  of  four  magnitudes  has  the  same  ratio  to  the 
second  which  the  third  has  to  the  fourth,  and  if  any  equi- 
multiples whatever  be  taken  of  the  first  and  third,  and 
any  whatever  of  the  second  and  fourtTi ;  the  multiple  of" 
the  first  shall  hare  the  same  ratio  to  the  multiple  of  the 
second,  that  the  multiple  of  the  third  has  to  the  multiple 
of  the  fourth. 

Let  A :  B  "  C  ;  D,  and  let  m  and  n  he  any  two  numbers;  mA  : 
«B  "  7jiC  :  riD. 

Take  of  m A  and  mC  equimultiples  by  any  numberp,  and  of  nB  and 
liD  equimultiples  by  any  number  q.  Then  the  equimultiples  of  TOA4, 
and  7JiC  by  p,  are  equimultiples  also  of  A  and  C,  for  they  contain  A 
and  C  as  oft  as  there  are  units  in  pm  (3. 5.),  and  are  equal  to /jot  A  and 
pviC.  For  the  same  reason  the  multiples  of  JiB  and  nD  by  q,  are  ^nB. 
qnD'  Since,  therefore,  A  :  B  |*  C  :  D,  and  of  A  and  C  there  are 
taken  any  equimultiples,  viz.  pmA  and  pmC,  and  of  B  and  D,  any 
equimultiples  </nB,  qnTi,  if  pniA  be  j^reater  than  qnB,  pmC  must  be 
greater  than  qnY)  (def.  5.  5.)  ;  if  equal,  equal;  and  if  less,  less.  But 
pmA,pmC  are  also  equimultiples  of  mA  and  ?hC,  and  qnB,  qnX)  art^ 
equimultiples  of  nB  and  wD,  therefore  (def.  5.  5.),  mA:  nH  '/,  mC  : 
nD.     Therefore,  &c.  Q.  E.  D. 

Cor.  In  the  same  manner  it  may  be  demonstrated,  that  if  A:  B  |* 
C  :  D,  and  of  A  and  C  equimultiples  be  taken  by  any  number  ?«,,  viz. 
mA  and  mC,  mA  :  B  |*  mC  :  D.  This  may  also  be  considered  as  uu 
eluded  in  the  proposition,  and  as  being  the  case  when  n=l. 

PROP.  y.  THEOR. 

If  one  magnitude  be  the  same  multiple  of  another,  which 
a  magnitude  taken  from  the  first  is  of  a  magnitude  taken 
from  the  other  ;  the  remaindei'  is  the  same  multiple  of  the 
remainder,  that  the  whole  is  of  the  whole. 

liCt  m  A  and  mB  be  any  equimultiples  of  the  two  magnitudes  A  and 
B,  of  which  A  is  greater  than  B;  mA — ?/iB  is  the  same  multiple  of 
A — B  that  mA  is  of  A,  that  is,  mA — hiB=hi  (A — B). 

Let  I)  be  the  excess  of  A  above  B,  then  A — B=l),  and  adding  B  (o 
hoth,  A==')+B.  Ther.'fvfn'  (1.  5.)  ?«\  =  /Hl)  +  mB;  take  mB  from 
both, and  mA — mB=)iil};  but  D=A — B,  therefore  mA — mB=m(A 
— B).     Therefore,  &c.  Q.  E.  D. 
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PROP.  VI.  THEOR. 

If  from  a  multiple  of  a  magnitude  by  any  number  a 
multiple  of  the  same  magnitude  by  a  less  number  be  taken 
away,  the  remainder  will  be  the  same  multiple  of  that 
magnitude  that  the  difference  of  the  numbers  is  of  unity. 

Let  in  A  and  n\  be  multiples  of  the  magnitude  A,  by  the  numbers 
m  and  n,  and  let  m  be  greater  than  n ;  inA — nA.  contains  A  as  oft  as 
m — n  contains  unity,  or  mA — nX={m — n)  A. 

Let  m — H«=?;  then  ni =11+9.  Therefore  (21.  5.)  mA-snA-f^A; 
take  hA  from  both,  and  m  A — nA=</A.  Therefore  mA — nA  contains 
A  as  oft  as  there  are  unit*  in  q,  that  is  in  m — ^w,  or  mA — nA=(m — n) 
A.     Therefore,  &c.     Q.  E.  D. 

Cor.  When  the  difference  of  the  two  numbers  is  equal  to  ttnitj,  or 
m — n=  1,  then  mA — nA= A. 

PROP.  A.  THEOR. 

If  four  magnitudes  be  proportionals,  they  are  proportionals 
also  when  taken  inversely. 

If  A  :  B  ::  C  :  D,  then  also  B :  A  "  D  :  C. 

I^t  mA  and  mC  be  any  equimultiples  of  A  and  C ;  nB  andnD  anv 
equimultiples  of  B  and  D.  Then,  becaiise  A  :  B  "  C  :  D,  if  mA 
be  less  than  ?/B  mC  will  be  less  than  nD  (def.  5.  3.),  that  is,  if  nB 
be  greater  than  mA,  nD  will  be  greater  than  mC.  For  the  same  rea- 
son, if  nB=HiA,  nD=mC,  and  if  nBz.mA,  nDj^mC.  But  nB,  nD 
are  any  equimultiples  of  B  and  D,  andinA,  mC  any  equimultiples  of 
A  and*  C,  therefore  (def.  5.  5.),  B  :  A  ;:  D  :  C.  Therefore,  &«•• 
Q.  E.  D. 

PROP.  B.  THEOR. 

If  the  first  be  the  same  multiple  of  the  second,  or  the 
same  part  of  it,  that  the  third  is  of  the  fourth ;  the  first  is 
to  the  second  as  the  third  to  the  fourth. 

First,  if  mA,  mB  be  equimultiples  of  the  magnitudes  A  and  B,mA: 
A  ::  mB  :  B. 

Take  of  tuA  and  mB  equimultiples  by  any  number  n;  and  of  A  and 
B  equimultiples  by  any  number /? ;  these  will  be  n7nA  (3.  6.),  pA, 
7imB  (3.  3.),  />B.  Now,  if  nmA  be  greater  than  pA,  nm  is  also 
greater  than  p ;  and  if  nm  is  greater  than  p,  nmB  is  greater  than/>B ; 
tiierefipe,  when  Jim  A  is  greater  than  />A,  nmB  is  greater  than  pB. 
In  the  same  manner,  if  nmA^pA,  nmB=pB,  and  if  nmA^pA,n?nB 
Z,pB.    Now,  72mA,  nmB  are  any  eqaimoltiples  oi'mA  and  mB;  and 
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»A,pB  are  aay  equimultiples  of  A  and  B,  therefore  mA  :  A   *  mB  : 
B  (def.  5.  5.). 

Next,  Let  C  be  tlie  same  part  of  A  that  D  is  of  B;  then  A  is  the 
same  multiple  of  C  that  B  is  of  D.  and  ther;.'fore,  as  has  b«-en  d  mon- 
9trate(!,  A  :  C  "  B:  D,  and  inversely  (A.  5.)  C  :  A  ;;  D  :  B.  There- 
fore, &c.    Q.  E.  D. 

PROP.  C.  THEOR. 

If  the  first  be  to  the  second  as  the  third  to  the  fourth  j 
and  if  the  first  be  a  multiple  or  a  part  of  the  second,  the 
third  is  the  same  multiple  or  the  same  part  of  the  fourth. 

Let  A  :  B  'I  C  :  D,  and  first  let  a  be  a  multiple  of  B,  C  is  the 
same  multiple  of  D,  that  is,  if  A=mB,  C=mD. 

Take  of  A  and  C  equimultiples  by  any  number  as  2,  viz.  2A  and 
3C  ;  and  of  B  and  D.  take  equimultiples  by  the  number  -2m,  viz.  2mB, 
2ml>  (3.  5.) ;  then, because  A=mB.  2A=2mB ;  and  since  A  :  B  **  C  : 
D,  and  since  2A=2mB,  therefore  2C=2?nD  (def.  5.5.),andC=iHD, 
that  is,  C  contains  Dm  times,  or  as  often  as  A  contains  B. 

Next,  Let  A  be  a  part  of  B,  C  is  the  same  part  of  D.  For,  since 
A  :  B  :*  C  :  1),  inversely  (A.  5.)^  B  :  A  ::  D  :  C.  But  A  being  a 
part  of  B,  B  is  a  multiple  of  A,  and  therefor* ,  as  is  shown  above,  D 
IS  the  same  multiple  of  C,  and  therefore  C  is  the  same  part  of  D  that 
A  is  of  B.     Therefore,  &c.     Q.  E.  D. 

PROP.  VII.  THEOR, 

Equal  magnitudes  have  the  same  ratio  to  the  same  magni- 
tyde ;  and  the  same  has  the  same  ratio  to  equal  magnitudes. 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other ;  A  :  C  **  B :  C- 

LetmA,  ?JiB,be  any  equimultiples  of  A  and  B;  aud  nC  anv  multi- 
ple of  C. 

Because  A=B,  ?nA=mB  (Ax.  1.  5.),  wherefore,  if  7hA  be  sjreater 
than  nC,  inB  is  sjreater  than  ».C ;  and  if  7jiA==?/C,  //iB=K(';  or.  if 
wA^7;C,  m\i/_7iC.  But  m  A  and  luR  are  any  cfjuuiuiUiples  of  A  and  B, 
and  nC  is  any  multiple  of C.lbf  re^'ore  (def.  w.  5.)  A  :  C  ^|  B  :  C. 

Again,  if  A=:B,  C  :  A  **  C  :  B:  for,  as  has  been  proved,  A  ; 
C  "B  :  C.  and  inversely  (*A.  /i.),  C  :  A  "  C  :  B.  Therefore,  itc 
Q.  E.  D. 

PROP.  Till.  THEOR. 

Of  uneq'ial  magnitudes,  the  greater  has  a  greater  ratio 
to  the  same  thnn  the  less  has  ;  and  the  same  magnitiule  has 
a  greater  ratio  to  the  less  than  it  has  to  the  greater. 

Let  A-f  B  be  a  magnitude  greatcrthan  A,and  C  athird  uiagailude, 
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A-f  B  has  to  C  a  j^reater  ratio  than  A  has  to  C ;  and  C  has  a  greater 
r  .ti<»  to  A  than  it  has  to  A+B. 

Let  j?i  be  such  a  number  lliat  mA  and  mB  are  each  of  them  greater 
than  C;  and  let  nC  be  the  least  muKiple  of  C  that  exceeds  m  A +mB; 
then  nC — C,  that  is,  (n — l)C  (l.  5.)  will  be  less  than  wA-f  j/iB,  or 
m  V+mB,  that  is,  }/i(A-)-B)  is  greater  tlian  (n — i)  C.  But  because 
nC  is  greater  than  mA-\-mB,  and  C  less  than  ?uB,  nC — C  is  greater 
than  m.\,  or  mA  is  less  than  nC — C,  that  is,  than  (« — l)C.  There- 
fore the  multiple  of  A  +  B  by  m  exceeds  the  multiple  of  C  by  n — 1, 
hut  the  multiple  of  A  by  m  does  not  exceed  the  multiple  of  C  by  n — 1 ; 
therefore  A-f  B  has  a  greater  I-atio  to  C  than  A  has  to  C  (def.  7.  5.). 

Aarain,  because  the  multiple  of  C  by  71 — 1,  exceeds  the  multiple  of 
A  by  m  but  does  not  exceed  the  multiple  of  A-j-  B  by  m,  C  has  a  great- 
er ratio  to  A  than  it  has  to  A-fii  (def.  7. 5.).  Therefore,  &«.  Q.E.D. 

PROP.  IX.  THEOR. 

Magnitudes  which  have  the  same  ratio  to  the  same 
magnitude  are  equal  to  one  another;  and  those  to  which 
the  same  magnitude  has  the  same  ratio  are  equal  to  one 
another. 

If  A  :  C  ::  B  :  C,  A=B. 

For,  if  not,  let  A  be  greater  than  B ;  then,  because  A  is  greater  than 
B,  two  numbers,  m  and  w,  may  be  found,  as  in  the  last  proposition, 
such  that  mA  shall  exceed  nC,  while  ?nB  does  not  exceed  nC.  But 
because  A  :  C  **  B  :  C;  if  mA  exceed  nC,  ?JiB  must  also  exceed 
nC  (def.  5.  3.) ;  and  it  is  also  shown  that  mB  does  not  exceed  nC, 
which  is  impossible.  Therefore  A  is  not  greater  than  B;  and  in  the 
same  way  it  is  demonstrated  that  B  is  not  greater  than  A ;  therefore 
A  is  equal  to  B. 

Next,  let  C  :  A  ;;  C  :  B,  A=B.  For  by  inversion  (A.  3.)  A  : 
C  **  B  :  C ;  and  therefore  by  the  first  case,  A=B. 

PROP.  X.  THEOR. 

That  magnitude,  which  has  a  greater  ratio  than  another 
has  to  the  same  magnitude,  is  the  greatest  of  the  two : 
And  that  magnitude,  to  which  the  same  has  a  greater  ratio 
than  it  has  to  another  magnitude,  is  the  least  of  the  two. 

If  the  ratio  of  A  to  C  be  greater  than  that  of  B  to  C,  A  is  greater 
tlian  B. 

Because  A  :  C7B  :  C,  two  numbers  m  and  n  may  be  found,  such 
that  mA~7nC,  and  »)iBz_/jC  (def.  7.  5.).  Therefore  also  mAVmB, 
and  AyB  (Ax.  4.  5.). 

Again,  let  C  ;  B"7C  :  A  :  Bz.  A.  For  two  numbers,  m  and  n  may 
be  found,  such  that  mC"7wB,  and  mC./.nA  (def.  7.  5.).  'therefore, 
since  nB  is  less,  and  wA  greater  than  the  same  magnitude  mCjuB/^nA; 
and  therefore  Bz.A.     Therefore,  &e,    Q.E.  D. 
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PROP.  XI.  THEOR. 

■Ratios  that  are  equal  to  the  same  ratio  are  equal  to  one 

another. 

If  A  :  B  ::  C  :  D;  and  also  C  :  D  IJ  E  :  F;  then  A  :  B  H  E  :  F. 
Take  mA,  mC  mE,  anj  equimultiple!* of  A,  C,  and  E;  andnB,  nD, 
«F  any  equimultiples  of  B,  D,  and  F.     Because  A  :  B  *|  C  :  D,  if 

mA'7nB,mCVnD  (def.5.  5.):  but  \fmC-7nl},mE~7n¥  (def.  5.3.)^ 
becau^  C  :  D  "I  E  :  F;  therefore  ifwA~7nB,  wEVwF.  In  the  game 
manner,  if  mA=nB, ?nE=nF;  andif  7rtAz_wB,?ftEz^wF.  Now,jnA, 
mE^re  any  equimultiples  whatever  of  A  and  E ;  and  ?iB,  n¥  any  what- 
ever of^  and  F;  therefore  A  ;  B  **  E  :  F  (def.  5,  5.),  Therefore, 
&c,    Q,  E.  D. 


PROP.  XII.  THEOR. 

If  any  number  of  magnitudes  be  proportionals,  as  one  of 
the  antecedents  is  to  its  consequent,  so  are  all  the  antece- 
dents, taken  together,  to  all  the  consequents. 

If  A  :  B  ••  C  :  D,  and  C  :  D  : :  E  :  F;  then  also,  A  :B: :  A+C-f 
B  :  B-f-D-f  F. 

Take  mA,  mC,  wE  any  equimultiples  of  A,  C,  and  E ;  find  nB.wD, 
kF,  any  equimultiples  of  B,  D,  and  F.  Then,  because  A  :  B  :  :  C  : 
D,if  mA'7»tB,niC~7«Ji(def.5.5.);  and  when  ?nC"7HD,7uC'7HF,  be- 
cause C  :  D  :  :  E  :  F.  Therefore,  If  mA-7"B,mA+mC-f-HiE'7/<B  + 
7iD -\-nF :  In  the  same  man ner,  if  ?n A =n B,  m\ -|r  mV  -f  miE = kB  -f  » D 
-fnF ;  and  if  mAz_wB,  mA+mC  -j-mEz^/tB+nD  -f  >jF.  Now,  7»i  A  -f 
7HC-f  7JiE=7re(A-}-C-(-E)  (Cor.  1.5.),  so  that?nAandmA4-?»tC-|-H/E 
are  any  equimultiples  of  A,  and  of  A-f  C-f  E.  x\nd  for  the  same  reason 
ttB,  and  nB+nD+wF  are  any  equimultiples  of  B,  and  of  B  +  I^+F  ; 
therefore  (def.  5,  5.)  A  ;  B  ; :  A+C  +  C  ;  B-f-D+F,  Therefore 
&c,    Q.  E.  D. 


PROP.  XIII.  THEOR. 

If  the  first  have  to  the  second  the  same  ratio  which  the 
third  has  to  the  fourth,  but  the  third  to  the  fourth  a  greater 
patio  than  the  fifth  has  to  the  sixth  ;  the  first  has  also  to 
the  second  a  greater  ratio  than  the  fifth  has  to  the  sixth. 

If  A  :  B  : :  C  :  D;  but  C  :  DtE  :  F;  then  also,  A  :  BvE  :  F. 
Because  C  :  Dv*"-  :  F,  there  are  two  numbers  m  and  n,  sueh  that 

7n.C"7"D,  but  inEz_»F  (def.  7.  5.).  Now,  if  mCVHD,  mA"7«B.  be- 
cause A  :  B  : :  C  :  D.  Therefore  /«A"7«B,  and  mEz_nF,  wherefore, 
A  ;  BvE  :  F  (def.  7.  5.),    Therefore,  «^c.    Q.  E.  D. 
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PROP.  XIV.  THEOR. 

If  the  first  have  to  the  second  the  same  ratio  which  the 
third  has  to  the  fourth,  and  if  the  first  be  greater  than 
the  third,  the  second  shall  be  greater  than  the  fourth ;  if 
equal,  equal ;  and  if  less,  less. 

If  A  :  B  : :  C  :  D ;  then  if  AvC,  B-7D ;  if  A=C,  B=D ;  and  if 
AZ.C,  B/lD. 

First,  let  Ave ;  then  A  :  BvC  :  B  (8.  5.),  but  A  :  B  : :  C  :  D, 

tlierefore  C  :  DvC  :  B  (^13.  3.),  and  therefore  BvD  (10.  3.). 

In  the  same  manner^  it  is  proTed,  that  if  A=C,  B=D;  and  if 
Az.C,Bz_D.    Therefore,  &c.    Q.  E.  D. 

PROP.  XV.  THEOR. 

Magnitudes  have  the  same  ratio  to  one  another  which  their 
equimultiples  have. 

If  A  and  B  be  two  magnitudes,  and  m  any  number,  A  :  B  :  :  mA ; 
wiB. 

Because  A  :  B  : ;  A  :  B  (7.  fl.)  5  A  :  B  : :  A-f  A  :  B+B  (12.  5.), 
or  A  :  B  ; :  2A  :  3B.  And  in  the  same  manner  since  A  :  B  : :  2A  : 
2B,  A  :  B  :  :  A-f  2A  : :  B-f  2B  (12.  3.),  or  A  :  B  :  :  3A  :  3B ;  and  so 
on,  for  all  the  equimultiples  of  x\  and  B,    Therefore,  &c.    Q.  £.  D. 

PROP.  XVI.  THEOR. 

If  four  magnitudes  of  the  same  kind  be  proportionals,  they 
will  also  be  proportionals  when  taken  alternately. 

If  A  :  B  : :  C  :  D,  then  alternately,  A  :  C  :  :  B :  D. 

Take  mA,  7nB  any  equimultiples  of  A  and  B,  and  nC,nD  any  equi- 
multiples of  C  and  D,  Then  (15.  5.)  A  :  B  : :  mA  :  wB  ;  now  A  : 
B  : :  C  :  D,  therefore  (ll.  5.)  C  :  D  :  :  niA  :  mB.  But  C  :  1)  :  i 
7iC  :  h1)  (15.  5.);  therefore  in\  :  mB  : :  nC  :  wD  (ll.  3.):  where- 
fore if  ?nAT»iC,  hiBVhD  (14. 5.) ;  if  ?ftA=nC,  mB=nD,  or  if  mAz_ 
nC,  mBz^uD ;  therefore  (def.  5.  5,)  A  :  C  ; :  B  :  D.  Therefore,  &c. 
Q.E.D. 

PROP.  XVII,  THEOR. 

If  magnitudes,  taken  jointly,  be  proportionals,  they  will 
also  be  proportionals  when  taken  separately;  that  is,  if  the 
first,  together  with  the  second,  have  to  the  second  the 
same  ratio  which  the  third,  together  with  the  fourth,  has 
to  the  fourth,  the  first  will  have  to  the  second  the  same 
ratio  which  the  third  has  to  the  fourth. 

If  A-f  B  :  B  1 ;  C+D  :  D,  then  by  division  A  :  B  : :  G  ;  D. 
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Take  ni  A  and  nB  any  multiples  of  A  and  B,  by  the  numbers  m  and 
n;  and  tirst  let  m\~7nB:  to  each  of  them  add  mB,  then  fliA-fmBV 
«iB-|-7rB.  But  m-\-f  ?nB=»f(A-fB)  (Cor.  1.  5.),  and  mB4-HB= 
()h4-h)B  (2.  Cor.  2.  5.),  therefore  w(A-f  Bv  (m+w)  B. 

And  because  A-fB  :  B  '.'.  C-fD  :  D,  if  w(A4-B)v(j»+n)  B, 
«i(C4-D)"7('?i-|-n)I),  or  mC+mi;  V?i(D+nD,  that  is  taking  ?uD 
from  both,  ?nC'7«l).  Therefore,  when  mA  is  greater  than  nB,  7»iC 
is  i^reaterthannU.  In  like  nianiier.it  isdemons(rated,tha'.  if  wiA=?iB, 
mC=nl),  and  if  mAz_«B,  that  7nDj^nDj  therefore  A  :  B  **  C  ;  D 
(def.  5.  5.).    Therefore,  &c.     Q.  E.  D. 

PROP.  XVIII.  THEOR. 

If  magnitudesj  taken  separately,  be  proportionals,  they 
will  also  be  proportionals  when  taken  jointly,  that  is,  if  the 
first  be  to  the  second  as  the  third  to  the  fourth,  the  first 
and  second  together  will  be  to  the  second  as  the  third  and 
fourth  together  to  the  fourth. 

If  A  :  B  ::  C  :  D,  then,  by  composition,  A+B  :  B  "  C+D  :  1). 

Take  m  (  A  -}-  B),  and  nB  any  multiples  whatever  of  A  -f-B  and  B :  and 
first,  let  in  be  s^reater  than  n.  Then,  because  A-fB  is  also  «>reater 
than  B,?»(  A-fB)'7nB.  For  the  same  reason,  ^1(0+ D)"7»I).  In 
this  case,  therefore,  that  is,  when  7HVn,7>i(  A-f  B)  is  greater  than  nB, 
and  H((C4-  D)  is  greater  than  nU.  And  in  the  same  manner  it  may  be 
proved,  that  when  iH=n,7u(A+B)  is  greater  than  nB,  and  7n  (C+D) 
greater  than  nD. 

Next,  let  ml_ji,  or  nV"?  then  77i(  A-fB)  maybe  greater  than  nB,  or 
may  be  equul  to  it,  or  maybe  less;  first,  let  7n(  A-fB)  be  greater  than 
?7B;  then  also,  7»iA-f  7/iB"7^iB;  take  7/iB,  which  is  less  than  nB,from 
bntii,andmAVnB — 7>iB,or7»iA'7(» — m)B(6.5.).  Butif77iA'7(n— in) 
B,i;iC"7  {n — m)\),  because  A  :  B  "  C  :  D.  Now,  (ii — 7»i)''>=h1) — 
mTi  (Ti.  5.),  therefore,  J/iCVnD — 77il),and  adding  7»iD  to  both,n^C-f  m 
DV«D,  that  is  (1.  5.),m(C-f  D)-7nD.  If  therefore, 7H(A-fB)-7»B, 
m(C-f  l))V»iI). 

In  the  s>ame  manner  it  will  be  proved,  that  if  in(  A  -f  B)=a?2B,7>i(C-f 
»)  =nD ;  and  if 7ji( A -f  B) Z_nB,m (C +D)Z-nT) ; therefore  (def.  5. 5.), 
A-j-B  :  B  ::  C-f  I)  :  D.     Therefore, &c.     Q.  E.  D. 

PROP.  XIX.  THEOR. 

If  a  whole  magnitude  be  to  a  whole,  as  a  magnitude 
taken  from  the  first  is  to  a  magnitude  taken  from  the  other ; 
the  remainder  will  be  to  the  remainder  as  the  whole  to 
the  whole. 

If  A  :  B  ::  C  :  D,  and  if  C  be  less  than  A,  A— C  :  B— D  ;;  A  :  B. 

Because  A  :  B  ;;  C  :  I),  alternately  (16.  5.),  A  :  C  *;  B  :  D;  and 
therefore  by  division  (l7.  6.)  A — C  :  C  "  B— D  :  1).  Wherefore, 
again  alternately.  A— C  :  B— D  II  C  :  D;  but  A  :  B  "  C  :  D, there- 
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fore  (11.  5.)  A— C  :  B— D  : :  A  :  B.    Therefore,  ^'C.    Q.  E.  B, 
Cor.  a— C  :  B— D  :  :  C  :  D. 

PROP.  D.  THEOR. 

If  four  magnitudes  he  proportionals,  they  are  also  pro- 
portionals by  conversion,  that  is,  the  first  is  to  its  excess 
above  the  second,  as  the  third  to  its  excess  above  the  fourth. 

If  A:B  :  :  C  :  D,by  conversion,  A  :  A— B  :  :  C  :  C— D. 

For,  since  A  :  B  :  :  C  :  D,  by  division  (17.  5.),  A— B  :  B  : :  C— D 
D,  and  inversely  (A.  5.),  B  :  A — B  :  :  D  :  C — D;  therefore,  by  com- 
position (18.  3.)',  A  :  A— B  :  :  C  :  C— D.     Therefore,  &c.     Q.E.  1). 

Cor.  In  the  same  way,  it  may  be  proved  that  A  :  A-fB  :  :  C  : 
C^-D. 

PROP.  XX.  THEOR. 

If  there  be  three  magnitudes,  and  other  three,  which 
taken  two  and  two,  have  the  same  ratio  ;  if  the  first  be 
greater  than  the  third,  the  fourth  is  greater  than  the  sixth ; 
if  equal,  equal ;  and  if  less,  less. 

If  there  be  three  maafnitudes.  A,  B,  and  C,  and  other  three  D,  E, 
andF;  and  if  A  :  B  ::b:E;  and  also  B  :  C 


A,    B,     C, 
D,    E,    F, 


E  :  F,  then  if  AvC,  DvF;  if  A=C, 
D=F  :  and  if  Az.C,  Dz_F. 

First,  let  Ave :  then  A  :  BvC  :  B  (8.  5.).  But  A  :  B  :;  D  :  E, 
therefore  also  D  :  EvC  :  B  (13. 5.).  Now  B  :  C  "  E  :  F,  and  inverse- 
ly ( A.'G.),  C  :  B  :  :  F  :  E ;  and  it  has  been  shown  that  D  :  E  VC  :  B, 
therefore  D :  EVF :  E  (13.  5.),  and  consequently  DtF  (10.  5.). 

Next,  let  A=C;  then  A  :  B  :  :  C  :  B  (7.  5.),  but  A:B::D:E; 
therefore,  C  :  B  :  :  D :  E,  but  C  :  B  :  :  F :  E.  therefore,  I)  :  E  :  :  F : 
E(ll.5.),andD=F  (9.  5.).  Lastly,  let  A  AC.  Then  CvA,andbe- 
eause,  as  was  already  shown,  C  :  B  :  :  F  :  E,  and  B  :  A  :  :  E :  D; 
therefore,  bv the  first'case,  if  CvA,  FvD,  that  is,if  Az„C,  DZ-F. 
Therefore, &t.     Q.E.  D. 

PROP.  XXI.  THEOR. 

If  there  be  three  magnitudes,  and  other  three,  which 
have  the  same  ratio  taken  two  and  tw^o,  but  in  a  cross  order; 
if  the  first  magnitude  be  greater  than  the  third,  the  fourth 
is  greater  than  the  sixth  ;  if  equal,  equal ;  and  if  less,  less. 

If  there  be  three  mao^nitudes,  A,  B.  C,  and  other  three,  D,  E,  and 
F,  such  that  A  :  B  :  :  E  :  F,  and  B  :'C  : :  D  :  E  :  if  AvC.  DvF  :  if 
A=C,D=F,andif  Az^C.  1J/_F. 


A,    B,     C,  \ 
1).     E,    F.   I 
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First,  let  A7C.  Then  A  :  BvC  :  B  (8.  5.), 
but  A  :  B  :  :  E  :  F,  therefore  E  :  FvC  :  B 
(13.  5.).  Now,  B  :  C  :  :  D  :  E,  and  intersely, 
C  :  B  : :  E  :  D ;  therefore,  E :  F VE  :  D  ( 1 3.  3.),  wherefore,  DVF 

(10.5.). 

Next,  let  A=C.  Then  (7.  5.)  A  :  B  :  :  C  :  B ;  but  A  :  B  : :  E :  F, 
therefore,  C  :  B  :  :  E  :  F  ( 1 1.  5.) ;  hut  B  :  C  : :  D  :  E,  and  inversely, 
C  :  B : :  E  :  D,  therelbre  (11.  5.),  E  :  F : :  E :  D,  and,  consequently, 
D=F  (9.  5.). 

La«tly,  let  A^lC  Then  C7A,  and,  as  was  already  prove<l,  C  r 
B  ••  E  :  13  ;  an<l  B  :  A  : :  F  :  E,  ttierefore,  by  the  first  case,  since 
CVA,  FVD,  that  is,  DZ-F.     Therefore,  &c.    Q.  E.  D. 


PROP,  XXII.  THEOR. 

If  there  be  any  number  of  magnitudes,  and  as  many 
others,  which,  taken  two  and  two  in  order,  have  the  same 
ratio  ;  the  first  will  have  to  the  last  of  the  first  magnitudes, 
the  same  ratio  which  the  first  of  the  others  has  to  the  last.* 

First,  let  there  be  three  magnitudes,  A,  B,  C,  and  other  three, 
D,  E,  F,  which,  taken  two  and  ttvo,  in  order,  have  the  same  ratio,  viz. 
A  :  B  : :  D  :  E,  and  B  :  C  : :  E  :  F ;  then  A  :  C  :  :  D  :  F. 

Take  of  A  and  D  any  equimultiples  whatever,  thA,  toD  ;  and  of  B 
and  E  any  whatever,  ??B,nE  :  and  of  C  and  F  any  whutever,  gC,  </F, 


A,    B,    C, 
D,    E,    F, 

mA,  wB,  qC, 
T»D,  nE,  qF. 


Because   A  :  B  :  :  D  :  E,  mA  :  wB  : :  mD :  nE 

(4.  5.) ;  and  for  the  enme  reason,  wB  :  qC  :  :  nE  :, 
^F.  Therefore  (20.  5.),  according;  as  mA  is 
greater  than  gC,  equal  to  it,  or  less,  7/1 D  is  great- 
er than  9F,  equal  to  it  or  less;  but  mA,  mD  are 
any  etiuimultiples  of  A  and  D  ;  and  qC.  q¥  are  any  equimultiples  of  C 
and  F ;  therefore  (def.  5.  5.),  A  :  C  : :  D  :  F. 

Again,  let  there  be  four  mav^nitudes,  and  other  four  which,  taken 
two  and  two  in  order,  have  the  same  ratio,  viz.  A  :  B  : :  E  :  F  j  B  : 
C  :  :  F  :  G;  C  :  D  : :  G  :  H,  then  A  :  D  :  :  E  :  H. 

For  since  A,  B,  C  are   three  mawniludes. 


and  E,  F,  G  other  three,  which,  taken  (wo  A,  B,  C,  I)  | 
and  two,  have  the  same  ratio,  by  the  foretro-  |  E,  F.  G,  H.  ) 
ing  case,  A  :  C  : :  E  :  G.     And  because  also 

C  ;  D  : :  G  :  H,  by  (hat  same  case,  A  :  1)  : :  E  :  H.  In  the  same 
manner  is  the  demon? (ration  extended  to  any  number  of  magoitudes. 
Therefore,  &c.    Q.  E.  I). 


N.  B,  Tlii>  propoJijion  ii  UMially  rited  by  the  words  "  <-\  apfiviali."  or  "ex  aequo' 
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PROP.  XXIII.  THEOR. 

If  there  be  any  number  of  magnitudes,  and  as  many 
others,  which,  taken  two  and  two,  in  a  cross  order,  have  the- 
same  ratio  ;  the  first  will  have  to  the  last  of  the  first  magni- 
tudes the  same  ratio  which  the  first  of  the  others  has  to 
the  last* 

First,  let  there  be  three  magnitudes,  A,  B,  C,  and  other  three,  D, 
E,  and  F,  which,  taken  two  and  two  in  a  cross  order,  have  the  same 
ratio,  viz.  A  :  B  ; ;  E  :  F,  and  B  :  C :  :  D  :  E,  then  A :  C  : ;  D  :  F. 
Take  of  A,  B,  and  D,  any  equimultiples  mA,  mB,  wiDj  and  of  C, 
E,  F  any  equimultiples  nC,  nE,  nF. 

Because  A  :  B  :  :  E :  F,  and  because  also  A :  B  : :  mA  :  mB  (15. 5), 
and  E  :  F  :  :  nK  :  nF;  therefore,  mA  :  mB  :  :  riE  :  wF  (11.  5.). 
As^ain,  because  B  :  C  :  :  D  :  E,  mB :  nC  :  :  mD  : 
nE  (-i.  3.) ;  and  it  has  been  just  shown  that  mA : 
/»iB  :  :  nE  :  nF ;  therefore,  if  mAVnC,  inD'ynF 
{2i.5.) ;  if  ?nA=nC,mD=nP;  and  ifmA/LnC, 
mD^LnF.  Now,  mA  and  m-D  are  any  equimulti- 
ples of  A  and  D,  and  nC,  nF,  any  equimultiples  of  C  and  F:  there- 
fore, A  :  C  :  :  D  :  F  (def.  5.  5.). 

Next,  Let  there  be  four  magnitudes.  A,  B,  C,  and  D,  and  other 
Ibur,  E,F,G,  and  H,  which  taken  two  and  two,  in  a  cross  order,  have 
the  same  ratio,  viz.  A:B::G:H;B:C:: 
F  :  G,and  C  :  D  :  :  E  :  F,  then  A  :  D  : :  E 


A, 

B, 

C, 

D, 

E, 

F, 

mA, 

71lB, 

nC, 

mD, 

nE, 

nF. 

A,  B,  c,  orr 

E.    F,    G,    H,  I 


H.  For,  since  A,  B,  C,  are  three  magnitudes, 
and  F,  G,  H  other  three,  which  taken  two  and 
two,  in  a  cross  order,  have  the  same  ratio,  by  the  first  ease,  A  ;  C  : ; 
F  :  H.  But  C  :  D  : :  E  :  F,  therefore,  again,  by  the  first  case,  A  : 
D  : ;  E  :  H.  In  the  same  manner,  may  the  demonstration  be  extend- 
ed to  any  number  of  magnitudes.    Therefore,  &e.     Q.  E.  D. 

PROP.  XXIV.  THEOR. 

If  the  first  has  to  the  second  the  same  ratio  which  th^ 
third  has  to  the  fourth ;  and  the  fifth  to  the  second,  the 
same  ratio  which  the  sixth  has  to  the  fourth  ;  the  first  and 
fifth,  together,  shall  have  to  the  second,  the  same  ratio 
tvhich  the  third  and  sixth  together,  have  to  the  fourth. 

Let  A  :  B  : :  C  :  D,  and  also  E  :  B  : :  F  :  D,  then  A-f  E  :  B  ;  : 
C+F  :  D. 

Because  E  :  B  :  :  F :  D,  by  inversion,  B :  E  :  :  D  :  F.  But  by  hy- 
pothesis, A  :  B  ;  :  C  :  D, therefore,  ex  eequali  {22.  5.),  A : E : :  C  :  F  : 
and  by  composition  (18.  5.),  xA+E  :  E  :  :  C-j-F-:  F.  And  again  by 
hypothesis,  E  :  B  :  :  F  :  D,  therefore,  ex  fequali  (22,  5.),  A+E  i 
B  :  :  C-f^F  :  D.     Therefore,  &e.     Q.  E.  D. 

«N.  B.  This  proposition  is  usually  fitid  by  the  word^  "  «  aeq'ia'i  in  proportiOhe  ]|ertut> 
fcata:"  or,  '■' px  arquo  inversely,'' 

Q 
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PROP.  E.  THEOR. 

If  four  magnitudes  be  proportionals,  the  sum  of  the  first 
two  is  to  their  difference  as  the  sum  of  the  other  two  to 
their  difference. 

Let  A  :  B  : :  C  :  D ;  tlie»  if  A  VB, 

A-f-B  :  A— B  : :  C+D  :  C— D;  orif  A/^B 
A+B  :  B— A  : :  C+D  :  D— C. 

For,  if  AVB,  then  because  A  :  B  : :  C  :  D,  by  division  (17.  5.). 
A— B  :  B  : :  C-— D  :  D,  and  by  inversion  (A.  5.)> 
B  :  A — B  :  ;  D  :  C— D.     But,  by  composifion  (18.  3.), 
A+B  :  B  : :  C+D  :  D,  therefore,  ex  sequali  (22. 5.), 
A+B  :  A— B  : :  C+D  :  C— D. 

In  the  same  manner,  if  Bv A,  it  is  proved,  that 
A 4-6  :  B~A :  :  C  +D  :  D— C     Therefore,  &e. 

Q.E.D. 

PROP.  F.  THEOR. 

Ratios  which  are  compounded  of  equal  ratios,  are  equal 
to  one  another. 

Let  the  ratios  of  A  to  B,  and  of  B  to  C,  which  compound  the  ratio 
of  A  to  C,  be  equal,  each  to  each,  to  the  ratios  of  D  to  E,  and  E  to  F, 
which  compound  the  ratio  of  D  to  F,  A  :  C  : :  D :  F. 

For,  first,  if  the  ratio  of  A  to  B  be  equal  to 
that  of  D  to  E,  and  the  ratio  of  B  to  C  equal  lo 
that  of  E  to  F,  ex  sequali  (22. 5.),  A  :  C  : :  D  :  F. 


A,    B,    C,     I 
D,    E,    F,     I 

And  next,  if  the  ratio  of  A  to  B  be  equal  to  that  of  E  to  F,  and 
the  ratio  of  B  to  C  equal  to  that  of  D  to  E,  ex  sequali  inversely  (23. 
5.),  A :  C  :  :  D  :  F.  In  the  same  manner  may  the  proposition  be 
demonstrated,  whatever  be  the  number  of  ratios.  Therefore,  &c 
Q.  E.  D. 


SLSMSNTS 
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I^EFINITIONS. 
I. 

SIMILAR  rectilineal  fisjnreg 
are  those  which  have  their 
several  angles  equal,  each  t6 
each,  and  the  sides  about  t^e 
equal  angles  proportionals, 

II. 

Two  sides  of  one  figure  are  said  to  be  reciprocally  proportional  to  two 
sides  of  another,  when  one  of  the  sides  of  the  first  is  to  one  of  the 
sides  of  the  second,  as  the  remaining  side  of  the  second  is  to  the  re- 
maining side  of  the  first. 

III. 

A  straight  line  is  said  to  be  cut  in  extreme  and  mean  ratio,  when  the 
whole  is  to  the  greater  segment,  as  the  greater  segment  is  to  the  less^ 

IV. 

The  altitude  of  any  figure  is  the  straight  line 
drawn  from  its  vertex  perpendicular  to  the 
kase. 


PROP.  I.  THEOR. 

Triangles  and  parallelograms,  of  the  same  altitude,  are 

one  to  another  as  their  bases. 

Let  the  triangles  ABC,  ACD,  and  the  parallelograms  EC,  CF  have 

the^^arae  altitude,  viz.  the  perpendicular  drawn  from  the  point  A 

to  BD ;  Then,  as  the  base  BC,  is  to  the  base  CD,  go  is  the  triangle 
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ABC  to  (lie  triangle  ACD,  and  the  parallelogram  EC  to  tl»e  parallela- 
gram  CF. 

Produce  BD  both  ways  to  the  points  H,L,  and  take  any  numbf^r  of 
straight  lines  BG,  GH,  each  equal  to  the  base  BC  ;  and  DK,  KL,  any 
number  of  them,  each  equal  to  the  base  CU;  and  join  AG.  AH.  AK, 
AL.  Then, because  CB,  BG,  GH  are  all  equal,  the  triangles  AHG, 
AGE,  ABC  are  all  equal  (38.  1.):  Therefore,  whatever  multiple  the 
base  HC  is  of  the  base  BC,  the  same  multiple  is  the  triangle  AHC  of 
the  triangle  ABC.  For  the  same  reason,  whatever  multiple  the  ba«« 
LC  is  of  "the  base  CD,  the 
same  multiple  is  the  tri-  —     ^ 

angle  ALC  of  the  triangle 
ADC.  Bat  if  the  base 
HC  be  equal  to  the  base 
CL,  the  triangle  AHC  is 
also  equal  to  the  triangle 
ALC  (38.  1.):  and  if 
the  base  HC  be  greater 
than  the  base  CL,  like- 
wise the  triangle  AHC  is 

greater  than  the  triangl**  ALC :  and  if  less,  less.  Therefore,  since 
there  are  four  magnitudes,  viz.  the  two  bases  BC,  CD,  and  the  two 
triangh's  ABC,  ACD ;  and  of  the  base  BC  and  the  triangle  ABC,  the 
first  and  third,  any  equimultiples  whatever  have  been  taken,  viz.  the 
base  HC,  and  the  triangle  AHC ;  and  of  the  base  C  D  and  triangle  ACD, 
the  second  and  fourth,  have  been  taken  any  equimultiples  whatever, 
viz.  the  base  CL  and  triangle  ALC  ;  and  since  it  has  been  shown,  that 
if  the  base  HC  be  greater  than  the  base  CL,  the  triangle  AHC  is 
greater  than  the  triangle  ALC;  and  if  equal,  equal;  and  if  less,  less: 
Therefore  (def.  5.  5.)  as  the  base  BC  is  to  the  base  CD,  so  is  the  tri- 
angle ABC  to  the  triangle  ACD. 

And  because  the  parallelogram  CE  is  double  of  the  triangle  ABC 
(41.1.),  and  the  parallelogram  CF  double  of  the  triangle  ACD,  and 
because  magnitudes  have  the  same  ratio  which  their  equimultiples 
have  (15.  5.);  as  tlie  triangle  ABC  is  to  the  triangle  ACD,  so  is  the 
parallelogram  EC  to  the  parallelogram  CF.  And  because  it  has  been 
shown,  that,  as  the  base  BC  is  to  the  base  CD,  so  is  the  triangle  ABC 
to  the  triangle  ACD:  and  as  the  triangle  ABC  to  the  triangle  ACD, 
so  is  the  parallelogram  EC  to  the  parallelogram  CF;  therefore,  as 
the  base  BC  is  to  the  base  CD,  so  is  (ll.  5.)  the  parallelogram  EC 
to  the  parallelogram  CF.     Wherefore  triangles,  &e.    Q.  E.  D. 

Coa.  From  this  it  is  plain,  that  triangles  and  parallelograms  that 
have  equal  altitudes,  are  to  one  another  as  their  bases. 

Let  the  tigures  be  placed  so  as  to  have  their  bases  in  the  same 
straight  line;  and  having  drawn  perpendiculars  from  the  vertices  of 
the  triangles  to  the  bases,  the  straight  line  which  joins  the  vertices  is 
parallel  to  that  in  which  their  bases  are  (33.  1.).  because  the  per- 
pendienlars  are  both  equal  and  parallel  to  one  another.    Then  if  th? 
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^arae  construction  be  made  as  in  the  proposition,  the  demonstration 
will  be  the  same.  , 

PROP.  II.  THEOR. 

If  a  straight  line  be  drawn  parallel  to  one  of  the  sides 
of  a  triangle,  it  will  cut  the  other  sides,  or  the  other  sides 
produced,  proportionally :  And  if  the  sides,  or  the  sides 
produced,  be  cut  proportionally,  the  straight  line  which 
joins  the  points  of  section  will  be  parallel  to  the  remaining 
side  of  the  triangle. 

Let  DE  be  drawn  parallel  to  BC,  one  of  the  sides  of  the  triangle 
ABC:  BD  is  to  DA, as  CE  toEA. 

Join  BE,  CD ;  then  the  triani^le  BDE  is  equal  to  the  triangle  CDE 
(37.  1.),  because  they  are  on  the  same  base  DE,  and  between  the 
same  parallels  DE,  BC:  hut  ADE  is  another  triangle,  and  equal 
magnitades  have,  to  the  same,  the  same  ratio  (7.  5.) ;  therefore,  as 
the  triangle  BDE  to  the  triangle  ADE,  so  is  the  triangle  CDE  to  the 
triangle  ADE ;  but  as  the  triangle  BDE  to  the  triangle  ADE,  so  is 
(1. 6.)  BD,  to  DA,  because  having  the  same  altitude,  viz.  the  perpen- 
dicular drawn  from  the  point  E  to  AB,  they  are  to  one  another  as 
their  bases ;  and  for  the  same  reason,  as  the  triangle  CDE  to  the  tri- 
angle ADE,  so  is  CE  to  EA.  Therefore,  as  BD  to  DA,  so  is  CE  to 
EA(ii.  5.). 

Next,  let  the  sides  AB,  AC  of  the  triangle  ABC,  or  these  sides 


produced,  be  cut  proportionally  in  the  points  D,  E,  that  is,  so  that 
BD  be  to  DA,  as  CE  to  E  A,  and  join  DE  ;  DE  is  parallel  to  BC. 

The  same  construction  being  made, because  as  BD  to  DA,  so  is  CE 
to  E A ;  and  as  BD  to  DA,  so  is  the  triangle  BDE  to  the  triangle  ADE 
(1.  6.);  and  as  CE  to  EA,  so  is  the  triangle  CDE  to  the  triangle 
ADE ;  therefore  the  triangle  BDE  is  to  the  triangle  ADE,  as  the  tri- 
angle CDE  to  the  triangle  ADE ;  that  is,  the  triangles  BDE,  CDE 
have  the  same  ratio  to  the  triangle  ADE;  and  therefore  (9.  5.)  the 
triangle  BDE  is  equal  to  the  triangle  CDE :  And  they  are  on  the  same 
base  DE ;  bat  equal  triangles  ou  the  same  base  are  between  the 
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same  parallels  (39.  1.);  therefore  DE  is  parallel  to  BC.  Wherefore, 
if  a  straight  line,  &c.    Q.  E.  D. 

PROP.  III.  THEOR. 

If  the  angle  of  a  triangle  be  bisected  by  a  straight  line 
which  also  ctits  the  base  ;  the  segments  of  the  base  shall 
have  the  same  ratio  which  the  other  sides  of  the  triangle 
have  to  one  another :  And  if  the  segments  of  the  base  have 
the  same  ratio  which  the  other  sides  of  the  triangle  have 
to  one  another,  the  straight  line  drawn  from  the  vertex  to 
the  point  of  section,  bisects  the  vertical  angle. 

Let  the  angle  BAC,of  any  trianajle  ABC,  be  d  vided  into  two  equal 
an!i;les,  by  the  straight  line  AD :  BD  is  to  DC  as  BA  to  AC. 

Through  the  point  C  draw  CE  parallel  (31.1.)  to  DA,  and  let  BA 
produced  meet  CE  in  E.  Because  the  straight  line  AC  meets  the 
parallels  AD,  EC,  the  angle  ACE  is  equal  ^o  the  alternate  angle 
CAD  (29.  l);  But  CAD,  by  the  hypothesis,  is  equal  to  the  angle 
BAD ;  wherefore  BAD  is  equal  to  the  angle  ACE.  Again,  because  the 
straight  line  BAE  meets  the  paral- 
lels AD,  EC,  the  exterior  an^e 
BAD  i»  equal  to  the  interior  and 
opposite  angle  AEC  :  But  the  angle 
ACE  has  been  proved  equal  to  the 
angle  BAD ;  therefore  also  ACE  is 
equal  to  lite  angle  AEC,  and  conse- 
quently the  side  AE  is  equal  to  the 
side  (fi.  1.)  AC.  And  because  AD 
is  drawn  parallel  to  one  of  the  sides 
of  the  triangle  BCE,  viz.  to  EC, 
BD  is  to  DC,  as  BA  to  AE  (2.  6.) ; 

hut  AE  is  equal  to  AC;  therefore,  as  BD  to  DC,  so  is  BA  to  AC 
(7.  5.). 

Next,  let  BD  lie  to  DC,  as  B  A  to  AC,  and  join  AD :  the  angle  BAC 
is  divided  into  two  equal  angles,  by  the  straight  line  AD. 

Tlie  same  conslruction  being  made;  because,  asBD  to  DC,  so  is 
BA  to  AC;  and  as  BD  to  DC,  so 
is  BA  to  AE  {2.  6.),  because  AD 
is  parallel  to  EC ;  therefore  AB 
is  to  AC,  as  AB  to  AE  (ll.  5.): 
Consequently  AC  is  equal  to  AE 
(9.  5.),  and  the  angle  AKC  is 
therefore  equal  to  the  angle  ACE 
(5.  1.).  But  the  angle  AEC  is 
equal  to  the  exterior  and  oppo- 
site angle  BAD;  and  the  angle 
ACE  is  equal  to  the  alternate  an- 
gle CAD  (29. 1.) :  Wherefore  also  the  angle  BAD  is  equal  to  the  an. 
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gjle  CAD :  Therefore  the  angle  BAG  is  cut  into  two  equal  angles  by 
5ie  straight  line  AD.    Therefore,  if  the  angle,  &c.  Q.  E.  D. 

PROP.  A.  THEOR. 

If  thc5  exterior  angle  of  a  triangle  be  bisected  by  a 
Straight  line  which  also  cuts  the  base  produced ;  the  seg- 
ments between  the  bisecting  line  and  the  extremities  of 
the  base  have  the  same  ratio  which  the  other  sides  of  the 
triangles  have  to  one  another  :  And  if  the  segments  of  the 
base  produced  have  the  same  ratio  which  the  other  sides 
of  the  triangle  have,  the  straight  line,  drawn  from  the  ver- 
tex to  the  point  of  section,  bisect  the  exterior  angle  of  the 
triangle. 

Let  theexteriorangleOAE,of  any  triangle  ABC,  be  bisected  by  the 
straight  line  AD  which  meets  the  base  produced  in  D ;  BD  is  to  DC, 
as  BA  to  AC. 

Through  C  draw  CF  parallel  to  AD  (34.  l.);  and  because  the 
straight  line  AC  nieets  the  parallels  AD,  FC,  the  angle  ACF  is  equal 
to  the  alternate  angle  CAD  (29.  1.):  But  CAD  is  equal  to  the  angle 
DAE  (Hyp.) :  therefore  also  DAE  is  equal  to  the  angle  ACF^  Again, 
because  the  straight  line  FAE  meets  the  parallels  AD,  FC  the  exte- 
rior angle  DAE  is  equal  to  the  interior  and  opposite  angle  CFA :  But 
the  angle  ACF  has  been  prov- 
ed to  be  equal  to  the  angle 
DAE ;  therefore  also  the  angle 
ACF  is  equal  to  the  angle  CFA, 
and  consequently  the  side  AF 
is  equal  to  the  side  AC  (6.  1.); 
and,  because  AD  is  parallel  to 
FC,  a  side  of  the  triangle  BCF, 
BD  is  to  DC,  as  BA  to  AF  (2.  f 
6.);  but  AF  is  equal  to  AC; 
therefore  as  BD  is  to  DC,  so  is  BA  to  AC. 

Now  let  BD  be  to  DC,  as  BA  to  AC,  and  join  AD ;  the  angle  CAD 
is  equal  to  the  angle  DAE. 

The  same  construction  being  made,  because  BD  is  to  DC,  as  BA 
to  AC  :  and  also  BD  to  DC,  as  B  A  to  AF  {2.  G.) ;  therefore  BA  is  to 
AC,  as  BA  to  AF  (ll.  5.) ;  wherefore  AC  is  equal  to  AF  (9.  5.),  and 
the  angle  AFC  equal  (5.1.)  to  the  angle  ACF:  but  the  angle  AFC 
is  equal  to  the  exterior  angle  EAD,  and  the  angle  ACF  to  the  alter- 
nate angle  CAD;  therefore  also  EAD  is  equal  to  the  angle  CAD. 
Wherefore,  if  the  exterior,  &c.  Q,  E.  D. 

PROP,  IV,  THEOR. 

The  sides  about  the  equal  angles  of  equiangular  trian- 
gles are  proportionals :  and  those  which  are  opposite  to 
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the  equal  angles  are  homologous  sides,  that  is,  are  the  an- 
tecedents or  consequents  of  the  ratios. 

Let  ABC,  DCE,  be  fequianajular  triangles,  having  the  angle  ABO 
equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle  D'^EC,  and 
consequently  (32.  1.)  the  angle  BAC  equal  to  the  angle  CDE.  The 
sides  about  the  equal  angles  of  the  triangles  ABC,1)CE  are  propor- 
tionals; and  those  are  the  homologous  sides  which  are  opposite  to 
the  equal  angles. 

Let  the  triangle  DCE  be  placed,  so  that  its  side  CE  may  he  conti- 
guous to  BC,andin  the  same  straight  line  with  it:  And  because  the 
angles  ABC,  ACB  are  together  less  than  two  right  angles  (17.1.),  ABC 
and  DEC,  which  is  equal  to  ACB,  are  al- 
so less  than  two  right  angles:  wherefore 
BA,ED  produced  shall  iner-t  (Cor.  29.  1.); 
let  them  be  produced  and  meet  in  the 
point  F;  and  because  the  aa^Ie  ABC  is 
equal  to  the  angle  DCE,  BP  is  parallel 
(28.  1.)  to  CD.  Again,  because  the  an- 
gle ACB  isequHl  to  the  angle  DEC,  AC  is 
pi>rallel  to  FE  (28.  1.):  Therefore FACD 
is  a  parallelogram ;  and  coosequenily  AF 
is  equal  to  CD,  and  AC  to  FD  (34.  I.) : 
And  because  AC  is  parallel  to  FE,  one  of  the  sides  of  the  triangle 
FBE,BA:  AF  -  BC  :  CE  (2.  6^:  but  AF  is  equal  to  CD;  there- 
fore (7.  5.),  BA  :  CD  ::  BC  :  CE;  and  alternately,  BA  :  BC  :  DC 
••  CE  (1«.  5.) :  Again,  because  CD  is  parallel  to  BF,  BC  :  CE  ** 
FD  :  DE  (2.  6.);  but  FD  is  equal  to  AC;  therefore  BC  :  CE  ',\  AC 
:  DE  :  and  alternately,  BC  :  CA  **  CE:ED.  Therefore,  because 
it  has  been  proved  that  AB :  BC  ;:  DC :  CE  ;  and  BC  :  CA  ;;  CE  : 
ED,  ex  fequali,  BA  :  AG  :  :  CD  :  DE.  Therefore  the  sid'os,  4e. 
Q.  E.  D. 


PROP.  V.  THEOR. 

If  the  sides  of  two  triangles,  about  each  of  their  angles^ 
be  proportionals,  the  triangles  shall  be  equiangular,  and 
have  their  equal  angles  opposite  to  the  homologous  sides. 

Let  the  triangles  ABC,DEF  have  their  sides  proporlionals,  so  that 
AB  is  to  BC,  as  DE  to  EF;  and  BC  to  CA,  as  EF  to  FD ;  and  con- 
sequently, ex  asquali,  BA  to  AC,  as  ED  to  DF;  the  triangle  ABC  is 
equiangular  to  the  triangle  DEF,  and  their  equal  angles  are  opjiosite 
to  i\\e  homologous  siiles,  viz.  the  anule  ABC  being  equal  to  the  angle 
DEF,  and  BCA  to  EFD,  and  also  BAC  to  EDF. 
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At  the  points  E,  F,  in  the 
"straight  line  EF,  make  (23.  1.) 
tlie  angle  FEG  equal  to  the  an* 
gle  ABC,  and  the  angle  EFG  e- 
qual  to  BCA,  Mherefore  the  re- 
maining angle  BAG  is  equal  to 
the  remaining  angle  EGF  (33. 1.), 
and  the  triangle  ABC  is  there- 
fore equiangular  to  the  triangle 
GEF;  and  consequently  the", 
have  their  sides  opposite  to  the 
equal  angles  proportionals  (4.  6.).    Wherefore, 

AB  :  BC  ::  GE  :  EF;  but  by  supposition, 
AB  :  BC  ::  DE  :  EF,  therefore, 

DE  :  EF  ::  GE  :  EF.      Therefore  (ll.  5.)  DE  and  GA 
have  the  same  ratio  to  EF,  and  consequently  are  equal  (9.  5.)^    For. 
the  same  reason,  DF  is  equal  to  FG :  And  because,  in  the  triangles 
DEF,  GEF,  DE  is  equal  to  EG,  and  EF  common,  and  also  the  base 
DF  equal  to  the  base  GF;  therefore  the  angle  DEF  is  equal  (8. 1.) 
to  the  angle  GEF,  and  the  other  angles  to  the  other  angles,  which  aro, 
subtended  by  the  equal  sides  (4.  1,).     Wherefore  tlie  angle  DFE  is 
equal  to  the* angle  GFE,  and  EDF  to  EGF:  and  because  the  angle 
DEF  is  equal  to  the  angle  GEF,  and  GEF  to  the  angle  ABC ;  there- 
fore the  angle  ABC  is  equal  to  the  angle  DEF :  For  the  same  reason, 
the  angle  ACBis  equal  to  the  angle  DFE,  and  the  angle  at  A  to  the 
angle  at  D.     Therefore  the  triangle  ABC  is  equiangular  to  the  trian* 
gle  DEF.    Wherefore,  if  the  sides,  &c.    Q.  E.  D. 

PROP.  VI.  THEOE. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  the  equal  angles 
proportionals,  the  triangles  shall  be  equiangular,  and  shall 
have  those  angles  equal  which  are  opposite  to  the  homo= 
logous  sides. 

Let  the  triangles  ABC,  DEF  have  the  angle  BAC  in  the  one  equal 
to  the  angle  EDF  in  the  other,  and  the  sides  about  those  angles  pro^ 
portionals;  thatis,BAtoAC,asEDtoDF;  the  triangles  ABC,  DEF 
are  equiangular,  and  have  the  angle  ABG  equal  to  the  angle  DBF, 
and  ACB  to  DFE. 

At  the  points  D,  F,  is 
the  straight  line  DF,  make 
(33.  1.)  the  angle  FDG  e- 
qual  to  either  of  the  angles 
BAC,  EDF ;  and  the  angle 
DFG  equal  to  the  angle 
ACB;  wherefore  the  re- 
maining angle  at  B  is  equal 
to  the  remaining  one  at  G 
^32.   1.>,  and  consequently 
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the  triangle  ABC  is  equiangular  to  the  triangle  DGF;  and  therefore 
BA  :  AC  ::  GD  (4.  6.) :  DF.     But  by  hypothesis, 
BA  :  AC  ::  ED  :  DF;  and  therefore 

ED  :  DF  ::  GD  :  (11.5.)  DF;  wherefore  ED  is  equal  (9.  5.) 
toDG:  and  DF  is  common  to  the  two  triangles  EDF,  GDF:  there- 
fore the  two  sides  ED,  DF  are  equal  to  the  two  sides  GD,  DF;  but 
the  angle  EDF  is  also  equal  to  the  angle  GDF ;  wherefore  the  base 
EF  is  equal  to  the  base  FG  {-i.  1.),  and  the  triangle  EDF  to  the  tri- 
angle GDF,  and  the  remaining  angles  to  the  remaining  angles,  each 
to  each,  which  are  subtended  b^the  equal  sides:  Therefore  the 
angle  DFG  is  equal  to  the  angle  DFE,  and  the  angle  at  G  to  the  angle 
atE  :,  But  the  angle  DFG  is  equal  to  the  angle  ACB;  therefore  the 
angle  ACB  is  equal  the  angle  DFE,  and  ihe  angle  BAC  is  equal  to  the 
angle  EDF  (Hyp.)  ;  wherefore  also  the  remaining  angle  at  B  is  e(jual 
to  the  remaining  angle  at  E.  Therefore  the  triangle  ABC  is  equian- 
gular to  the  triangle  DEF.  Wherefore,  if  tw  o  triangles,  &c.  Q.  E.  D. 

PROP.  \  II.  THEOR. 

If  two  triangles  have  one  angle  of  the  one  equal  to  one 
angle  of  the  other,  and  the  sides  about  two  other  angles 
proportionals,  then,  if  each  of  the  remaining  angles  be 
either  less,  or  not  less,  than  a  right  angle,  the  triangles, 
shall  be  equiangular,  and  have  those  angles,  equal  about 
which  the  sides  are  proportionals. 

Let  the  two  triangles  ABC,  DEFhave  one  angle  in  the  one  equal  to 
one  angle  in  the  other,  viz.  the  angle  BAC  to  the  angle  EDF,  and  the 
.  sides  about  two  other  angles  ABC,  DEF  proportionals,  so  that  AB  i  s 
toBC,  as  DE  to  EF;  and,  in  the  lirst  case,  let  each  of  the  remaining 
angles  at  C,  F,  be  less  than  a  right  angle.  The  triangle  ABC  is  equi- 
angular to  the  triangle  DEF,  that  is,  the  angle  ABC  is  equal  to  the  an 
gle  DEF,  and  the  remaining  angle  at  C  to  the  remaining  angle  at  F. 
For,  if  the  angles  ABC,  DEF  be  not  equal,  one  of  them  is  greater 
than  the  other:  Let  ABC  be  the  greater,  and  at  the  poiut  B,  iu  the 
straight  line  AB,  make  the  angle 
ABG  equal  to  the  angle  (SiJ.  1.)  /^ 

DEF :  and  because  the  angle  at  A 
is  equal  to  the  an?;le  atD,  and  the 
angle  ABG  to  the  angle  DEF ;  the 
remaining  angle  AGB  is  cijual 
(32.  1.)  to  the  remsiining  angle 
DFE:  Therefore  the  triangle 
ABGisequiangular  to  the  triangle 
DEF; 

wherefore  (4.  0.),    AB  :  BG  "  DE  :  EF;  but, 
hy  hypothesis,  DE  :  EF  ::  AB  :  BC, 

therefore,  AB  :  BC  i:  AB  :  BG  (11.  5.) 
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and  because  AB  has  the  same  ratio  to  each  of  the  lines  BC,BC^;  BC 
is  eqnal  (9. 5,)  to  BO,  and  therefore  the  angle  BGC  is  equal  to  the  an- 
gle BCG  (6. 1.) :  But  the  angle  BCG  is,  b^  hypothesis,  less  than  a 
right  angle;  therefore  also  the  angle  BGC  is  less  than  a  right  angle, 
and  the  adjacnt  angle  AGB  must  be  greater  than  a  right  angle  (13. 1.) 
But  it  was  proved  that  the  angle  AGB  is  equal  to  the  angle  atF;  there- 
fore the  angle  at  F  is  greater  than  a  right  angle :  But  by  the  hypothe- 
sis, it  is  less  than  a  right  angle ;  which  is  absurd.  Therefore  the  an- 
gles ABC,  D/JF  are  not  unequal,  that  is,  they  are  equal:  Andthe  an- 
gle at  A  is  efjujii  to  the  angle  at  D ;  wherefore  the  remaining  angle  at 
(3  is  equal  to  th  remaining  angle  at  F :  Therefore  the  triangle  ABC 
is  equiangular  to  the  triangle  DEF. 

Next,  let  each  of  the  angles  at  C,  F  be  not  less  than  a  right  angle ; 
the  triangle  ABC  is  also,in  this  case,  equiangular  to  the  triangle  DEF. 

The  same  construction  being  made,  it  may  be  proved,in  like  man- 
ner, that  BC  is  equal  to  BG 
and  the  angle  at  C  equal  to 
the  angle  BGC:    But  the  an- 
gle  at  C  is  not  less  than  a 
right  angle ;  therefore  the  an- 
gle BGC  is  not  less  than  a 
right  angle :    Wherefore,  two 
a.gles  of  the  triangle  BGC  are 
together  not  less  than  two  right  angles,  which  is  impossible  (17. 1.) ; 
and  therefore  the  triangle  ABC  may  be  proved  to  be  equiangular  to 
the  triangle  DEF,  as  in  the  first  case. 

PROP.  VIII.  THEOR. 

la  a  right  angled  triangle  if  a  perpendicular  be  drawn 
from  the  right  angle  to  the  base ;  the  triangles  on  each 
side  of  it  are  similar  to  the  whole  triangle,  and  to  one 
another. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle  B  AC ; 
and  from  the  point  A  let  AD  be  drawn  perpendicular  to  the  base  BC  : 
the  triangles  ABD,  ADC  are  similar  to  the  whole  triangle  ABC,  and 
to  one  another. 

Because  the  angle  BAG  is  equal  to  the  angle  ADB,  each  of  them 
being  a  right  angle,  and  the  angle 
at  B  common  to  the  two  triangles 
ABC,  ABD ;  the  remaining  angle 
ACB  is  equal  to  the  remaining  an- 
gle BAD  (32.  1.):  therefore  the 
triangle  ABC  is  equiangular  to  the 
triangle  ABD,  and  the  sides  about 
their  equal  angles  are  proportion- 
als (4.  6.);  wherefore  the  triangles  are  similar  (def.  l.  6.).  In  the 
like  manner,  it  may  be  demonstrated,  that  the  triangle  ADC  is  equian- 
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giilar  anil  similar  to  the  triangle  ABC :  and  the  triangles  ABD,  ADC, 
"being  each  equiangular  and  similar  to  ABC,  are  equiangular  and  simi- 
lar to  one  another.    Therefore,  in  a  right  angled,  &c.  Q.  E.  D. 

Cor.  From  this  it  is  manifest,  that  the  perpendicular  drawn,  from 
the  right  angle  of  aright  angled-triangle,  tothehase,  is  a  mean  pro- 
portional between  the  segments  of  the  base;  andalsothateachof  the 
sides  is  a  mean  proportional  between  the  base,  and  its  segment  adja- 
cent to  that  side.    For  in  the  triangles  BDA,  ADC, 

BD  :  [)A::  da  :  DC  (4.  6.);  and  in  the 
triangles  ABC,  BDA,  BC  :  BA  ::  BA  :  BD  (4.  6..) ;  and  in  the 
triangles  ABC,  ACD,  BC  :  CA  *.:  CA  :  CD  (4,  6.). 

PROP.  IX.  PROB. 

From  a  given  straight  line  to  cut  oif  any  part  required, 
that  is,  a  part  which  shall  be  contained  in  it  a  given  num- 
ber of  times. 

Let  AB  be  the  given  straight  line ;  it  is  required  to  cut  off  from 
AB,  a  part  which  shall  be  contained  in  it  a  given  number  of  times. 

From  the  point  A  draw  a  straight  line  AC  making  any  auj^le  with 
AB ;  and  in  AC  take  any  point  D,  and  take  AC 
such  that  it  shall  contain  AD,  as  oft  as  AB  is  to 
contain  the  part,  which  is  to  be  cut  off  from  it ; 
join  BC,  and  draw  DE  parallel  to  it:  then  AE 
is  the  part  required  to  be  cut  off. 

Because  ED  is  parallel  to  one  of  the  sides 
of  the  triangle  ABC,  viz.  to  BC,  CD  :  DA  :; 
DE  :  EA  {2.  6.);  and  by  composition  (18.  5.), 
CA  :  AD  ::  BA  :  AE  :  But  CA  is  a  multiple 
of  AD;  therefore  (C.  5.)  BA  is  the  same 
multiple  of  AE,  or  contains  AE  the  same  num- 
ber of  times  (hat  AC  contains  AD ;  and  there- 
fore, whatever  part  AD  is  of  AC,  AE  is  the  same  of  AB ;  wherefore, 
from  the  straight  line  AB  the  part  required  is  cut  off.  Which  was  to 
he  done. 

PROP.  X.  PROB. 

To  divide  a  given  straight  line  similarly  to  a  given 
divided  straight  line,  that  is,  into  parts  that  shall  have  the 
same  ratios  to  one  another  which  the  parts  of  the  divided 
given  straight  line  have. 

Let  AB  be  the  straight  line  given  to  he  divided,  and  AC  the  divided 
line ;  it  is  required  to  divide  AB  similarly  to  AC. 

Let  AC  be  divided  into  the  points  D,  E  ;  and  let  AB,  AC  be  placed 
so  as  to  contain  any  angle,  and  join  BC,  and  through  the  points  D,E, 
draw  (.SI.  1.)  DF,  EG,  parallel  to  BC;  and  through  D  draw  DHK, 
parallel  to  AB5  therefore  each  of  the  figures  FH,  HB,is  a  paraUelo* 
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•aaram:  wlrtrcfore  DH  is  equal  (34. 1.)  to 
¥G,  and  HK  to  GB :  and  because  HE  is 
parallel  to  KG,  one  of  the  sides  of  the  tri- 
angle DKC,CE:  ED  ••  (2.  6.)  KH  :  HD  : 
But  KH=BG,  and  HD=GP;  therefore 
CE  :  ED  ::  BG*:  GF  :  Again,  because 
FD  is  parallel  to  EG,  one  of  the  sides  of 
the  triangle  AGE,  ED  :  DA  :  GF  :  FA  : 
But  it  has  been  proved  that  CE  :  ED  ^^ 
BG  :  GF;  therefore  the  given  straight  line 
AB  is  dividedsimilarly  to  AC.  Which  was 
to  be  done. 

PROP.  XI.  PROB. 

To  find  a  third  proportional  to  two  given  straight  lines. 

Let  AB,  AC  be  the  two  given  straight  lines,  and  let  them  be  placed 
•so  as  to  contain  any  angle ;  it  is  requir-       ^ 
ed  to  find  a  third  proportional  to  AB 
AC. 

Produce  AB,  AC  to  the  points  D,E; 
and  make  BD  equal  to  AC ;  and  having 
joined  BC,  through  D  draw  DE  parallel 
to  it  (31. 1.). 

Because  BC  is  parallel  to  DE,  a  side 
of  the  triangle  ADE,  AB  :  (2.  6.)  BD  *• 
AC  :  CE;  but  BD=AC  :  therefore  AB: 
AC  :  :  AC  :  CE.  Wherefore  to  the  two 
given  straight  lines  AB,  AC  athird  proportional,  CE  is  found.  Which 
was  to  be  done. 

PROP.  XII.  PROB. 

To  find  a  fourth  proportional  to  three  given  straight  lines. 

Let  A,  B,  C  be  the  three  given  straight  lines ;  it  is  required  to  find 
a  fourth  proportional  to  A,  B,  C. 

Take  two  straight  lines  DE,  DF,  containing  any  angle  EDF ;  and 
upon  these  make  DG  equal  to  A,  GE  equal  to  B  and  DH  equal  to  C ; 
i!ud  having  joined  GH,  draw  EF  parallel  (31. 1.)  to  it  through  the 
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point  E.  And  beeause  GH  is  parallel  to  EF,  one  of  the  sides  of  the 
trian-Ie  DEF,  DG  :  GE  ;:  DH  :  HF  (3.  fi.) ;  but  DG=A,  GE  =  B, 
and  DH=C;  and  therefore  A  :  B  :.*  C  :  HF.  Wherefore  to  the  three 
ffiven  straight  lines,  A,  B,  C,  a  fourth  proportional  HF  is  found. 
"Which  was  to  be  done. 

PROP.  XIII.  PROB. 

To  find  a  mean  proportional  between  two  given  straight 

lines. 

Let  AB,  BC  be  the  two  given  straight  lines ;  it  is  required  to  find  a 
mean  proportional  between  them. 

Place  AB,  BC  in  a  straight  line,  and  upon  AC  describe  the  semicir- 
cle ADC,  and  from  the  point  B 
(11.  1.)  draw  BD  at  right  angles 
toAC,  a.idjoin  AD,DC. 

Because  the  angle  ADC  in  a  se- 
micircle is  a  right  angle  (31.  3.) 
and  because  in  the  right  angled 
triangle  ADC,  DB  is  drawn  fVom 
the  right  angle,  perpendicular  to  a 
the  base,  DB  is  a  mean  propor- 
tional between  AB,  BC,  the  segments  of  the  base  (Cor.  8. 6.) ;  there- 
fore between  the  two  given  straight  lines  AB,  BC,  a  mean  proportion- 
al DB  is  found.     Which  was  to  be  done. 

PROP.  XIV.  THEOR. 

Equal  parallelograms  which  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  have  their  sides  about  the 
equal  angles  reciprocally  proportional :  And  parallelo- 
grams which  have  one  angle  of  the  one  equal  to  one  an- 
gle of  the  other,  and  their  sides  about  the  equal  angles  re- 
ciprocally proportional,  are  equal  to  one  another. 

Let  AB,  BC  be  equal  paralle- 
lograms, which  have  the  angles 
at  B  equal,  and  let  the  sides  DB, 
BE  be  placed  in  the  same  straight 
line;  wherefore  also  FB,  BG 
are  in  one  straight  line  (14.  1.) : 
the  sides  of  the  parallelograms 
AB,  BC,  about  the  equal  angles, 
are  reciprocally  proportional ; 
that  is,  DB  is  to  BE,  as  GB  to 
BF. 

Complete  the  parallelogram  FE;  and  because  the  parallelograms 
AB,  BC  are  equal,  and  FE  is  another  parallelogram, 
AB:FB::BC:FE(7.iJ.); 
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but  because  the  parallelograms  AB,  FE  have  the  same  altitude, 
AB  :  f' E  ::  DB  :  BE  (l.  6.),  also, 
BC  :  FE  ::  GB  :  BP  (l.  6.);  therefore 
DB  :  BE  ::  GB  :  BF  (ll.  15.).  Wherefore,  the  sides 
of  the  parallelograms  AB,  BC  about  their  equal  angles  are  recipro- 
cally proportional. 

IBut,  let  the  sides  about  the  equal  angles  be  reciprocally  propor- 
tional, viz.  as  DB  to  BE,  so  GB  to  BF;  the  parallelogram  AB  is 
equal  to  the  parallelogram  BC. 

Because,  DB  :  BE  ::  GB  :  BF,  and  DB  :  BE  "  AB  :  FE,  and 
GB  :  BF  ::  BC  :  EF,  therefore,  AB  :  FE  ::  BC  :  FE  (ll.  5.): 
Wherefore  the  parallelogram  AB  is  equal  (9. 5.)  to  the  parallelogram 
BC.    Therefore  equal  parallelograms,  &c.    Q.  S.  D. 

PROP.  XV.  THEOR. 

Equal  triangles  which  have  one  angle  of  the  one  equal 
to  one  angle  of  the  other  have  their  sides  about  the  equal 
angles  reciprocally  proportional :  And  triangles  which 
have  one  angle  in  the  one  equal  to  one  angle  in  the  other, 
and  their  sides  about  the  equal  angles  reciprocally  pro- 
portional, are  equal  to  one  another. 

■     Let  ABC,  ADE  be  equal  b 

triangles,  which  have  the  an- 
gle BAC  equal  to  the  angle 
DAE;  the  sides  about  the 
equal  angles  of  the  triangles 
are  reciprocally  proportion- 
al; that  is,  CAis  to  AD,  as 
EA  to  AB. 

Let  the  triangles  be  plac- 
ed so  that  their  sides  CA, 
AD  be  in  one  straight  line ; 
wherefore  also  EA  and  AB 
are  in  one  straitrht  line  (14. 
1.);  join  BD.  Because  the  trianele  ABC  is  equal  to  the  triangle 
ADE,  and  ABD  is  an  other  triangle;  therefore,  triangle  CAB:  trian- 
gle BAD  ::  triangle  EAD :  triangle  BAD ;  but  CAB  :  BAD  i:  CA  • 
AD  and  EAD  :  BAD  ::  EA :  AB;  therefore  CA  :  AD  II  EA  :  AB 
(ll.  5.),  wherefore  the  sides  of  the  triangles  ABC,  ADE  about  the 
equal  angles  are  reciprocally  proportional. 

But  let  the  sides  of  the  triangles  ABC,  ADE,  about  the  equal  an- 
gles be  reciprocally  proportional,  viz.  C  A  to  AD,  as  EA  to  AB :  the 
triangle  ABC  is  equal  to  the  triangle  ADE. 

Having  joined  BD  as  before;  because  CA  :  AD  :  ;  EA  ;  AB;  and 
since  CA  :  AD  :  :  triangle  ABC  :  triangle  BAD  (i.  6.);  and  also 
EA  :  AB  : :  triangle  EAD  :  triangle  BAD  (11.5.):  therefore,  trian- 
gle ABC  :  triangle  BAD  :  :  triangle  EAD  :  triangle  BAD ;  that  is. 
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the  triangles  ABC,EAD  have  the  same  ratio  to  the  triangle  BAD, 
wherefore  the  triangle  ABC  is  equal  (9.  5.)  to  the  triangle  EAD. 
Therefore  equal  triangles,  ^c.    Q.  E.  D. 

PROP.  XVI.  THEOR. 

If  four  straight  lines  be  proportionals,  the  rectangle 
contained  by  the  extremes  is  equal  to  the  rectangle  con- 
tained by  the  means ;  And  if  the  rectangle  contained  by 
the  extremes  be  equal  to  the  rectangle  contained  by  means, 
the  four  straight  lines  are  proportionals. 
.:a 
Let  the  four  straight  lines,  AB,  CD,  E,  F  be  proportionals,  viz.  as 
AB  to  CD,  so  E  to  F;  the  rectangle  contained  by  AB,  F  is  equal  to 
the  rectangle  contained  by  CD,  E. 

From  the  points  A,  C  draw  (11.1.)  AG,  CH  at  right  angles  to  AB^ 
CD  ;  and  make  AG  equal  to  F,  and  CH  equal  to  E.  and  complete  the 
parallelograms  BG,  DH.  Because  AB  :  CD  *!  E  :  F;  and  since 
E=CH,  and  F=AG,  AB  :  CD  (7.  5.)  :*  CH  :  AG :  therefore  the 
sides  of  the  parallelograms  BG,  DH  about  the  equal  angles  are  reci- 
procally proportional ;  but  parallelograms  which  have  their  sides  about 
equal  angles  reciprocally  proportional,  are  equal  to  one  another 
(14.  6.)  ;  therefore  the  parallelogram  BG  is  equal  to  the  parallelogram 

DH:   and  the  parallelogram  BG  is  e , 

contained  by  the  straight  lines  AB,  p 

F  ;  because  AG  is  equal  to  F ;  and 
the  parallelogram  DH  is  contained 

by  CD  aud  E,  because  CH  is  equal  g 

to  E  :  therefore  the  rectangle  con-  i 

tained  by  the  straight  lines  AB,  P  I 

is  equal  to  that  which  is  contained  1 

by  CD  and  E.  ' 

And   if  the  rectangle  contained  * 

by  the  straight  lines  AB,F  be  equal  to  that  which  is  contained  by  CD, 
E  ;  these  four  lines  are  proportionals,  viz.  AB  is  to  CD,  as  E  to  F. 

The  same  construction  being  made,  because  the  rectangle  contain- 
ed by  the  straight  lines  AB,  F  is  equal  to  that  which  is  contained  by 
CD,  E,  and  the  rectangle  BG  is  contained  by  AB,  F,  because  AG  is 
equal  to  F  ;  and  the  rectangle  DH,  by  CD,  E,  because  CH  is  equal  to 
E  ;  therefore  the  parallelogram  BG  is  equal  to  the  parallelogram  DH 
and  they  are  equiangular:  but  the  sides  about  the  e^^ual  angles  of 
equal  parallelograms  are  reciprocally  proportional  (14.  6.):  where- 
fore AB  :  CD  ::  CH  :  AG;  but  CH=E,  and  AG=F,  therefore  AB  < 
CD  ::  B  :  F.     Wherefore,  if  four,  &c.    Q.  B.  D. 
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PROP.  XVII.  THEOR. 

If  three  straight  lines  be  proportionals,  the  rectangle 
contained  by  the  extremes  is  equal  to  the  square  of  the 
mean  :  And  if  the  rectangle  contained  by  the  extremes  be 
equal  to  the  square  of  the  mean,  the  three  straight  lines 
are  proportionals. 

Let  the  three  strai£;ht  lines  A,  B,  C  be  proportionals,  viz.  as  A  to 
B,  s©  B  to  C ;  the  rectangle  contained  by  A,  C  is  equal  to  the  square 
«fB. 

Take  D  equal  to  B :  and  because  as  A  to  B,  so  B  to  C,  and  that  B 
is  equal  toD ;  A  is  (7.  5.)  to  B,  as  D  to  C :  but  if  four  straight  lines 
be  proportionals,  the  rectangle  contained  by  the  extremes  is  equal  to 

that  which  is  contained  by  the  means  (16.  6.) :  A 

therefore    the    rectangle   A.C  =  the   reetan-  -n ^^ 

gle  B.D;   but  the  rectangie  B.D  is  equal   to  j. 
the   square    of   B,  because   B=D;   therefore 
the  rectangle  A.C  is  equal  to  the  square  of  B.  ^' 

And  if  the  rectangle  contained  by  A,  C  be  equal  to  the  square  of 
B;A:B::B:C. 

The  same  construction  being  made,  because  the  rectangle  contain- 
ed by  A,  C  is  equal  to  the  square  of  B,  and  the  square  of  B  is  equal  to 
the  rectangle  contained  by  B,  D,  because  B  is  equal  to  D ;  therefore 
the  rectangle  contained  by  A,  C  is  equal  to  that  contained  by  B,  D ; 
but  if  the  rectangle  contained  by  the  extremes  be  equid  to  that  con- 
tained by  the  means,  the  four  straight  lines  are  proportionals  (16. 6.) : 
therefore  A  :  B  :.*  D  :  C,  but  B=D;  wherefore  A  :  B  :  :  B  :  C  ; 
Therefore,  if  three  straight  lines,  &c.    Q.  E.  D. 

PROP.  XYIII.  PROB. 

Upon  a  given  straight  line  to  describe  a  rectilineal  figure 
similar,  and  similarly  situated  to  a  given  rectilineal  figure. 

Let  ABbe  the  given  straightline,  and  CDEFthe  given  rectilineal 
figure  of  four  sides;  it  is  required  upon  the  given  straight  line  AB  to 
describe  a  rectilineal  figure  similar,  and  similarly  situated  to  CDEB'. 

Join  DF,  and  at  the  points  x\,B  in  the  straight  line  AB,make  (23.1.) 
the  angle  BAG  equal  to  the  angle  at  C,  and  the  angle  ABG  equal  to 
the  angle  CDF;  therefore  the  remaining  angle  CFD  is  equal  to  the 
remaining  angle  AGB  (32.  1.) :  wherefore  the  triangle  FCD  is  equir 
angular  to  the  triangle  GAB :  Again,  at  the  points  G,  B  in  the  straight 
line  GB  make  (23.  1.)  the  angle  BGH  equal  to  the  angle  DFE,  and 
the  angle  GBH  equal  toFDE :  therefore  the  remaining  angle  FED  is 
equal  to  the  remaining  angle  GHB,and  the  triangle  FDE  equiangular 
to  the  triangle  GBH:  then,  because  the  angle  AGB  is  equal  to  the 
angle  CFD.  anl  BGH  to  DFE,  the  whole  an-Ie  AGH  is  equal  tp  the 
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CF  (4.  6.);  for  the  same  reason, 
FD ;  and  because  of  the    equi- 
GH::  F  D  :  FE ;  tlierefore, 
GH  :  :  CF  :  FE. 


whole  CFE :  for  the  same  reason,  the  angle  ABH  is  equal  to  the  an- 
gle CDE  ;  also  the  angle  at  A  is  equal  to  the  angle  at  (J,  and  the  an- 
o'le  GHB  to  FED:  Therefore  the  rectilineal  figure  ABHG  is  equi- 
angular to  CDEF:  but  likeM-ise  these  figures  have  their  sides  about 
the  equal  angles  proportionals:  for  the  triangles  GAB,  FCD  being 
equiangular, 

^  BA : AG :  :  DC 

AG  : GB : : CF 

angular  triangles  BGH,  DFE,  GB 

ex  tequali  (33.  5.)  AG 

In  the  same  manner,  it  may  be  proved,  that 

AB  :  BH  :  :  CD  :  DE.    Aho  (4.  6.), 
GH  :  HB  :  :  FE  :  ED.      Wherefore,  because   the 
rectilineal  figures  ABHG,  CDEF  are  equiangular,  and  have  their 
sides  about  the  equal  angles  proportionals,  they  are  similar  to  one 
another  (def.  1.  6.). 

Next,  Let  it  be  required  to  describe  upon  a  given  straight  line  AB, 
a  rectilineal  figure  similar,  and  similarly  situated  to  the  rectilineal 
figure  CDKEF. 

Join  DE,  and  upon  the  given  straitjht  line  AB  describe  the  rectili- 
neal figure  ABHG  similar,  and  similarly  situated,  to  the  quadrilateral 
figure  CDEF,  by  the  former  case ;  and  at  the  points  B,  H  in  the  straight 
line  BH,  make  the  angle  HBL  equal  to  the  angle  EDK.  and  the  angle 
DHL  equal  to  the  angle  DEK;  therefore  the  remaining  angle  at  K  is 
equal  to  the  remaining  angle  at  T/;  and  because  the  figures  ABHG, 
('DEF  are  similar,  the  angle  GHB  is  ecjual  to  the  angle  FED,  and 
DHL  is  equal  to  DEK  ;  -nherefore  the  whole  angle  GHL  is  e<|nal  to 
the  whole  angle  FEIv;  for  the  same  reason  the  angle  ABL  isecjual 
to  the  angle  CDK :  therefore  the  five-sided  figures  AGHLB.CFt'KD 
are  equiangular;  and  because  the  figures  AGHB,  CFED  are  s'milar, 
GH  is  to  HB  as  FE  to  ED ;  and  as  HB  to  HL,  so  is  ED  to  EK  U.  6.) ; 
therefore,  ex  tvquali  (23.  5.),  GH  is  to  HL,  as  FE  to  EK:  for  the 
same  reason,  AB  is  to  Bli,  as  CD  to  DK:  and  BListoLH,as  (4.0.) 
DKto  KE,  because  the  triangles  BLH,DKE  are  equiangular:  there- 
fore, because  the  five-sided  figures  AGHLB,  CFEKD  are  equiangular, 
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and  have  their  sides  about  the  equal  an.^les  proportionals,  they  are 
siniilirto  one  another:  and  in  the  same  manner  a  rectilineal  figure  of 
six,  or  more,  sides  may  be  described  upon  a  given  straight  line  !»imilar 
to  one  given,  and  so  on.     Which  was  to  be  done. 

PROP.  XIX.  THEOR. 

Similar  triangles  are  to  one  another  in  the  duplicate  ratio 
of  their  homologous  sides. 

Let  ABC,  DEF  be  simi- 
lar  triangles,  having  the  an- 
gle 13  equal  to  the  angle  E, 
and  let   AB  be  to  BC,  as 
13 K  to  EF,  so  that  the  side 
BC    is  homologous  to  EF 
(def.   13.  5.):  the  triangle 
ABC  has  to   the    triangle 
D  •  L",  the   duplicate   raiio 
of  that  which  BC  has  to 
EF. 
Take  BG  a  third  proportional  to  BC  andEF  (ll.  6.),  or  su eh  that 
BC  :  EF  :  :  EF  :  BG,  and  join  GA.     Then  because 
AB  :  BC  :  :  DE  :  EF,  alternately  (16.  5.), 
AB  :  DE  : :  BC  :  EF ;  but 
BC  :  EF  : :  EF  :  BG;  therefore  (ll.  5.) 
AB  :  DE  :  :  EF  :  BG  :  wherefore   the  sides   of  the 
triangles  ABG,  DEF,  which  are  about  the  equal  angles,  are  recipro- 
cally proportional :  but  triangles,  which  have  the  sides  about  two 
equal     angles     reciprocally 
proportional,  are    equal    to 
one  another  (15.  6.) :  there- 
fore the  triangle  ABG  is  e- 
qual  to   the  triangle  DEF; 
and  because  that  BC  is  to 
EF,  as  EF  to  BG;  and  that 
if   three    straight   lines    be 
proportionals,  the   first  has  b 
to    the    third    the  duplicate 
ratio  of  that  which  it  has  to  the  second ;  BC  therefore  has  to  BG  the 
duplicate  ratio  of  that  which  BC  has  to  EF.  But  as  BC  to  BG,  sois 
(l.  6.)  the  triangle  ABC  to  the  triangle  ABG:  therefore  the  triangle 
ABC  has  to  the  triangle  ABG  the  duplicate  ratio  of  that  which  BC 
has  to  EF:  and  the  triangle  ABG  is  equal  to  the  triangle  DEF;  where- 
fore also  the  triangle  ABC  has  to  the  triangle  DEF  the  duplicate 
ratio  of  that  which  BC  has  to  EF.    Therefore,  similar  triangles* 
&c.    Q.  E.  D. 

Cor.  From  this  it  is  manifestj  that  if  three  straight  lines  be  pro- 
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portionals,  as  the  first  is  to  the  third,  so  is  any  triangle  upon  the  first 
to  a  similar,  and  similarly  described  triangle  upon  the  second. 

PROP.  XX.  THEOR. 

Similar  polygons  may  be  divided  into  the  same  number 
of  similar  triangles,  having  the  same  ratio  to  one  another 
that  the  polygons  have ;  and  the  polygons  have  to  one 
another  the  duplicate  ratio  of  that  which  their  homologous 
sides  have. 

Let  ABODE,  FGHKL  he  similar  polygons,  and  let  AB  be  the 
homologous  side  to  FG:  the  polygons  ABCDE,  FGHKL  may  be  di- 
vided into  the  same  number  of  similar  triangles,  whereof  each  has  to 
each  the  same  ratio  which  the  polygons  have;  and  the  polygon 
ABCDE  has  to  the  polygon  FGHKL  a  ratio  duplicate  of  that  which 
the  side  AB  has  to  the  side  FG. 

Join  BE,  EC,  GL,  LH :  and  because  the  polygon  x\BCDE  is  simi- 
lar to  the  polygon  FGHKL,  the  angle  BAE  is  equal  to  the  angle  GFL 
(def.  1.  6.),  and  BA  :  AE  :  :  GF  :  FL  (def.  1.  6.) :  wherefore,  be- 
cause the  triangles  ABE,  FGL  have  an  angle  in  one  equal  to  an  an* 
gle  in  the  other,  and  their  sides  about  these  equal  angles  proportion- 
als, the  triangle  ABE  is  equiangular  (6. 6.),  and  therefore  similar,  to 
the  triangle  FGL  (4.  6.) :  wherefore  the  angle  ABE  is  equal  to  the 
angle  FGL :  and,  because  the  polygons  are  similar,  the  whole  angle 
ABC  is  equal  (def.  1.  6.)  to  the  whole  angle  FGH;  therefore  the  re- 
maining angle  EBC  is  equal  to  the  remaining  angle  LGH :  now  be- 
cause the  triangles  ABE,  FGL  are  similar, 

EB  :  B A  :  :  LG  :  GF ;  and  also  because 
the  polygons  are  similar,  AB  :  BC  :  :  FG  :  GH  (def.  1.  6.);  there- 
fore, ex  eequali  (23.  5.);  EB  :  BC  :  :  LG  : ;  GH;  that  is,  the  sides 
about  the  equal  angles  EBC,  LGH  are  proportionals;   therefore 


(6.  6.")  the  triangle  EBC  is  equiangular  to  the  triangle  LGH,  and 
similar  to  it  (4.  6.).  For  the  same  reason,  the  triangle  ECD  is  like- 
wise similar \o  the  triangle  LHK;  therefore  the  similar  polygons 
ABCDE,  FGHKL  are  divided  into  the  same  number  of  similar  tri- 
angles. 


I' 
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A.lso  these  triangles  have,  each  to  each,  the  same  ratio  which  the 
olygons  have  to  one  another,  the  antecedents  being  ABE,  EBC, 
3CD,  and  the  consequents  FGL,  LGH,  LHK:  and  the  polvirou 
ABCDE  has  to  the  polygon  FGHKL  the  duplicate  ratio  of  that 
which  the  side  AB  has  to  the  homologous  side  FG. 

Because  the  triangle  ABE  is  similar  to  the  triangle  FGL,  ABE  has 
to  FGL  the  duplicate  ratio  (19.  6.)  of  that  which  the  side  BE  has  to 
the  side  GL:  for  the  same  reason,  the  triangle  BEC  has  to  GLH  the 
duplicate  ratio  of  that  which  BE  has  to  GL :  therefore,  as  the  trian- 
gle ABE  to  the  triangle* FGL,  so  (ii.  5.)  is  the  triangle  BEC  to  the 
triangle  GLH.  Again,  because  the  triangle  EBC  is  similar  to  the 
triangle  LGH,  EBC  has  to  LGH  the  duplicate  ratio  of  that  which  the 
side  EC  has  to  the  side  LH:  for  the  same  reason,  the  triangle  ECD 
has  to  the  triangle  LHK,  the  duplicate  ratio  of  that  which  EC  has  to 
LH  :  therefore,  as  the  triangle  EBC  to  the  triangle  LGH,  so  is  (11. 5.) 
the  triangle  ECD  to  the  triangle  LHK:  but  it  has  been  proved,  that 
the  triangle  EBC  is  likewise  to  the  triangle  LGH,  as  the  triangle 
ABE  to  the  triangle  FGL.  Therefore,  as  the  triangle  ABE  is  to4he 
triangle  FGL,  so  is  the  triangle  EBC  to  the  triangle  LGH,  and  the 
triangle  ECD  to  the  triangle  LHK :  and  therefore,  as  one  of  the 
antecedents  to  one  of  the  consequents,  so  are  all  the  antecedents  to 
all  the  consequents  (13.  5.).    Wherefore,  as  the  triangle  ABE  to  the 


triangle  FGL,  so  is  the  polygon  ABCDE  (o  the  polygon  FGHKL: 
but  the  triangle  ABE  has  to  the  triangle  FGL,  the  duplicate  ratio  of 
that  which  the  side  AB  has  to  the  homologous  side  FG.  Therefore 
also  the  polygon  ABCDE  has  to  the  polygon  FGHKL  the  duplicate 
ratio  of  that  which  AB  has  to  the  homologous  side  FG.  Wherefore 
similar  polygons,  &e.     Q.  E.  D. 

Cor.  1.  In  like  manner  it  may  be  proved,  that  similar  figures  of 
four  sides,  or  of  any  number  of  sides,  are  one  to  another,  in  the  dupli- 
cate ratio  of  their  homologous  sides ;  and  the  same  has  already  been 
proved  of  triangles:  therefore,  universaJly  similar  rectilineal  na-ures 
are  to  one  another,  in  the  duplicate  ratio  of  their  homologous  sides. 

Cor.  2.  And  if  to  AB,  FG,  two  of  the  homologous  sides,  a  third 
proportional  vT  be  taken,  ABhas  (def.  11.5.)  to  M  the  duplicate  ra- 
tio of  l:hat  which  AB  has  to  FG:  but  the  four-sided  figure,  or  ooly- 
gon,  upon  AB  has  to  the  four-sided  figure,  or  polygon,  upon  FGlik'e- 
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wise  the  duplicate  ratio  of  that  whioh  AB  has  to  FG:  therefore,  as 
AB  is  to  M,  so  is  the  figure  upon  AB  to  the  figure  upon  FG,  which 
was  also  proved  in  triangles  (Cor-  19.  6.).  Therefore,  universally, 
it  is  manifest,  that  if  three  straight  lines  be  proportionals,  as  the  first 
is  to  the  third,  so  is  any  rectilineal  figure  upon  the  first,  to  a  similar, 
and  similarly  described  rectilineal  figure  upon  the  second. 

Cor.  3.  Because  all  squares  are  similar  figures,  the  ratio  of  any  two 
squares  to  one  another  is  the  same  with  the  duplicate  ratio  of  their 
sides;  and  hence,  also,  any  two  similar  rectilineal  figures  are  to  one 
anotheras  the  squares  of  their  homologous  ^des. 

PROP.  XXI.  THEOR. 

Rectilineal  figures  which  are  similar  to  the  same  rectili- 
neal figure,  are  also  similar  to  one  another. 

Let  each  of  the  rectilineal  figures  A,  B  be  similar  to  the  rectilineal 
figure  C :  Tl»e  figure  A  is  similar  to  the  figure  B. 

Because  A  is  similar  to  C,  they  are  equiangular,  and  also  have  their 
sides  about  the  equal  angles  proportionals  (def.  1.  6.).  Again, because 
B  is  similar  to  C,  they  are  equiangular,  and  have  their  sides  about  the 
equal  angles  proportionals  (def.  1.  6.):  therefore  the  figures  A,  B, 


are  each  of  them  equiangular  to  C,  and  have  the  sides  about  the 
equal  angles  of  each  of  them,  and  of  C,  proportionals.  Wherefore 
the  recliJineal  figures  A  and  B  are  equiangular  (1.  Ax.  1.),  and  have 
their  sides  about  the  equal  angles  proportionals  (il.  5.).  Therefore 
A  is  similar  (def.  1. 6.)  to  B.    Q.  E.  D. 

PROP.  XXII.  THEOR. 

If  four  straight  lines  be  proportionals,  the  similar  recti- 
lineal figures  similarly  described  upon  them  shall  also  be 
proportionals ;  and  if  fhe  similar  rectilineal  figures  simi- 
larly described  upon  four  straight  lines  be  proportionals^ 
those  straight  lines  shall  be  proportionals. 

Let  the  four  straight  lines,  AB,  CD,  EF,  G  H  be  proportionals,  viz. 
AB  to  CD,  as  EF  to  GH,  and  upon  AB,  CD  let  the  similar  rectilineal 
figures  KAB,  LCD  be  similarly  described ;  and  upon  EF,  GH  the 
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similar  rectilineal  fia;ures  MF,  NH,  in  like  manner:  the  rectilineal 
figure  KAB  is  to  LCD,  as  MF  to  NH. 

To  AB,  CD  take  a  third  proportional  (11. 6.)  X;  and  to  EF,  GH, 
a  third  proportional  O :  and  because 

AB  :  CD  ::  EF  :  GH,  and 
CD  :  X  :  :  GH  :  ( ii.  5.)  O,  ex  squali  (32.  5.) 
AB  :  X  :  :  EF  :  O.     But 
AB  :  X  (2.  Cor.  20.  6.)  :  :  KAB  :  LCD :  and 
EF  :  O  :  :  (2.  Cor.  20.  6.)  MF  :  NH ;  therefore 
KAB  :  LCD  (2.  Cor.  20.  6.)  : :  MF  :  NH. 

And  if  the  figure  KAB  he  to  the  figure  LCD,  as  the  figure  MF  to 
the  figure  NH,  AB  is  to  CD,  as  EF  to  GH. 

Make  (12.  6.)  as  AB  to  CD,  so  EF  to  PR,  and  upon  PR  describe 
(18. 6.)  the  rectilineal  figure  SR  similar,  and  similarly  situated  to  ei- 


ther of  the  figures  MF,  NH:  then,  because  that  as  AB  to  CD,  so  is 
EF,  to  PR,  and  upon  AB,  CD  are  described  the  similar  and  similarly- 
situated  rectilineals  KAB,  LCD,  and  upon  EF,  PR,  in  like  manner, 
the  similar  rectilineals  MF,  SR;  KAB  is  to  LCD,  as  MF  toSRjbut 
by  the  hypothesis,  KAB  is  to  LCD,  as  MF  to  NH;  and  therefore  the 
reclilinc  a!  MF  having  the  same  ratio  to  each  of  the  twoNH,  SR,  these 
two  are  equal  (9.  5.)  to  one  another:  they  are  also  similar,  and  simi- 
larly situated;  therefore  GH  is  equal  to  PR:  and  because  as  A B  to 
CD,  so  is  EF  to  Pil,  and  because  PR  is  equal  to  GH,  AB  is  to  CD,  as 
EF  to  GH.    If  therefore  (our  straight  lines,  &c.     Q.  E.  D, 

PROP.  Xilll.  THEOR. 

Equiangular  parallelograms Irkvcl^  one  another  the  ratio 
which  is  compounded  of  the  i^ios  of  their  sides. 

Let  AC,  CF  be  equiangular  parallelograms  having  thg angle  BCD 
equal  to  the  an^le  ECG;  the  ratio  of  the  parallelogram  AC  to  the 
parallelogram  CF  is  the  same  with  the  ratio  which  ?^^mpounded  of 
the  ratios  of  their  sides.  >L  •' 
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Let  BC,  CG  be  placed  ia  a  straight  line ;  therefore  DC  and  CE  are 
also  in  a  straight,  line  (14.  1.);  complete  the  parallelogram  DG;  and, 
taking  any  straight  line  K,  make  ( 13.  6.)  as  BC  to  CG,  so  K  to  L; 
and  as  DC  toCE,  so  make  (12.  6.)  L  to  M:  therefore  the  ratios  of  K 
to  L,  and  L  to  M,  are  the  same  with  the  ratios  of  the  sides,  viz.  of 
BC  to  CG,  and  of  DC  to  CE.  But  the  ratio  of  K  to  M  is  that  which 
is  said  to  be  compouiuled  (def.  10.  5.)  of  the  ratios  of  K  to  L,  and  L 
toM;  wherefore  also  K  has  to  M  the 

ratio  compounded  of  the  ratios  of  the  ^ ^ 

sides  of  the  parallelograms.  Now, 
because  as  BC  to  CG,  so  Is  the  paral- 
lelogram AC  to  the  parallelogram  CH 
(1.  6.);  and  as  BC  to  CG,  so  is  K 
to  L;  therefore  K  is  (11.  5.)  to  L, 
as  the  parallelogram  AC  lo  the  pa- 
rallelogram CH:  again,  because  as 
DC  to  CE,  so  is  the  parallelogram  CH 
to  the  parallelogram  CF  :  and  as  DC 
to  CE,  so  is  L  to  M;  therefore  L  is 
(11.  S.)  to  M,  as  the  parallelogram 
CH  to  the  parallelogram  CF:  there- 
fore, since  it  has  been  proved,  that  as  K  to  L,  so  is  the  parallelogram 
AC  to  the  parallelogram  CH  ;  and  as  L  to  M,  so  the  parallelogram 
CH  to  the  parallelogram  CF;  ex  sequali  (22.  5.),  K  is  to  M,  as  the 
parallelogram  AC  to  the  parallelogram  CF;  but  K  has  (oM  the  ratio 
which  is  compounded  of  the  ratio*  of  the  sides;  therefore  also  the 
parallelogram  AC  has  to  the  parallelogram  CF  the  ratio  which  is 
compounded  of  the  ratios  of  the  sides.  Wherefore  equiangular  pa- 
rallelograms, &c.  Q.  E.  D. 

PROP.  XXIV.  THEOR. 

The  parallelograms  about  the  diameter  of  any  parallelo- 
gram, are  similar  to  the  whole,  and  to  one  another. 

Let  ABCD  be  a  parallelogram,  of  which  Ihe  diameler  is  AC ;  and 
EG, HK  the  parallelograms  about  the  diameter:  the  parallelofframs 
EG,  HK  are  similar,  both  to  thei^hule  parallelogram  ABCD,  and 
to  one  another.  1        "' 

Because  DC,  GF  are  parallels,  the  angle  ADC  is  equal  (29.  1.)  to 
the  angle  AGF:  for  the  same  reason,  herause  EC,  EF  are  parallel?, 
the  angle  ABC  is  equal  to  the  angle  AEF:  and  each  of  the  angles 
BCDjEFG  i?  equal  to  the  opposite  angle  DAB  (34.  1.),  and  therefore 
are  equal  to  one  another,  wherefore  the  parallelograms  ABCD,  AEFCt 
are  equiangular.    And  because  the  angle  ABC  is  equal  to  Ihe  angle 
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AEF,  and  the  an^^le  BAC  common  to  the 
two  triangles  BAC,EAF,  thejare  equian- 
gular to  one  another;  therefore  (4.  6.)  as 
AB  to  BC,  so  is  AE  to  EF;  and  because 
the  opposite  sides  of  parallelograms  are 
equal  to  one  another  (34  1.),  AB  is  (7.  5.) 
to  AD,  as  AE  to  AG;  and  DC  to  CB,  as 
GF  to  FE;  and  also  CD  to  DA,  as  FGto 
GA :  therefore  the  sides  of  the  parallelo- 
grams ABCD,  AEFG  about  the  equal  an- 
gles are  proportionals;  and  (hey  are  therefore  similar  to  one  another 
(def.  1.  6.) :  for  the  same  reason  the  parallelogram  ABCD  is  similar 
to  the  parallelogram  FHCK.  Wherefore  each  of  the  parallelograms, 
GE,  KH  is  similar  to  DB :  but  rectilineal  figures  which  are  similar 
to  the  same  rectilineal  figure,  are  also  similar  to  one  another  (21.6.); 
therefore  the  parallelogram  GE  is  similar  to  KH.  Wherefore  the 
parallelograms,  &c.  Q.  E.  D. 

PROP.  XXV.  PROS. 

To  describe  a  rectilineal  figure  which  shall  be  similar  to 
one,  and  equal  to  another  given  rectilineal  figure. 

Let  ABC  be  the  given  rectilineal  figure,  to  which  the  figure  to  be 
described  is  required  to  be  similar,  and  13  that  to  which  it  must  be 
equal'.  It  is  required  to  describe  a  rectilineal  figure  similar  to  ABC, 
and  equal  to  D. 

Upon  the  straightlineBC  describe  (cor.45.1.)theparallelogram BE 
equal  to  the  figure  ABC ;  also  upon  CE  describe  (cor.43. 1.)  the  paralle- 
logram CM  equal  to  D,  and  having  the  angle  FCE  equal  to  the  angle 
CBL :  therefore  BC  and  CF  are  in  a  straight  line  (29. 1. 14. 1.),  as  also 
LE  and  EM;  between  BC  and  CF  find  (13.  6.)  a  mean  proportional 
GH,  and  upon  GH  describe  (18.  6.)  the  rectilineal  figure  KGH  simi- 


lar, and  similarly  situated,  to  the  figure  ABC.   And  because  BC  is  to 
GH  as  GH  to  CF,  and  if  three  straight  lines  be  proportionals,  as  the  first 
is  to  the  third,  so  is  (2.  Cor.  20.  6.)  the  figure  ujiou  the  first  to  the  si- 
-        T 
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milar  and  similarly  described  fia;Hre  upon  the  second;  therefore  as 
BC  to  CF,  so  is  the  fissure  ABC  to  the  tis:ureKGH:  but  asBC  toCF, 
90  is  (i.  6.)  tlie  parallelo£;ram  BE  to  the  parallelogram  EF :  therefore 
as  the  figure  ABC  is  to  tlie  figure  KGH,  so  is  the  parallelogram  BE  to 
the  parallelogram  EF  (11.  5.) :  but  the  rectilineal  figure  ABC  is 
equal  to  the  parallelogram  BE  ;  therefore  the  rectilineal  figure  KGH 
is  equal  (14.  5.)  to  the  parallelogram  EF:  but  EF  is  equal  to  the  fi- 
gure D;  wherefore  also  KGH  is  equal  to  D;  and.t  is  similar  to  ABC\ 
Therefore  the  rectilineal  figure  KGH  has  been  described  similar  to 
the  figtire  ABC,  and  eqiral  to  D.     Which  was  to  be  done. 

PROP.  XXvi.  THEOR. 

If  two  similar  parallelograms  have  a  common  angle,  and  be 
similarly  situated,  they  are  about  the  same  diameter. 

Let  the  parallelograms  ABCD,AEFG  be  similar  and  similarly  situ- 
ated, and  have  the  angle  DAB  common :  ABCD  and  AEFG  are 
about  the  same  diameter. 

For,  if  not,  let,  if  possible,  the  paralle- 
logram BD  have  its  diameter  AHC  in  a  dif- 
ferent sfraig:ht  line  from  AF,  the  diameter 
of  the  parallelogram  EG  and  let  GFrneetn 
AHC  in  H;  and  through  H  draw  HK  pa- 
rallel to  AD  or  BC;  therefore  the  paral- 
lelograms ABCD,  AKHG  being  about  tbe 

same  diameter,  are  similar  to  one  anoth(  r    

(34.  6.):  wherefore,  as  DA  to  AB.   so  is  b  c 

(def.  1.  6.)  GA  to  AK;  but  because  AB'  D 

and  AEFG  are  similar  parallelograms,  as  DA  is  to  AB,  so  is  GA  to 
AE ;  therefore  (11.  5.)  as  GA  to  AE,  so  GA  to  AK;  wlterefore  GA 
has  the  same  ratio  to  each  of  the  straight  lines  AE,  AK;  and  conse- 
quently AK  is  equal  (9-  rj.)  to  AE,  tbe  less  to  the  greater,  which  is 
impossible;  therefore  ABCD  and  AKHG  are  not  about  the  same 
diameter;  wherefore  ABCD  and  AEFCt  must  be  about  the  same  dia- 
meter.    Therefore,  if  two  similar,  &c.     Q.E.  D. 

PROP.  XXVII.  THEOR. 

Of  all  the  rectangles  contained  by  the  segments  of  a 
given  straight  line,  the  greatest  is  the  square  which  is  de- 
scribed on  half  the  line. 

Lot  AB  be  a  given  straight  lino,  which  is  bisected  in  C ;  and  let  D 

he  any  point  in  it,  tbe  square  on  AC  is  t -; =- — - 

greater  than  the  rectangle  AD,  DB.  ^  C      D     B 

For,  since  tbe  straight  line  AB  is  divided  in  two  equal  parts  in  C, 
and  into  two  unequal  parts  in  D,  the  rectangle  contained  by  AD  PJid 
DB,  together  with  tlie  square  of  CD,  is  equal  to  the  square  of  AC 
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(5.  2.).    The  square  of  AC  is  therefore  greater  thau  the  rectangle 
AD.DB.     Therefore,  &c.    Q.E.  D. 

PROP.  XXVIII.  PROB. 

To  divide  a  given  straight  line,  so  that  th^  rectangle 
contained  by  its  segments  may  be  equal  to  a  given  space  ; 
but  that  space  must  not  be  greater  thaii  the  square  of  half 
the  given  line„ 

Let  AB  be  the  given  straight  line,  and  let  the  square  i»pon  the 
given  straight  line  C  be  the  space  to  which  the  rectangle  contained 
by  the  segments  of  AB  must  be  equal,  and  this  square,  by  the  deter- 
mination, is  not  greater  than  that  upon  half  the  straight  line  AB. 

Bisect  AB  in  D,  and  if  the  square  upon  AD  be  equal  to  the  square 
upon  C,the  thing  required  is  done:  But  if  it  be  not  equal  to  it,  AD 
must  be  greater  than  C,  according 
to  the  determination:  Draw  DE  at 
right  angles  to  AB,  and  make  it  e- 
qual  to  C;  produce  ED  to  F,  so 
that  EF  be  equal  to  AD  or  DB,  and 
from  the  centre  E,  at  the  distance 
EF,  describe  a  circle  meeting  AB 
in  G.  Join  EG;  and  because  AB 
is  divided  equally  in  D,  and  une- 
qually in  G,  AG.GB+DG=^=(5.  2.)  DB2=;EG^  But  (47.  i.) 
ED24-DG==EG2;  therefore  AG.GB  +  DG2=ED^+DGS  and  tak- 
ing away  DG^,  AG.GB=ED2,  Now  ED=C,  therefore  the  rectan- 
gle AG.GB  is  equal  to  the  square  of  C :  and  the  given  line  AB  is 
divided  in  G,  so  that  the  rectangle  contained  by  the  segments  AG, 
GB  is  equal  to  the  square  upon  the  given  straight  line  C.  Which 
was  to  be  done. 

PROP.  XXIX.  PROB, 

To  produce  a  given  straight  line,  so  that  the  rectangle 
contained  by  the  segments  between  the  extremities  of  the 
given  line,  and  the  point  to  which  it  is  produced,  may  be 
equal  to  a  given  space. 

Let  AB  be  the  given  straight  line,  and  let  the  square  upon  the 
given  straight  line  C  be  the  space  to  which  the  rectangle  under  the 
segments  of  AB  produced,  must  be  equal. 

Bisect  AB  in  D,  and  draw  BE  at  right  angles  to  it,  so  that  BE  be 
equal  tp  C;  and  having  joined  DE,  from  the  centre  D  at  the  distance 
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DE  describe  a  circle  meeting  ABjpro- 
duced  in  G.  And  because  AB  is 
bisected  in  D,  and  produced  to  G, 
(6.  2.)  AG.GB+DB='=DG'>=DE^ 

But  (47.  1.)  DE»  =  DB2+BE% 
therefore  AG.GB  -f  DB^  =  DB^  + 
BE»  and  AG.GB=BE'.  Now,  BE 
=C;  wherefore  the  straight  line  AB 
is  produced  to  G,  so  that  the  rectan- 
gle contained  by  the  segments  AG, 
GB  of  the  line  produced,  is  equal  to  the  square  of  C. 
be  done. 


Which  was  to 


PROP.  XXX.  PROB. 

To  cut  a  given  straight  line  in  extreme  and  mean  ratio. 

Let  AB  be  the  given  straight  line;  it  is  required  to  cut  it  in  ex- 
treme and  mean  ratio. 

Upon  AB  describe  (46.  1.)  the  square  BC,  and  produce  CA  to  D, 
so  that  the  rectangle  CD.DA  may  be  equal  to  the  square  UB  (39. 6.). 
Take  AE  equal  to  AD,  and  complete  the  rectangle  DF  under  DC  and 
AE,  or  under  DC  and  DA.  Then,  because 
the  rectangle  CD.DA  is  equal  to  the  square 
CB,  the  rectangle  DF  is  equal  to  CB.  Take 
away  the  common  part  CE  from  each,  and 
the  remainder  FB  is  equal  to  the  remainder 
DE.  But  FB  is  the  rectangle  contained  by 
FE  and  EB,  that  is,  by  AB  and  BE ;  and  DE 
is  the  square  upon  AE;  therefore  AE  is  a 
mean  proportional  between  AB  and  BE  (17. 
6.),  or  AB  is  to  AE  as  AE  to  EB.  But  AB 
is  greater  than  AE ;  wherefore  AE  is  great- 
er than  EB  (14.  5.)  :  Therefore  the  straight 
line  AB  is  cut  in  extreme  and  mean  ratio  in 
E  (def.  3.  6.).     Which  was  to  be  done. 


Otherwise : 


Let  AB  be  the  given  straight  line;  it  is  required  to  cut  it  in  ex- 
treme and  mean  ratio. 

Divide  AB  in  the  point  C,  so  that  the  rectangle  contained  by  AB, 

BC  be  equal  to  the  square  of  AC  (11. 2.) :    . 

Then  because  the  rectanijleABBC  is  equal    A  C         ft 

to  the  square  of  AC,  as  BA  to  AC,  so  is  AC 
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to  CB  (ir.  6.) ;  Therefore  AB  is  cut  in  extreme  and  mean  rati*  in 
C  (def.  3.  6.).     Which  was  to  be  done. 

PROP.  XXXI.  THEOR. 

In  right  angled  triangles,  the  rectilineal  figure  de- 
scribed upon  the  side  opposite  to  tlie  right  angle,  is  equal 
to  the  similar,  and  similarly  described  figures  upon  the 
sides  containing  the  right  angle. 

Let  ABC  be  a  right  angled  triangle,  having  the  right  angle  BAC: 
The  rectilineal  figure  described  upon  BC  is  equal  to  the  similar,  and 
similarly  described  figures  upon  BA,  AC. 

Draw  the  perpendicular  AD;  therefore,  because  in  aright  an- 
"•led  triangle  ABC,  AD  is  drawn  from  the  right  angle  at  A  perpendi- 
inilar  to  the  base  BC,  the  triangles  ABD,  ADC  are  similar  to  the 
whole  triangle  ABC,  and  to  one  another  (8.  6.),  and  because  the  tri- 
angle ABC  is  similar  to  ADB,as  CB  toBA,so  is  BA  toBD  (4.6.); 
and  because  these  three  straight  lines  are  proportionals,  as  the  tirst  to 
the  third,  so  is  the  figure  upon  the  first  to  the  similar,  and  similarly 
described  figure  upon  the  second  (2.  Cor.  20.  6.) :  Therefore,  as  CB  to 
BD,  so  is  the  figure  upon  CB  to 
the  similar  and  similarly  described 
figure  upon  BA:  and  inversely 
(B.  5.),  as  DB  to  BC,  so  is  the  fi- 
gure upon  B A  to  that  upon  BC ; 
for  the  same  reason  as  DC  to  CB, 
90  is  the  figure  upon  CA  to  that 
upon  CB.  Wherefore,  as  BD  and 
DC  together  to  BC,  so  are  the  fi- 
gures, upon  BA  and  on  AC,  toge- 
ther, to  the  figure  upon  BC  (24.  5.) ;  therefore  the  figures  on  BA, 
and  on  AC,  are  togethef  equal  to  that  on  BC ;  and  they  are  similar 
figures.     Wherefore,in  right  angled  triangles,  &c.     Q.  E.  D. 

PROP.  XXXII.  THEOR. 

If  two  triangles,  which  have  two  sides  of  the  one  pro- 
portional to  two  sides  of  the  other,  be  joined  at  one  an- 
gle, so  as  to  have  their  homologous  sides  parallel  to  one 
another ;  their  remaining  sides  shall  be  in  a  straight  line. 

Let  ABC,  DCE  be  two  triangles  which  have  two  sides  BA,  AC 

Iiroportional  to  the  two  CD,  DE,  viz.  BA  to  AC,  as  CD  to  DE ;  and 
et  AB  be  parallel  to  DC,  and  AC  to  DEj  BC  and  CE  are  in  a 
straiffht  line. 
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Because  AB  is  parallel  to  DC,  and  the  straight  line  AC  meets  them^ 
the  allcrnate  angles  BAC,  ACD  are  equal  (29.  1.) ;  for  the  same 
reason,  the  angle  CDE  is  equal  to  the  angle  ACD;  wherefore  also 
BAC  is  equal  to  CDE :  And  because  the  triangles  ABC,  DCE  have 
one  angle  at  A  equal  to  one  at  D,  a 
and  the  sides  about  these  angles 
proportionals,  viz.  BA  to  AC,  as 
CD  to  DE,  the  triangle  ABC  is 
equiangular  (6.  6.)  to  DCE: 
Thei'efore  the  angle  ABC  is  e- 
qual  to  the  angle  DCE :  And  the 
angle  BAC  was  proved  to  be  e- 
qual  to  A-^D:  Therefore  the 
AvhoJe  angle  ACE  is  equal  to  the  two  angles  ABC,  BAC;  add  the 
common  angle  ACB,  then  the  angles  ACE,  ACB  are  equal  to  the  an- 
gles ABC,  BAC,  ACB:  ButABCBAC,  ACB  are  equal  to  two  right 
angles  (32.  1.);  therefore  also  the  angles  ACE,  ACB  are  equal  to 
two  right  angles :  And  since  at  the  point  C,  in  the  straii^ht  line  AC, 
the  two  straight  lines  BC,  CB,  which  are  on  the  opposite  sides  of  it, 
make  the  adjacent  angles  ACE,  ACB  equal  to  two  right  angles; 
therefore  (14.  1.)  BC  and  CE  are  in  a  straight  line.  Wherefore,  if 
two  triangles,  &c.     Q.  E.  D. 

PROP.  XXXIII.  THEOR. 

In  equal  circles,  angles,  whether  at  the  centres  or  cir- 
cumferences, have  the  ^me  ratio  which  the  arches,  on 
which  they  stand,  havx  to  one  another :  So  also  have  the 

sectors. 

Let  ABC,  DEF  be  equal  circles ;  and  at  their  centres  the  angles 
BGC,  EHF,  and  the  angles  BAC,  EDF  at  their  circumferences ;  as 
the  archBC  to  the  arch  EF,  so  is  the  angle  BGC  to  the  angle  EHF, 
and  the  angle  BAC  to  the  angle  EDF :  and  also  the  sector  BGC  to 
the  sector  EHF. 

Take  any  number  of  arches  CK,  KL,  each  equal  to  BC,  and  any 
number  whatever  FM,  MN  each  equal  to  EF ;  and  join  GK,  GL,  HM, 
HN.  Because  the  arches  BC,  CK,  KL  are  all  equal,  the  aiigles  BGC, 
CGK,  KGL  are  also  all  equal  (27.  3.) :  Therefore,  what  multiple 
soever  the  arch  BLis  of  the  arch  BC,the  same  multiple  is  the  angle 
BGL  of  the  angle  BGC  :  For  the  same  reason,  whatever  multiple  the 
arch  EN  is  of  the  arch  EF,  the  same  multiple  is  the  angle  EHN  of  the 
angle  EHF.  But  if  the  arch  BL,  be  equal  to  the  arch  EN,  the  angle 
BGL  is  also  equal  (27.  3.)  to  the  angle  EHN;  or  if  the  arch  BL  be 
greater  than  EN,lik:ewise  the  angle  BGL  is  e;reatcr  than  EHN:  and 
if  less,  less:  There  being  then  four  magnitudes,  the  two  arches,  BC, 
EF,  and  the  two  angles  BGC,  EHF,  and  of  the  arch  BC,  and  of  tke 
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an^Ie  BGC,  have  been  taken  any  equimultiples  whatever,  viz.  the 
arcli  BL,  and  the  ano^IeBGL;  and  of  the  arch  EF,  and  of  the  ang^le 
EHF,  and  equimultiples  whatever,  viz.  the  arch  EN.  and  the  angle 
EHN:  And  it  has  been  proved,  that  if  the  arch  BLbe  greater  than 
EN,  the  angle  BGL  is  greater  than  EHN;  andif  equal,  equal;  and 
if  less,  less :  As  therefore,  the  arch  BC  to  the  arch  EF.  so  (def.  5.  5.) 
is  the  angle  BGC  to  the  an?le  EHF :  But  as  the  angle  BGC  is  to  the 
aujyle  EHF,  so  is  (15.  5.)  the  angle  BAC  to  the  angle  EDF,  for  each 
is  double  of  each  (20.  3.) :  Therefore,  as  the  circumference  BC  is  to 
EF,  so  is  the  angle.  BGC  to  the  angle  EHF,  and  the  angle  BAC  to 
the  ausrle  EDF. 


Also,  as  the  arch  BC  to  EF,  so  is  the  sector  BGC  to  the  sector 
EHF.  Join  BC,  CK,  and  in  the  arches  BC,  CK  take  any  points  X, 
O,  and  join  BX,  XC,  CO,  OK :  Then,  because  in  the  triangles  GBC, 
GCK,  the  two  sides  BG,  GC  are  equal  to  the  two  CG,  GK,  and  also 
contain  equal  angles;  the  base  BC  is  equal  (4.  1.)  to  the  base  CK, 
and  the  triangle  GBC  to  the  triangle  GCK :  And  because  the  arch 
BC  is  equal  to  the  arch  CK,  the  remaining  part  of  the  whole  circum- 
ference of  the  circle  ABC  is  equal  to  the  remaining  part  of  the  whole 
circumference  of  the  same  circle:  Wherefore  the  angle  BXC  is 
equal  to  the  angle  COK  (37.  3.) ;  and  the  segment  BXC  is  therefore 
similar  to  the  segment  COK  (def,  9.  3.);  and  they  are  upon  equal 
straight  lines  BC,  CK:  But  similar  segments  of  circles  upon  equal 
straight  lines  are  equal  (34.  3.)  to  one  another:  Therefore  the  seg- 
ment BXC  is  equal  to  the  segment  COK:  And  the  triangle  BGC  is 
equal  to  the  triangle  CGK;  therefore  the  whole,  the  sector  BGC  is 
equal  to  the  whole,  the  sector  CGK :  For  the  same  reason,  the  sec- 
tor KGL  is  equal  to  each  of  the  sectors  BGC,  CGK ;  and  in  the  same 
manner,  the  sectors  EFIF,  FHM,  MHN  may  be  proved  equal  to  one 
another:  Therefore,  what  mullipie  soever  the  arch  BLis  of  the  arch 
BC,  the  same  multiple  is  the  sector  BGL  of  the  sector  BGC.  For 
the  same  reason,  whatever  multiple  the  arch  EN"  is  of  EF,  the 
same  multiple  is  the  sector  EHN  of  the  sector  EHF:    Now  if  the 
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arch  BL  be  equal  to  EN,  the  sector  BGL  is  equal  to  the  sector  EHN  ; 


and  if  the  arch  BL  be  greater  than  EN,  the  sector  BGL  is  greater 
than  the  sector  EHN  ;  and  if  less,  less:  Since,  then,  there  are  tour 
magnitudes,  the  two  arches  BC,EF,  and  the  two  sectors  BGC,EHF, 
and  of  the  arch  BC,  and  sector  BGC,  the  arch  BL  and  the  sector 
BGL  are  any  equimultiples  whatever;  and  of  the  arch  EF,  and  sec- 
tor EHF,  the  arch  EN  and  sector  EHN,  are  any  equimultiples  what- 
ever ;  and  it  has  been  proved,  that  if  the  arch  BL  be  greater  than  EN, 
the  sector  BGL  is  greater  than  the  sector  EHN ;  if  equal,  equal ;  and 
if  less,  less;  therefore  (def.  5.  5.),  as  the  arch  BC  is  to  the  arch  EF, 
go  is  the  sector  BGC  to  the  sector  EHF.  Wherefore,  in  equal  circles, 
&c.    Q.E.  D. 

PROP.  B.  THEOR. 

If  an  angle  of  a  triangle  be  bisected  by  a  straight  line, 
which  likewise  cuts  the  base ;  the  rectangle  contained  by 
the  sides  of  the  triangle  is  equal  to  the  rectangle  contained 
by  the  segments  of  the  base,  together  with  the  square  of 
the  straight  line  bisecting  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bi?ected  by  the 
straight  line  AD;  the  rectangle  BA.AC  is  equal  to  the  rectangle 
BB-DC,  together  with  the  square  of  AD. 

Describe  the  circle  (5.  4.)  ACB  about 
the  triangle,  and  produce  AD  to  the  cir- 
cumference in  E,  and  join  EC.  Then, 
because  the  anc>l«  BAD  is  equal  to  the  an- 
gle C  AE,  and  the  angle  ABD  to  the  angles^ 
(21.  3.)  AEC,  for  they  are  in  the  same 
geo'ment;  the  triangles  ABD,  AEC  are 
equianpniar  to  one  another:  Therefore 
BA  •  AD  : :  EA  :  (4.  6  )  AC,  and  conse- 
tuientlv,  BA.AC  =  (16.  6.)  AD.AE  = 
ED.DA  (3.  20-l-DA''.  But  ED.DA= 
BD.DC,  therefore  BA.AC  =  BD.DC  + 
DA^    Wherefore,  il  an  angle,  ij'c    Q.  E.  D. 
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PROP.  C.  THEOR. 

If  from  any  angle  of  a  triangle  a  straight  line  be  drawn 
perpendicular  to  the  base  ;  the  rectangle  contained  by  the 
sides  of  the  triangle  is  equal  to  the  rectangle  contained  by 
the  perpendicular,  and  the  diameter  of  the  circle  described 
about  the  triangle. 

Let  ABC  be  a  triangle,  and  AD  the  perpendicular  from  the  angle 
A  to  the  base  BC;  the  rectangle  BA.AC  is  equal  to  the  rectangle 
contained  by  AD  and  the  diameter  of  the  circle  described  about  the 
triangle. 

Describe  (5.  *)  the  circle  ACB  about 
the  triangle,  and  draw  its  diameter  AE, 
and  join  EC :  Because  the  right  angle 
BDA  is  equal  (3.  3.)  to  the  angle  EC  A 
in  a  semicircle,  and  the  angle  ABD  tosj 
the  angle  AEC,  in  the  same  segment 
(21.  3.);  the  triangles  ABD,  AEC  are 
equiangular:  Therefore,  as  (4.  6.)  BA 
to  AD,  so  is  EA  to  AC :  and  conse- 
quently the  rectangle  BA.AC  is  equal 
(16.  6.)  to  the  rectangle  Ex\.AD.  If, 
therefore,  from  an  angle,  &c.    Q.  E.  D. 

PROP.  D.  THEOR. 

The  rectangle  contained  by  the  diagonals  of  a  quadri- 
lateral inscribed  in  a  circle,  is  equal  to  both  the  rectan- 
gles, contained  by  its  opposite  sides. 

Let  ABCD  be  any  quadrilateral  inscribed  in  a  circle,  and  let  AC, 
BD  be  drawn;  the  rectangle  AC.BD  is  equal  to  the  two  rectangles 
AB.CD,  and  AD.BC. 

Make  the  angle  ABE  equal  to  the  angle  DBC ;  add  to  each  of  these 
the  common  angle  EBD,  then  the  angle  ABD  is  equal  to  the  angle 
EBC :  And  the  angle  BDA  is  equal  to  (21.  3.)  the  angle  BCE,  be- 
cause they  are  in  the  same  segment 
therefore  the  triangle  ABD  is  equian- 
gular to  the  trlansle  BCE.  Wherefore 
(4. 6.),  BC  :  CE  :  :  BD  :  DA,  and  con- 
sequently (16.  6.)  BC.DA  =  BD.CE. 
Again,  because  the  angle  ABE  is  equal 
to  the  angle  DBC,  and  the  angle  (21. 3.) 
B  AE  to  the  angle  BDC,the  triangle  ABE 
is  equiangular  to  the  triangle  BCD; 
therefore  BA  :  AE  : :  BD  :  DC,  and 
BA.DC=BD.AE:  But  it  was  shown 
that  BCD A=BD.CE;  wherefore  BC. 
DA-f  BA.DC=BD.CE+BD.AE=BD.AC  (l.  3.).  That  is  the 
rectangle  contained  by  BD  and  AC,  is  equal  to  the  rectangles  eo^- 
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tained  by  AB,  CD,  and  AD,  BC.    Therefore  the  rectangle,  &c. 
Q.  E.  D. 

PROP.  E.  THEOR. 

If  an  arch  of  a  circle  be  bisected,  and  from  the  ex- 
tremities of  the  arch,  and  from  the  point  of  bisection^ 
straight  lines  be  drawn  to  any  point  in  the  circumference, 
the  sum  of  the  two  lines  drawn  from  the  extremities  d' 
the  arch  will  have  to  the  line  drawn  from  the  point  of 
bisection,  the  same  ratio  which  the  straight  line  subtending 
the  arch  has  to  the  straight  line  subtending  half  the  arch. 

Let  ABD  be  a  circle,  of  which  AB  is  an  arch  bisected  in  C.  and 
from  A,  C,and  B  to  D,  .any  point  whatever  in  the  circumference,  iet 
AD,  CD,  BD  be  drawn ;  the  sum  of  the  two  lines  AD  and  DB  has  t» 
DC  the  same  ratio  that  BA  has  to  AC. 

For  since  ACBD  is  a  quadrilateral 
inscribed  in  a  circle,  of  which  the  di- 
agonals are  AB  and  CD,  AD.CB-4- 
DB.AC  (D.  6.)=AB.CD:  but  AD. 
CB  +  DB.AC  =  AD.AC  +  DB.A  C,  be- 
cause  CB=AC.  Therefore  AD.AC -f  I 
DB.AC,  that  is  (l.  2.),  (AO-f-DB)! 
•AC=AB.CD.  And  because  the  sides' 
of  equal  rectangles  are  reciprocally 
proportional  (14.  6.),  AD+DB  :  D  j 
I :  AB  :  AC.  Wherefore,&c,  Q.EoB. 

PROP.  F.  THEOR. 

If  two  points  be  taken  in  the  diameter  of  a  circle,  such 
that  the  rectangle  contained  by  the  segments  intercepted 
between  them  and  the  centre  of  the  circle  be  equal  to  the 
square  of  the  radius :  and  if  from  these  points  two  straight 
fines  be  drawn  to  any  point  whatsoever  in  the  circumfer- 
ence of  the  circle,  the  ratio  of  these  lines  will  be  the  same 
with  the  ratio  of  the  segments  intercepted  between  the  two 
first  mentioned  points  and  the  circumference  of  the  cirele. 

Let  ABC  beacircle,of  which  the  oc  ire  is  D,  and  in  DA  produced, 
let  the  points  Eand  F  be  such  thattli  •  rectangle  ED, DF  is  equal  to 
the  square  of  AD ;  from  E  and  F  to  a^y  point  B  in  the  circumference, 
let  EB,  FB  be  drawn ;  FB  :  BE  :  :  F  A  :  AE. 

Join  BD>and  because  the  rectangle  FD.DE  is  equal  to  the  square 
of  AD,  that  is,  of  DB,  FD  :  DB  ::  DB  :  DE  (17.  6.). 

The  two  triangles,  FDB,  BDE  have  therefore  the  sides  proportion* 
althat  are  about  the  common  angle  D;  therefore  they  a  re  equiangu- 
lar (6.  6.),  the  angle  DEB  being  equal  to  the  angle  DBF,  and  DBF,  lo 
DFB.  Now  since  the  sides  about  these  equal  angles  are  also  proper- 
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nonal  (*.  6.),  FB  :  BT)  :  s  BE  :  ED,  and  alternately  (16.  5.).  FB  ,- 
BE  ::  BD  :  ED,  or  FB  :  BE  :  :  AD  :  DE.  But  because  FD  :  DA  :: 
DA  :  DE,  by  division  (17. 3.)?  FA  :  DA  :  :  AE  :  ED,  and  alternately 
(li:  5.),  F\  :  AE  ::  da  :  ED.  Now  it  has  been  shown  that  FB  : 
BE  :  :  AD  :  DE,  therefore  FB  ;  BE  : :  FA  :  AE.  Therefore,  &c. 
Q.  E.  D. 

Cor.  If  AB  be  drawn,  because  FB  :  BE  : :  FA  :  AE,  the  angle 
FBE  is  bisected  (3. 6.)  by  AB.  Also,  since  FD  ;  DC  : :  DC  :  DE,  by 
composition  (18.  5.),  FC  :  DC  :  :  CE  :  ED,  and  since  it  has  been 
shown thatFA:  AD  (DC)  :  :  AE  :  ED, therefore, ex fequo, FA  :  AE: 
FC  : ;  CE.  But  FB  :  BE  : :  FA  :  AE,  therefore,  FB  :  BE  :  :  FC  : 
CE  (11.5.);  so  that  if  FB  be  produced  to  G,  and  if  BC  be  drawn,  the 
angle  EBG  is  bisected  by  the  line  BC  (A.  6.), 

PROP.  G.  THEOR. 

If  from  the  extremity  of  the  diameter  of  a  circle  a 
straight  line  be  drawn  in  the  circle,  and  if  either  within 
the  circle  or  produced  without  it,  it  meet  a  line  perpen- 
dicular to  the  same  diameter,  the  rectangle  contained  by 
the  straight  line  drawn  in  the  circle,  and  the  segment  of  it, 
intercepted  between  the  extremity  of  the  diameter  and  the 
perpendicular,  is  equal  to  the  rectangle  contained  by  the 
diameter,  and  the  segmentof  itcutoff  by  the  perpendicular. 

Let  ABC  be  a  circle,  of  which  AC  is  a  diameter,  let  DE  be  per=> 
pendicular  to  the  diameter  AC,  >ind  let  AB  meet  DE  in  F:  the  rect- 
angle BA,AF  is  equal  to  the  rectangle  CA.AD.  Join  BC,  and  be- 
cause ABC  is  an  angle  in  a  semicircle,  it  is  a  right  angle  (31.  3.)  ; 
Now,  the  angle  ADF  is  also  a  right  angle  (Hyp.);  and  the  angle 
BAC  is  either  the  same  with  DAF,  or  vertical  to  it;  therefore  the 
triangles  ABC,  ADFare  equiangular,  and  BA:  AC  ::  AD:  AF(4.6.); 
therefore  also  the  rectau^jle  BA.AF,  contained  by  the  extremes;  is 
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equal  to  the  rectangle  ACAD  contained  by  the  means  (16.  6.^    It* 
therefore,  &c.    Q.  E.  D. 

PROP.  H.  THEOR. 

The  perpendiculars  drawn  from  the  three  angles  of  any 
triangle  to  the  opposite  sides  intersect  one  another  in  the 
same  point. 

Let  ABC  be  a  triangle,BD  and  CE  two  perpendiculars  intersect- 
ing one  another  in  F  :  let  AF  be  joined,  and  produced  if  necessary, 
let  it  meet  EC  in  G,  AG  is  perpendicular  to  BC. 

Join  I)E,  and  about  the  triangle  AEF  let  a  circle  be  described, 
AEF ;  then,  because  AEF  is  a  ri^lit  angle,  the  circle  described  about 
the  triangle  AEF  will  have  AFfor 
its  diameter  (31.  3.).  In  the 
same  manner,  the  circle  describ- 
ed about  the  triangle  ADF  has 
AF  for  its  diameter;  therefore 
the  points  A,  E,  F  and  D  ai*e  in 
the  circumference  of  the  same 
circle.  But  because  the  angle 
EFB  is  equal  to  the  angle  DFC 
(15.  1.),  and  also  the  angle  BEF 
to  the  angle  CDF, being  both  riglit 
angles,  the  triangles  BEF  and 
CDF  are  equiangular,  and  there- 
fore BF  :  EF  ::  CF  :  FI)  (4.  fi.),^ 
or  alternately  (16.  5.)  BF  :  FC 
'.'.  EF  :  FD.  Since,  then,  the  sides  about  the  equal  angles  BFC, 
EFD  are  proportionals,  the  triangles  BFC,  EFD  are  also  equiangular 
(6.  6.);  wherefore  the  angle  FCB  is  equal  to  the  angle  EDF.  But 
EDF  is  equal  to  EAF,  because  they  are  angles  in  the  same  segment 
(21.  3.)  ;  therefore  the  angle  EAF  is  equal  to  the  angle  FCG:  "Now, 
the  angles  AFE,  CFG  are  also  equal,  because  they  are  vertical  an- 
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gles;  therefore  the  remaininj^  angles  AEF,  FGC  are  also  equal 
(32.  1.) :  But  AEF  is  a  ri  ht  angle,  therefore  FGC  is  a  right  angle, 
and  AG  is  perpendicular  to  BC.     Q.  E.  D. 

Cor.  The  triangle  ADE  is  similar  to  Ihe  triangle  ABC.  For  the 
two  triangles  BAD,  CAE  having  the  angles  at  D  and  E  right  angles, 
and  the  angle  at  A  common,  are  equiangular,  and  therefore  B  A :  AD  '.'. 
CA  :  AE,  and  alternately  BA  :  CA  : :  Al)  :  AE;  therefore  the  two 
triangles  BAC, DAE, have  the  angle  at  Acommon,  andthe  sides  about 
that  angle  proportionals,  therefore  thev  are  equiangular  (6.  6.)  and 
:§imilar.        Hence  the  rectangles  BA.AB,  CA.AD  are  equal. 

PROP.  K.  THEOR. 

If  from  any  angle  of  a  triangle  a  perpendicular  be  drawn 
to  the  opposite  side  or  base ;  the  rectangle  contained  by 
the  sum  and  difference  of  the  other  two  sides,  is  equal  to 
the  rectangle  contained  by  the  sum  and  difference  of  the 
segments,  into  which  the  base  is  divided  by  the  perpen- 
dicular. 

Let  ABC  be  a  triangle,  AD  a  perpendicular  drawn  from  the  angle 
A  on  the  base  BC,  so  that  BD,  DC  are  the  segments  of  the  basej 
(AC+AB)  (AC— AB)  =  (CD4-DB)  (CD— DB) 


From  A  as  a  centre  with  the  radius  AC,  the  pjreater  of  the  two 
sides,  describe  Ihe  circle  CFG:  produce  AB  to  meet  the  circumfer- 
ence in  E  and  F,  and  CB  to  meet  it  in  G.  Then  because  AP'=AC, 
BF=AB+AC,  the  sum  of  the  sides;  and  since  AE=AC,  BE=AC, 
— AB=lhe  difference  of  the  sides.  Also,  because  AD  drawn  from 
the  centre  cuts  GC  at  right  angles,  it  bisects  it;  therefore,  when  the 
perpendicular  falls  within  thetriaugle,BG=DG — DB=DC— DB= 
the  difterence  of  the  segments  of  the  base,  and  BC=BD+DC=the 
sum  of  the  segments.  But  when  AD  falls  without  the  trians^le,  BG= 
DG+DB=CD-f  DB=the  sum  of  the  segments  of  the  base,  and  BC 
=CD — DB=the  difference  of  the  segments  of  the  base.  Now,  in 
both  cases,  because  B  is  the  intersection  of  the  two  lines  FE,  GC, 
drawn  in  the  circle,  FB.BE=CB.BG;  that  is,  as  has  been  shown, 
(AC+AB)  (AC— AB)=(CD+DB)  (CD— DB),    Therefore,  &c. 
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DEFINITIONS. 
I. 

Chord  of  an  arch  of  a  circle  is  the  straight  line  joining  the  ex= 
treraities  of  the  areh;  or  the  straight  line  which  subtends  th^i 


A 

arch. 

II. 

The  perimeter  of  any  figure  is  the  length  of  the  line  or  lines,  hy 
which  it  is  bounded. 

III. 

The  area  of  any  figure  is  the  space  contained  within  it. 

AXIOM. 

The  least  line  tliat  can  be  drawn  between  two  points,  is  a  straight 
line:  arid  if  two  figures  have  the  same  straight  line  for  their  base, 
that  which  is  contained  within  the  other,  if  its  bounding  line  or  lines 
he  not  any  where  convex  toward  the  base,  has  the  least  perimeter. 
Cor.  1.  Hence  the  perimeter  of  any  polygon  inscribed  in  a  circle, 
is  less  than  the  circumference  of  the  circle. 

Cor.  2.  If  from  a  point  two  straight  lines  be  drawn  touching  a  cir- 
cle, these  two  lines  are  together  greater  than  the  arch  intercepted 
between  them;  and  hence  the  perimeter  of  any  polygon  described 
about  a  circle  is  greater  than  the  circumference  oi  the  circle. 
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PROP.  I.  THEOR. 

If  from  the  greater  of  two  unequal  magnitudes  there  be 
taken  away  its  half,  and  from  the  remainder  its  half:  and 
so  on  ;  There  will  at  length  remain  a  magnitude  less  than 
the  least  of  the  proposed  magnitudes. 

Let  AB  and  C  be  two  unequal  magnitudes,  of  which  AB  is  the 
greater.  If  from  AB  there  be  taken  away  its  half, 
and  from  the  remainder  its  half,  and  So  on;  there 
shall  at  length  remain  a  magnitude  less  than  C. 

For  C  may  be  multiplied  so  as,  at  length,  to 
become  greater  than  AB.     Let  DE,  therefore,  be 
a  multiple  of  C,  which  is  greater  than  AB,  and 
let  it  contain  the  parts  DF,  FG,  GE,  each  equal 
to  Ci    From  AB  take  BH  equal  to  its  half,  and 
from  the  remainder  AH,  take  HK  equal  to  its  h  — 
half,  and  so  on,  until  there  be  as  many  divisions 
in  AB  as  there  are  in  DE :   And  let  the  divisions 
in  AB  be  AK,  KHj  HB.    And  because  DE  is 
greater  than  AB,  and  EG  taken  from  DE  is  not 
greater  than  its  half,  but  BH  taken  from  AB  is  e- 
qual  to  its  half;  therefore  the  remainder  GD  is 
greater  than  the  remainder  HA.     Again,  because       «       -^        i^ 
GD  is  greater  than  HA,  and  GF  is  not  greater  than  the  half  of  GD, 
but  HK  is  equal  to  the  half  of  HA ;  therefore,  the  remainder  FD  is 
greater  than  the  remainder  AK.     And  FD  is  equal  to  C,  therefore  C 
is  greater  than  AK;  that  is,  AKis  less  than  C,    Q.  E.  D. 


PROP.  II.  THEOR. 

Equilateral  polygons,  of  the  same  number  of  sides,  in- 
scribed in  circles,  are  similar,  and  are  to  one  another  as 
the  squares  of  the  diameters  of  the  circles. 

Let  ABCDEP  and  GHIKLM  be  two  equilateral  polygons  of  the 
same  number  of  sides  inscribed  in  the  circles  ABD,  and  GHK; 
ABCDEF  and  GHIKLM  are  similar,  and  are  to  one  another  as  the 
squares  of  the  diameters  of  the  circles  ABD,  GHK. 

Find  N  and  O  the  centres  of  tlie  circles ;  join  AN  aod  BN,  as  also 
GO  and  HO,  and  produce  AN  and  GO  till  thev  meet  the  eircumfer' 
•^ncesinD  and  K- 
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Because  the  strais'litliTiesAB,BC,CD,DE,EF.FA,  are  all  eqnal. 
the  arches  AB,  BC,  CD,DE,  EF,  FA  are  also  equal  (28.  3.).  For 
the  same  reason,  the  arches  GH,  HI,  IK,  KL,  LM,  MG  are  all  equal, 
and  they  are  equal  in  number  to  the  others;  therefore,  whatever 
part  the*  arch  AB  is  of  the  whole  circumference,  ABn,  the  same  is 
the  arch  GH  of  the  circumference  GHK.  But  the  an^le  ANB  is  the 
same  part  of  four  right  an2;les,that  the  arch  AB  is  of  the  circumfer- 
ence ABD  (33.  6.)  •  and  the  an2;le  GOH  is  the  same  part  of  four 
riajht  angles  that  the  arch  GH  is  of  the  circumference  GHK  (33.6.) 
therefore  the  angles  ANB,  GOH  are  each  of  them  the  same  part  of 
four  right  angles,  and  therefore  they  are  equal  to  one  another.  The 
isosceles  triangles  ANB,  GOH  are  therefore  equiangular  (6.  6.),  and 
the  angle  ABN  equal  to  the  angle  GHO;  in  the  same  manner,  by 
joining  NC,  01,  it  may  be  proved  that  the  angles  NBC,  OHI  are 


equal  to  one  another-,  and  to  the  angle  ABN.  Therefore  the  whole 
angle  ABC  is  equal  to  the  whole  GHI;  and  the  same  may  be  proved 
of  the  angles  BCD,  HIK,  and  of  the  rest.  Therefore,  the  polygons 
ABCDEF  and  GHIKLM  are  equiangular  to  one  another;  and' since 
they  are  equilateral,  the  sides  about  the  equal  angles  are  proportion- 
als; thepologon  ABCl)  is  therefore  similar  to  the  polygon  GHIKLM 
(del*.  1.  6.).    And  becaiise  similar  polygons  are  as'  the  squares  of 
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their  Iiomo]o2;ous  sides  (20.  6.),  the  polygon  ABCDEP  is  to  the  po- 
lygon GHIKLM  as  the  square  of  AB  to  the  square  of  GH;  but  be- 
oause  the  triangles  ANB,  GOH  are  equiangular,  the  square  of  AB  is 
to  the  square  of  GH  as  the  square  of  AlV  to  the  square  of  GO  (4. 6.), 
or  as  four  times  the  square  of  AN  to  four  times  the  square  (15.  5.) 
of  GO,  that  is,  as  the  square  of  AD  to  the  square  of  GK  (2.  Cor.  8. 2.). 
Therefore  also,  the  polygon  ABCDEF  is  to  the  polygon  GHIKLM 
as  the  square  of  AD  to  the  square  of  GK  ;  and  they  have  also  been 
shown  to  he  similar.     Therefore,  &c.     Q.  E.  D. 

Cor.  Every  equilateral  polygon  inscribed  in  a  circle  is  also  equi- 
angular: For  the  isosceles  triangles,  which  have  their  common  ver- 
tex in  the  centre,  are  all  equal  and  similar;  therefore,  the  angles  at 
their  bases  are  all  equal,  and  the  angles  of  the  polygon  are  therefore 
also  equal. 

PROP.  in.  THEOH. 

The  side  of  any  equilateral  polygon  inscribed  in  a  cir- 
cle being  given,  to  find  the  side  of  a  polygon  of  the  same 
number  of  sides  described  about  the  circle. 

Let  ABCDEF  be  an  equilateral  polygon  inscribed  in  the  circle 
ABD;  it  is  required  to  find  the  side  of  an  equilateral  polygon  of  the 
same  number  of  sides  described  about  the  circle. 

Find  G  the  centre  of  the  circle ;  join  GA,  GB,  bisect  the  arch  AB 
in  H ;  and  through  H  draw  KHL  touching  the  circle  in  H,  and  meet- 
ing GA  and  GB  produced  in  K  and  L ;  KL  is  the  side  of  the  polygon 
required. 

Produce  GF  to  N,  so  that  GN  maybe  equal  to  GL j  join  KN,  and 
from  G  draw  GM  at  right  angles  to  KN,  join  also  HG. 

Because  the  arch  AB  is  bisected  in  H,  the  angle  AGH  is  equal  to 
the  angle  BGH  (27.  3.);  and 
because  KL  touches  the  circle 
in  H,  the  angles  LHG, KHG  are 
right  angles  (16.  3.) ;  therefore, 
there  are  two  angles  of  the  tri- 
angle HGK,  equal  to  two  an- 
gles of  the  triangle  HGL,  each 
to  each.  But  the  side  GH  is'^ 
common  to  these  triangles; 
therefore  they  are  equal  (26. 
1.),  anil  GL  is  equal  to  GK. 
Again,  in  the  triangles  KGL, 
KGN,  because  GN  is  equal  to 
GL ;  and  GK  common,  and  also 
the  angle  LGK  equal  to  the  an- 
gle KGN;  therefore  the  base  KL  is  equal  to  the  base  KN  (4.  1.) 
nut  because  the  triangle  KGN  is  isosceles,  the  angle  GKN  is  equal 
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to  the  angle  GNK,  and  the  angles  GMK,  GMN  are  both  right  angle* 
by  consfructiof.;  wherelore,  (he  triangles  GMK.  GMN  have  two  an- 
gles oCthe  one  equal  Jo  two  angles  oT  the  other,  and  they  have  also 
the  side  GM  common,  therefore  they  are  equal  (26.  1.),  and  ttie  side 
KM  is  equal  to  the  side  MN.  so  that  KN  is  bisected  in  M.  But  KN  is 
equal  to  KL,  and  therefore  their  halves  KM  and  KH  are  also  equal. 
Wherefore,  in  the  triangle?  GKH.  GKM,  the  two  sides  GK  and  KH 
are  equal  to  the  two  GK  and  KM,  each  to  each  ;  and  the  angles  GKH, 
GKM,  are  also  equal,  tlierelore  GM  is  etiual  to  GH  (4.  I.);  wtiere- 
fore,  the  point  M  is  in  the  circumference  of  the  circle;  and  because 
.KMG  is  a  right  angle,  KM  touches  the  circle.  And  in  (he  same  man- 
ner, by  joining  the  centre  and  the  other  angular  points  of  the  in- 
scribed polygon,  an  equilateral  polygon  may  be  described  about  the 
circle,  the  sides  of  which  will  each  be  equal  toKL,  and  will  beeiiual 
in  number  to  the  sides  of  the  inscribed  polygon.  Therefore,  KL  is 
the  side  of  an  equilateral  polygon,  described  about  the  circe,  of  the 
same  number  of  sides  with  the  inscribed  polygon  ABCDEF  ;  which 
was  to  be  found. 

CoR.  1 .  Because  GL,  GK,  GN,  and  the  other  straight  lines  drawn 
from  the  centre  G  to  the  angular  points  of  the  polygon  described  about 
the  circle  ABD  are  all  equal;  if  a  circle  he  described  from  the  centre 
G,  with  the  distance  GK,  the  polygon  will  be  inscribed  in  that  circle  ; 
and  therefore,  it  is  similar  to  the  polygon  ABCDEF  (2.  1.). 

CoR.  2.  It  is  evident  that  AB,'a  side  of  the  inscribed  polygon  is  to 
KL,  aside  of  the  circumscribed,  as  the  perpendicular  from  G  upoti 
AB.  to  the  perpendicular  from  G  upon  KL,  that  is  to  the  radius  of  the 
circle;  therefore  also,  because  magnitudes  have  the  same  ratio  with 
their  equimultiples  ( 15,  5.).  the  perimeter  of  the  inscribed  polygon  is 
to  the  perimeter  of  the  circumscribed,  as  the  [)erpendicular  from  the 
centre,  on  a  side  of  the  inscribed  polygon,  to  the  radius  of  the  eircle. 

PROP.  IV.  THEOR. 

A  circle  being  given,  two  similar  polygons  may  be  founds 
the  one  described  about  the  circle,  and  the  other  inscribed 
in  itj  which  shrill  differ  from  one  another  by  a  space  less 
than  any  given  space. 

Let  ABC  he  the  given  circle,  and  the  square  of  D  any  given  space ; 
a  polygon  may  be  inscribed  in  the  ciri'b  ABC,  and  a  similar  polygon 
described  ahr)ut  it,  so  that  the  difference  between  tiiem  shall  be  less 
than  thf  square  of  D. 

In  the  circle  ABC  apply  the  straight  line  AE  equal  to  D,  and  let  AB 
be  a  fourth  [jart  ol  the  circumference  ol  the  circle.  From  the  cir- 
cunderence  ABtake  away  its  half,  and  from  the  remainder  its  hall,  and 
so  on  till  the  circumference  AF  is  found  less  than  tlie  circumference 
AE(I.  1.  Sup.).  Find  the  centreG;riraw  the  tliameter  AC,  as  also 
the  straight  lines  AF  and  FG ;  and  having  bisected  the  circuuderence 
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AF  in  K,  join  KG,  and  draw  HL  touching  the  circle  in  K,  and  meet- 
ing GA  and  GF  produced  in  H  and  L;  join  CF. 

Because  the  isosceles  triangles  HGL  and  AGF  have  the  common 
angle  AGF,  they  are  equiangular  (6.  6.),  and  the  angles  GHK,GAF 
are  therefore  equal  to  one  another.  But  the  angles  GKH,  CFA  are 
also  equal,  for  they  are  right  angles;  therefore  the  triangles  HGK, 
ACF,  are  liicewise  equiangular  (32.  1.). 

And  because  the  arch  AF  was  found  by  takingfrora  the  arch  AB  its 
half,  aiid  from  that  remainder  its  half,  and  so  on,  AF  will  bo  contained 
a  certain  number  of  times,  eiaetly^  in  the  arch  AB,  aud  thertfore  it 
will  also  be  contained  a  certain  number  of  times,  exactly,  in  the  whole 
circumference,  ABC ;  and  the  straight  line  AF  is  therefore  the  side  of 
an  equilateral  polyy^on  inscribed  in'the  circle  ABC.  Wherefore  also, 
HL  IS  the  side  of  an  equilateral  polygon,  of  the  same  number  of  sides, 
described  about  ABC  (3.  1.  Sup.).  Let  the  polygon  described  about 
the  circle  be  called,  M  and  the  polygon  inscribed  be  called  N ;  then, 


Ijecause  these  polygons  are  similar  (Cor.  3. 1.),  they  are  as  the  squares 
of  the  homologous  sides,  HL  and  AF  (Sup.  3.  Cor.  30.  6.),  that  is,  be- 
cause the  triangles  HLG,  AFG  are  similar,  as  the  square  of  HG  to 
the  square  of  x\G,that  is  of  GK.  But  the  triangles  HGK,  ACF  have 
been  proved  to  be  similar,  and  therefore  the  square  of  AC  is  to  the 
square  of  CF  as  the  polygon  M  to  the  polygon  jV;  and,  by  conversion, 
the  square  of  AC  is  to  its  excess  above  the  square  of  CF,  that  is,  to  the 
square  of  aF  (47.  1.),  as  the  polygon  M  to  its  excess  above  the  poly- 
gon N.  But  the  square  of  AC,  that  is,  the  square  described  about 
the  circle  ABC  is  greater  than  the  equilateral  polygon  of  eight  sides 
described  about  the  circle,  because  it  contains  that  polygon ;  and,  for 
the  same  reason,  the  polygon  of  eight  sides  is  greater  than  the  poly- 
gon of  sixteen,  and  so  on;  therefore  the  square  of  AC  is  greater 
than  any  polygon  described  about  the  circle  by  the  continual  bisection 
of  the  arch  AB ;  it  is  therefore  greater  than  the  polygon  M.  Now,  it 
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has  been  demonstrated,  that  the  square  of  AC  is  to  the  square  of  AF 
as  the  polygon  M  to  the  difference  of  the  polygons;  therefore,  since 
the  square  of  AC  is  greater  than  M,  the  square  of  AF  is  greater  than 
the  difference  of  the  polygons  (14.  5.).  The  difference  of  the  poly- 
gons  is  therefore  less  than  the  square  of  AF;  but  AF  is  less  than  D ; 
theref  re  the  difference  of  the  polygons  is  less  than  the  square  of  D, 
that  is,  than  the  given  space.    Therefore,  &c.    Q.  E.  D. 

Cor.  1.  Because  the  polygons  M  and  N  differ  from  one  another 
more  than  either  of  them  differs  from  the  circle,  the  difference  be- 
tween each  of  them  and  the  circle  is  less  than  the  given  space,  viz. 
the  square  of  D.  And  therefore,  however  small  any  gi.en  space 
may  be,  a  polygon  may  be  inscribed  in  (he  circle,  and  another  de- 
scribed about  it,  each  of  which  shall  differ  from  the  circle  by  a  space 
j£ds  than  the  given  space. 


Cor.  2.  The  space  B  which  is  greater  than  any  polygon  that  can 
be  inscribed  in  the  circle  A,  and  less  than  any  polygon  that  can  be 
described  about  it,  is  equal  to  the  circle  A.  If  not  jet  them  be  une- 
qual; and  first,  let  B  exceed  A  by  the  space  C.  Then,  because  the 
Eolygons  described  about  the  circle  A  are  all  greater  than  B,  by 
ypolhesis;  and  because  B  is  greater  than  A  by  the  space  C,  there- 
fore no  polygon  can  be  described  about  the  circle  A,  but  what  must 
exceed  it  by  a  space  greater  that  C,  which  is  absurd.  In  the  same 
manner,  if  B  be  less  than  A  by  the  space  C,  it  is  shown  that  no  poly- 
gon can  be  inscribed  in  the  circle  A,  but  what  is  less  than  A  by  a  space 
greater  than  C,  which  is  also  absurd.  Therefore,  A  and  B  are  not 
unequal,  that  is,  they  are  equal  to  one  another. 

PROP.  V.  THEOR. 

The  area  of  any  circle  is  equal  to  the  rectangle  contain- 
ed by  the  semidiameter,  and  a  straight  line  equal  to  half 
the  circumference. 

Let  ABC  be  a  circle  of  which  the  centre  is  D,  and  the  diameter 
AC;  if  in  AC  produced  there  be  taken  AH  equal  to  half  the  circum- 
ference, the  area  of  the  circle  is  equal  to  the  rectangle  coptaioed  by 
J)AaAdAH. 
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Let  AB  he  the  side  of  any  equilateral  polygon  inscribed  in  the  cir- 
cle A.BC ;  bisect  the  eireumference  AB  in  G,  and  throuajh  G  draw 
EGF  touching  the  circle,  and  meeting  DA  produced  in  E,  and  DB 


-o 


produced  in  F;  EF  will  be  the  side  of  an  equilateral  polygon  de- 
scribed about  tiie  circle  ABC  (3.  1.  Sup.).  In  AC  produced  take 
AK  equal  to  half  the  perimeter  of  the  polygon  whose  side  is  AB ; 
and  AL  equal  to  half  the  perimeter  of  the  polygon  whose  side  is  EF. 
Then  AK.  will  be  less,  and  AL  greater  than  the  straight  line  AH 
(Ax.  1.  Sup.).  Now,  because  in  the  triangle  EDF,  DG  is  drawn 
perpendicular  to  the  base,  the  triangle  EDF  is  equal  to  the  rectangle 
contained  by  DG  and  the  half  of  EF  (41.  1.)  j  and  as  the  same  is 
true  of  all  the  other  equal  triangles  having  their  vertices  in  D,  which 
make  up  the  polygon  described  about  the  circle;  therefore,  the 
whole  polygon  is  equal  to  the  rectangle  contained  by  DG  and  AL, 
half  the  perimeter  of  the  polygon  (l.  2.),  or  by  DA  and  AL.  But  AL 
is  greater  than  AH,  therefore  the  rectangle  DA.AL  is  greater  thaa 
the  rectangle  DA.AH;  the  rectangle  DA. AH  is  therefore  less  than 
the  rectangle  DA.AL,  that  is,  than  any  polygon  described  about  the 
eircle  ABC. 

Again,  the  triangle  ADB  is  equal  to  the  rectangle  contained  by  DM 
the  perpe'idicular,  and  one  half  of  the  base  AB,  and  it  is  therefore 
J2ss  than  the  rectangle  contained  by  DG,  or  DA,  and  the  half  of  AB. 
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And  as  the  same  is  true  of  all  the  other  triangles  having  their  verti- 
ces in  D,  which  make  up  the  inscribed  polygon,  therefore  the  whole 
of  the  iiiscribed  polygon  is  less  than  ihe  rectangle  contained  by  liA, 
and  AK  half  the  perimeter  of  the  polygon.  Now,  the  rectangle 
DA.x\K  is  less  than  DA. AH;  much  more,  therefore,  is  the  polygon 
whose  side  is  AB  less  tlian  DA.AH;  and  the  rectangle  DA.AH  is 
therefore  greater  than  any  polygon  inscribed  in  the  circle  ABC.  But 
the  same  recian^le  DA.AH  has  been  proved  to  be  less  than  any  poly- 
gon described  about  the  circle  ABC  ;  ther<'fore,  the  rectangle  DA.AH 
is  equal  to  the  circle  ABC  (2.  Cor.  4.  1.  Sup.).  Now,  DA  is  the  se- 
midiameter  of  the  circle  ABC,  and  AH  the  half  of  its  circumference. 
Therefore,  &e.     Q.  L.  D. 

Cor.  1.  Because  DA  :  AH  :  :  DA^  ;  DA.AH  (l.  6.),  and  because 
by  this  proposition,  DA.AH=the  area  of  the  circle,  of  which  DA  is 
the  radius:  therefore,  as  the  radius  of  any  circle  to  the  semicircum- 
ference,  or  as  the  diameter  to  the  whole  circumference,  so  is  th» 
square  of  the  radius  to  the  area  of  the  circle. 

Cor.  2.  Hence  a  polygon  may  be  described  about  a  circle,  the  pe- 
rimeter of  which  shall  exceed  the  circumference  of  the  circle  by  a 
line  that  is  less  than  any  given  line,  f  ..et  NO  be  the  given  line.  Take 
in  NO  the  part  NP  less  than  its  half,  and  less  also  than  AD,  and  let  a 
polygon  be  described  about  the  circle  ABC,  so  that  its  excess  above 
ABC  may  be  less  than  the  square  of  NP  (1.  Cor.  4.  1.  Sup.).  Let 
the  side  of  this  polygon  be  EF.  .And  since,  as  has  been  proved,  the 
circle  is  equal  to  the  rectangle  DA.AH,  and  the  polygon  to  the  rect- 
angle DA.  AL,  the  excess  of  the  polygon  above  the  circle  is  equal  to 
the  rectangle  DA.HL;  therefore  the  rectangle  DA.HL  is  less  than 
the  square  of  NP;  and  therefore,  since  DA  is  greater  than  NP,  HL 
is  less  than  NP,and  twice  HL  less  than  twice  NP,  wherefore,  much 
more  is  twice  HL  less  than  NO.  But  HL  is  the  difterence  between 
half  the  perimeter  of  the  polygon  whose  side  is  EF,  and  half  the  cir- 
cumference of  the  circle:  therefore,  twice  HL  is  the  difterence  be- 
tween the  whole  perimeter  of  the  polygon  and  the  whole  circumfer- 
ence of  the  circle  (5.  5.).  The  ditference,  therefore,  between  the 
perimeter  of  the  polygon  and  the  circumference  of  the  circle  is  less 
than  the  given  line  NO. 

Cor.  3.  Hence  also,  a  polygon  maybe  inscribed  in  a  circle,  sucli 
that  the  excess  of  the  circumference  above  the  perimeter  of  the  poly- 
gon may  be  less  than  any  given  line.  This  is  proved  like  the  pre- 
ceding. 

PROP.  VI.  THEOR. 

The  areas  of  circles  are  to  one  another  in  the  duplicate 
ratio,  or  as  the  squares,  of  their  diameters. 

Let  ABD  and  GHLbe  two  circles,  of  which  the  diameters  are  AD 
and  GL ;  the  circle  ABD  is  to  the  circle  GHL;  as  the  square  of  AD  t« 
tke  square  of  GL. 
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Let  ABCDEF  and  GHKLMN  be  two  equilateral  polygons  of  tlie 
same  number  of  sides  inscribed  in  the  circles  ABD;  GHL;  and  letQ 


be  sueh  a  space  that  the  square  of  AD  is  to  the  square  of  GL  as  the 
circle  ABD  to  the  space  Q.  Because  the  polygons  ABCDEF  and 
GHKLMN  are  equilateral  and  of  the  same  number  of  sides,  they  are 
similar  (2.  1.  Sup.),  and  their  areas  are  as  the  squares  of  the  diame- 
ters of.  the  circles  in  which  they  are  inscribed.  Therefore  AD^  : 
GL^ ::  poly2;on  ABCDEF:  polygon  GHKLMN;  but  AD^ :  GL^  •* 
circle  ABD^Q;  andtherefore,ABCDEF:GHKLM:;  circle  ABD  .*: 
Q.  Now,  circle  ABD  V  ABCDEF;  therefore  Q  v  GHKLMN 
(14.  5.),  that  is,Q  is  greater  than  any  polygon  inscribed  in  the  eirele 
GHL. 

In  the  same  manner  it  is  demonstrated,  that  Q  is  less  than  any 
polys^on  described  about  the  circle  GHL;  wherefore  the  space  Q  is 
equal  to  the  circle  GHL  (2.  Cor.  4.  1.  Sup.).  Now,  by  hypothesis, 
the  circle  ABD  is  to  the  space  Q  as  the  square  of  AD  to  the  square  of 
GL;  therefore  the  circle  ABD  is  to  the  circle  GHL  as  the  square  of 
AD  to  the  square  of  GL.    Therefore,  &c.    Q.  E.  D. 


CoR.  I.  Hence  the  circumferences  of  circles  are  to  one  another  as 
their  diameters. 


164  SUPPLEMENT  TO  THE  ELEMENTS 

Let  tbe  straight  line  X  be  equal  (o  halt  the  circumference  of  the 
circle  ABD,  and  the  straight  line  Y  to  hall  the  circuoitereoce  of  tbe 


X- 

Y. 


circle  GHL :  And  because  the  rectangjles  AO.X  and  GP.T  are  equal 
to  the  circles  ABD  and  GHL  (5.  1.  Sup.);  tberelore.  AO.X  :  GP.Y 
::  AD=  :  GL^  ::  AO^  :  GP^;  and  alternately,  AO.X  :  AO*  '/.  GP.Y 
:  GP^;  whence,  because  rectangles  that  have  equal  altitudes  are  as 
their  bases  (1.  6.),  X  '.'.  AO  '.'.  Y  :  GP,  and  again  alternately,  X  :  Y 
II  AO  :  GP;  wherefore,  taking  tbe  douhles  of  each,  the  circumfer- 
ence ABD  is  to  the  circumference  GHL  as  the  diameter  AD  to  the 
diameter  GL. 

Cor.  2.  The  circle  that  is  described  upon  the  side  of  a  right  an- 
gled triangle  opposite  to  tbe  right  angle,  is  equal  to  the  two  circles 
described  on  the  other  two  sides.  For  the  circle  described  upon  SR 
IS  to  the  circle  described  upon  RT  as  the  square  of  SR  to  the  square 
of  RT;  and  tbe  circle  described  upon  TS  is  to  the  circle  described 
upon  RT  as  the  square  of  ST  to  the  square  of  RT.  Wherefore, 
the  circles  described  on  SR  and 
on  ST  are  to  the  circle  describ*  ^ 

ed  on  RT  as  the  squares  of  SR 
and  of  ST  to  the  square  of  RT 
(24.  5.).  But  the  squares  of  RS 
and  of  ST  are  equal  to  the 
square  of  RT  (47.  1.);  there- 
fore the  circles  described  on  RS 
and  ST  are  equal  to  tbe  circle 
described  on  RT. 


PROP.  VII.  THEOR. 

Equiangular  parallelograms  are  to  one  another  as  the  pro- 
ducts of  the  numbers  proportional  to  their  sides. 

Let  AC  and  DF  be  two  equlanp^ular  parallelogirams.  and  let  M,  N, 
P  and  Q  be  four  numbers,  such  that  AB  :  BC  "  M  :  Nj  AB  :  DE  V. 
M  :  P,  and  AB  :  EP  ::  M  :  Q,  and  tbf  refore  ex  ffiquali,  BC  :  EF  *.: 
N  :  Q.     The  parallelogram  AC  is  to  the  parallelogram  DF  as  MN  to 

PQ. 

LetNPbe  the  product  of  N  into  P,  and  the  ratio  of  MN  to  PQ 
■will  be  compounded  of  tbe  ratios  (def.  10.  5.)  of  MN  to  NP,  and  of 
NP  to  PQ.    jBut  tbe  ratio  of  MN  to  NP  is  the  same  with  that  of  M 
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to  P  (15.  5.),  because  MN  and  NP  are  equimultiples  of  M  and  P; 
and  lor  the  same  reason,  the  ratio  ot  NP  to  PQ  is  tlie  same  with  that 
of  N  to  Q ;  tberetore  the  ratio  of  MN  to  PQ  is  compounded  of  the 
ratios  of  M  to  P,  wnd  of  N  to  Q.  Now,  the  ratio  of  M  to  P  is  the 
same  with  that  of  the  side  AB  to  the  side  DE  (by  Hyp  )  ;  and  the 
ratio  of  N  to  Q  the  same  with  that  of  the  side  BC  to  the  side  EF. 
Therefore,  the  ratio  of  MN  to  PQ  is  compounded  of  the  ratios  of 
AB  to  DE,  and  of  BC  to  EF.  And  the  ratio  of  the  parallelogram  AC 
to  the  parallelogram  DF  is  compounded  of  the  same  ratios  (23.  6.)  ; 
therefore,  the  parallelogram  AC  is  to  the  parallelogram  DF  as  MN, 
the  product  of  the  numbers  M  and  N,  to  PQ,  the  product  of  the 
numbers  P  and  Q.     Therefore,  &c.     Q.  E.  D. 

CoR.  1.  Hence,  if  GH  be  to  KL  as  the  number  M  to  the  number 

N  :   the  square  descrihed  on  GH      

will  be  to  the  square  described  ou     O  H   K  L 

KL  as   MM,  the  square  of  the 

number  M  to  NN,  the  square  of  the  number  N. 

CoR.  2.  If  A,  B,  C,  D,  Sec.  are  any  lines,  and  m,  n,  r,  s,  Sec.  num» 
bers  proportional  to  them ;  viz.  A  :^  '.'.  m  :  n  :  A  :  C  '.'.  m  :  r,  A  J 
D  '.'.m  :  s,  Is'c. ;  and  if  the  rectangle  contained  by  any  two  of  the 
lines  be  equal  to  the  square  of  a  third  line,  the  product  of  the  num- 
bers proportional  to  the  first  two,  will  be  equal  to  the  square  of  the 
number  proportional  to  the  third;  that  is,  if  A.C=B'',mxr=nxn, 

For  by  this  Prop.  A.C  rB^  *.:  mxr  rn";  but  A.C^B^  therefore 
mxr=n''.  Nearly  in  the  same  way  it  may  be  demonstrated,  that 
■whatever  is  the  relation  between  the  rectangles  contained  by  these 
lines,  there  is  the  same  between  the  products  of  the  numbers  propor- 
tional to  them. 

So  also  conversely  if  tn.  and  r  be  numbers  proportional  to  the  lines 
A  and  C  ;  if  also  A.C=B^  and  if  a  number  n  be  found  such,  that  n* 
=7nr,  then  A  :  B  II  m  :  n.  For  let  A  ;  B  II  m  :  q,  then  since,  m,  q, 
r  are  proportional  to  A,  B,  and  C,  and  A.C=B^;  therefore,  as  has 
just  been  proved,  q^=:mxr;  but  71^=9 xr,  by  hypothesis,  therefore 
n^=sq\  and  n==q'f  wherefore  A  :  B  II  m  :  n. 

SCHOLIUM. 

In  order  to  have  numbers  proportional  to  any  set  of  magnitudes  of 
the  same  kind,  suppose  one  of  them  to  be  divided  into  any  number,  ?nr 
of  equal  parts,  and  let  H  be  one  of  those  parts.    Let  H  be  fOunU  n 
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times  in  the  magnituile  B,r  times  in  C,  s  times  in  D,&c.,  then  ill?  evi- 
flent  that  the  nufr.bersj  in,  w,  r,  s  are  [)roportional  to  the  majinitude?  A, 
B,  C  an<t  D.  When  Ihert^tore  it  is  said  in  any  of  the  loilowing  (tro- 
positiona,  that  a  line  as  A=a  number  m,  it  is  understood  that  A=m 
xH,or  that  A  is  equal  to  the  given  maiinitude  H  multiplied  by  m; 
and  the  same  is  understood  ol  the  other  magnitudes,  B,  C,  D,  and 
Iheir  proportional  numbers,  H  being  the  common  measure  o!  n\\ 
the  magnitudes.  This  common  measure  is  omitted  lor  the  sake  of 
brevity  in  the  arithmetical  expression;  but  is  alwa3s  im;)lied,  vvheu 
a  line,  or  other  ejeometrical  magnitude,  is  said  to  be  equal  t.)  a 
number.  Also,  when  there  are  fractions  iu  the  number  to  which  the 
magnitude  is  called  equal,  it  is  meant  th  it  the  coinmon  measure  H  \o 
farther  suhdivi»!ed  infosueh  jmrtsasthe  numeri^ai  f'KCiion  indicufes.^ 
Thus,  if  A=360.375,  it  is  meant  that  there  is  a  certain  masinilude  H, 

auch  that  A=360xH+^       XH,  or  that  A  is  e()ual  to  360  times  H, 

together  with  375  of  the  thitusandth  parts  of  H.  And  the  same  is 
true  in  all  other  cases,  where  numbers  are  used  to  express  the  rela- 
tions of  geometrical  magnitudes. 

PROP.  VIIT.  THEOH. 

The  perpendicular  drawn  from  the  centre  of  a  circle  oi% 
the  chord  of  any  arch  is  a  mean  proportional  between  half 
the  radius  and  the  line  made  tip  of  the  radius  and  the  per- 
pendicular drawn  fi^om  the  centre  on  the  chord  of  double 
that  arch  :  And  the  chord  of  the  arch  is  a  mean  propor- 
tional between  the  diatneter  and  a  line  which  is  the  dif- 
ference between  the  radius  and  the  foresaid  perpendicular 
from  the  centre. 

Let  ADB  t)e  a  circle,  of  which  the  centre  is  C;  DBE  any  arch, 
ftn<l  DB  the  half  of  if ;  let  the  chords  DE,  DB  he  drawn  ;  as  also  CF 
and  CGr  at  right  angles  to  DK  and  DS;  if  CF  be  [trodiiced  it  will 
meet  the  circumrereuce  in  B:  let  it  meet  it  attain  in  A  and  let  AC  be 
bisected  in  H;  CG  is  a  mean  nroportional  between  AH  and  AF:  anJ 
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BD  a  mean  proportional  between  AB  and  BF,  the  excess  of  the  ra- 
dius a')i»ve  CF. 

Join  AO ;  ami  because  ADB  is  a  riajht  angle,  bein^  an  ansjle  in  a 
semicircle:  and  because  CGB  is  also  a  ris^ht  -.ngle,  the  triangles 
ABO,  CBG  are  e<|uiang'i!ir,  anil,  AB  ;  AD  '.'.  BC  :  CG  (4.  6.),  or 
alternately,  A3  ;  BC  "  \D:CG;  and  thereiore,  because  AB  is 
doiiide  of  BC,  AD  is  tlouoie  of  CG,  and  the  square  of  AD  therefore 
equal  tu  four  times  the  square  of  CG. 

But,  because  ADB  is  a  right  an<rled  triangle,  and  DF  a  peroendicu- 
lar  on  AB,  AD  :s  a  mean  proportional  between  AB  and  AF  (S.  ti.), 
and  AD='=AB.AF  (If.  6.).  or  since  AB  is=4AH,  AD^=4AH.AF: 
Tnerei  jre  also,  because  4CG-=  \D^  4CG»=4AH.AF,  and  CG^  = 
AH^.AF;  wherefore  CG  isa  mean  ()roportional  between  AH  and  AF, 
that  is,  between  half  the  radius  and  the  line  made  up  of  the  radius, 
anil  the  perpendicular  on  the  chord  oi  twice  the  arch  BD. 

Again,  it  is  evident,  that  BD  is  a  mean  proportional  between  AB 
and  BF  (8.  6.),  that  is,  between  the  diameter  and  the  excess  of  the 
radius  a'love  the  perpendicular,  on  the  chord  of  twice  the  arch  DB. 
Therefore,  &c.   Q.  E.  D. 

PROP.  IX.  THEOR.* 

The  circumference  of  a  circle  exceeds  three  times  the 
diameter,  by  a  line  less  than  ten  of  the  parts,  of  which  the 
diameter  contains  seventy  but  greater  than  ten  of  the  parts 
whereof  the  diameter  contains  seventy-one. 

L^-t  ABD  be  a  circle,  of  which  the  centre  is  C,  and  the  diameter 
AB;    the  circumference  is  greater  than  three  times  AB,  by  a  line 

less  than  --'  or  -'  of  AC,  but  greater  than  --  of  AC. 

70       7  "  71 

In  the  circle  ABD  apply  the  straight  line  BD  equal  to  the  radius 


»  In  this  proposition,  the  character 4-placed  after  a  uuuber,  signifies  that  sonoething  is  to 
Ik  aiUled  to  it ;  aud  tno  character—,  on  tue  other  kaud,  siguihes  tuat  soiiieriiiuK  »^  t<J  ')>.  uikeii 
away  from  it. 
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BC:  Draw  DF  perpendicular  toBC,  and  let  it  meet  the  cireumfer- 
©nce  again  in  E ;  draw  also  CG  perpendicular  to  BD  :  produce  BC 
to  A,  bisect  AC  in  H,  and  join  CI). 

It  is  evident,  that  the  arches  BD,  BE  are  each  of  them  one-sixth 
of  the  circumference  (Cor.  15.  4.),  and  (hat  therefore  the  arehDBE 
is  one  third  of  the  circumference.  Wherefore,  the  line  (8.  1.  Sup.) 
CG  is  a  mean  proportional  between  AH,  half  the  radius,  and  the  line 
A¥.  Now  because  the  sides  BD,  DC,  of  the  triangle  BDC  are  equal, 
the  angles  DCF,  DBF  are  also  equal;  and  the  angles  DFC,  DFB 
heinv?  equal,  and  the  side  DF  common  to  the  triangles  DBF,  DCF, 
the  base  BF  is  equal  to  the  base  CF,  and  BC  is  bisected  in  F. 

Therefore,  if  AC  or  BC=1000,  AH=500,  CF=500,  AF=li500, 
and  CGbeing  a  mean  proportional  between  AH  and  AF,  CG-  =  (17. 
6.)  AH.  AF=500X1500=750000;  wherefore  CG=806.02g44-,  be- 
cause (866.0254)2  is  less  than7i50OO0.  Hence  also,  AC+CG=1866. 
0254-}-. 

Now,  as  CG  is  the  perpendicular  drawn  from  the  centre  C,  on  tha 
chord  of  one  sixth  of  the  circumference,  if  P=the  perpendicular 
from  C  on  the  chord  of  one- twelfth  of  the  circumference,  P  will  be  a- 
mean  proportional  between  AH  (8.  1.  Sup.)  and  AC-f-CG,  audP2= 
AH  ( AC  +  CG)=500  X  (1886.0254  -I- )  =933012.7-|-.  Therefore, 
P=965.9258-f-,  because  (965.9258)''  is  less  than  933012.7.  Hence 
also,  AC-f  P=i965.9258+. 

Again,  if  Q=the  perpendicular  drawn  from  C  on  the  chord  of  one 
twenty-fourth  of  the  circumference,  Q  will  be  a  mean  proportional 
between  AHand  AC-fP,andQ2=AH  (AC+P)=500(1965.92584-) 
=982962.9+;  and  therefore  Q=991.4449  +  ,  because  (991.4441^)'' 
islessthan  982962.9.     Therefore  also  AC-}- Q=1991.4449-f. 

In  like  manner,  if  S  be  the  perpendicular  from  C  on  the  chord  of 
one  forty-eighth  of  the  circumference,  S'=AH  (AC-t-Q)=500 
(1991.4449-}-)  =995723.45-}-;  and  S=997.8589-f ,  because  (997 
8589)3  is  less  than  995722.45.    Hence  also,  AC-}-S=1997.8S89-}-. 

Lastly,  if  T  be  the  perpendicular  from  C  on  the  chord  of  one  nine- 
ty-sixth"of  the  circumference,  T%=AH  (AC-}-S)=500  (1997.8589 
-f-)  =998929.45-}-,  and  T=999.46458-}-.  Thus  T,  the  perpen- 
dicular on  the  chord  of  one  ninety-sixth  of  the  circumference,  is 
greater  than  999.46458  of  those  parts  of  which  the  radius  contains 
1000. 

But  by  the  last  proposition,  the  chord  of  one  ninety  sixth  part  of 
the  circumference  is  a  mean  proportional  between  the  diameter  and 
the  excess  of  the  radius  above  S,  the  perpendicular  from  the  centre 
on  the  chord  of  one  forty-eighth  of  the  circumference.  Therefore, 
the  square  of  the  chord  of  one  ninety-sixth  of  the  circumference = 
AB  (AC — S)  =  2000  X  (2.1411 — ,)=4282.2 — ;  and  therefore  the 
chord  itself  =6 5. 4386 — ,  because  (65.4386)^  is  greater  than  4282.2. 
Now,  the  chord  of  one  ninety-sixth  of  the  circumference,  or  the  side 
of  au  equilateral  polygon  of  »inety  gi^  sides  inscribed  in  the  circle, 
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fceihg  65.4386 — ,  the  perimeter  of  that  polygon  will  be=(65.4<3S6 — ) 
96=6282.10.^6 — . 

Let  th'^  perimeter  of  the  circumscribed  polygon  of  the  same  num- 
her  of  sides,  be  M,  then  (3.  Cor.  2.  1.  Sup.)  T  :  AC  "  6282.1056—: 
M,that  is,  (since  T  — 999.4'345S  +  ,  as  already  shown), 

999.464584-  :  1000  '.'.  6282.1056—  :  M;  if  then  N  be 
such,  that  999.46458  :  1000  II  6282.1056 — :N;  ex  fequo  per- 
turb. 999.46458  +  :  999.46458  :  :  N  :  M  ;  and,  since  the  first  is 
greater  than  the  second,  the  third  is  greater  than  the  fourth,  or  N  is 
greater  than  M. 

Now,  if  a  fourth  proportional  be  found  to  999.46458,  1000  and 
g282.1058,  viz.  6285.461— ,  then, 

because,  999.46458  :  1000  ll  6282.1056  :  6285.461 — , 

and  as    before,  999.46458  :  1000  ::  6282.1056 — :  N; 
therefore,  8282.1058  :  6282.1056 —  "  6285.461 — N,  and  as  the  first 
af  these  proportionals  is  greater  than  the  second,  the  third,  viz.  6285. 


461 — is  greater  than  N,  the  fourth.  But  N  was  proved  to  be  greater 
than  M;  much  more,  therefore,  is  6285.461  greater  than  M,  the  peri- 
meter ofapolygon  of  ninety-six  sides  circumscribed  about  the  circle; 
that  is,  the  perimeter  of  that  polygon  is  less  than  6285.461 :  now, 
the  circumference  of  the  circle  is  less  than  the  perimeter  of  the 
polygon;  much  more,  therefore,  is  it  less  than  6285.461;  where- 
fore the  circumference  of  a  circle  is  less  than  6285.461  of  those  parts 
of  which  the  radius  contains  1000.  The  circumference,  therefore, 
has  to  the  diameter  a  less  ratio  (8.  5.)  than  6285.461  has  to  2000,  or 
than  3142.7305  has  to  1000:  but  the  ratio  of  22  to  7  is  greater  than 
the  ratio  of  3142.7305  to  1000,  therefore  the  circumference  has  a 
Jess  ratio  to  the  diameter  than  22  has  to  7,  or  the  circumference  is 
less  than  22  of  the  parts  of  which  the  diameter  contains  7. 
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It  remains  to  demonstrate,  that  the  part  by  which  the  circiiraferrnt* 

10 
exceeds  the  diameter  is  greater  than—  of  the  diameter. 

71 

It  was  before  shown,  that  CG^=730000;  wherefore  CG=866. 
02345 — ,  beiouse  (866.025i5)*'  is  greater  than  750U00;  therefore 
^  C  -f  C  O  =  1 8  f)  fi  .02  J 15 — . 

Now,  P  being:,  as  before,  the  perpeudieulitr  from  the  centre  on 
tke  ch!»rd  of  one  twelfth  of  the  circiiMifereiKe,  P  =  \H  (AC  +  CG) 
=.'500x(lS'3r>.0'354r7)  —  =  933012.7.5 — :  and  P=9 65.92385 — ,  be- 
caTise  (965.92335)2  is  greater  than  93.30l2.73.  Hence  also,  AC+P 
a=19(>.'5.92585 — . 

Nt'Xt,  as  Q=ihe  perpeJ-.dicular  drawn  from  the  centre  on  the  chord 
of  one  twenly-feurth  of  tho  circumference,  Q*  =  Ail  (AC-f-P)»= 
500  X  (1965.92585—)  =  98298.  .93 — ;  and  Q  =99l.ll+9.» — ,  be- 
eatise  (991.44495)^  is  greater  than  982962.93.  Hence  also,  AC+Q 
=  1991.444.95 — . 

1)1  like  manner,  as  S  is  the  perpendicular  from  C  on  the  chord  of 
one  forty-eighth  of  the  cireumfrenee,  8''= AH  (  AC4-Q)=500  (1991. 
4.1.495 — )  =  995722.4.75 — ,  and  S  =  (997.85895 — )  because  (997. 
85895)^  is  greater  than  995722.475. 

But  the  square  of  the  chord  of  the  ninety-sixth  part  of  the  circum- 
ference =  AB  (AC — S)  ==  2000  (2.14105  +  )  =  428^2.1 -f,  and  the 
ehord  itself  =  65. -377  +  because  (65.4377)^  is  less  than  4282.1: 
Now  the  chord  of  one  ninety-sixth  part  of  the  circnmferejice  being 
=65.4377+,  the  perimeter  of  a  polygon  of  ninety-six  sides  inscrib- 
ed m  the  circle=(65.4377  +  )  96=6282.019+.  *But  the  circumfer- 
ence of  the  circle  is  greater  than  the  perimeter  of  the  inscribed 
po]y.-on:  therefore  the  circumference  is  greater  than  6282.019,  of 
those  parts  of  which  the  radius  contains  1000;  or  than  3141.009  of 
the  parts  of  which  the  radius  contains  500,  or  the  diameter  contains 

10 
1000.    Now,  3141.009  has  to  lOOO  a  greater  ratio  than  3  +  — to  Ij 

therefore  the  circumference  of  the  circle  has  a  greater  ratio  to  the 

10 
diameter  than  3+-— has  to  1 ;  that  is,  the  excess  of  the  circumference 

above  three  times  the  diameter  is  greater  than  ten  of  those  parts  of 
which  the  diameter  contains  71 ;  and  it  has  already  been  shown  to  be 
less  than  ten  of  those  of  which  the  diameter  contains  70.  Therefore, 
&c.    Q.  K.n. 

Cor.  1.  Hence  the  diameter  of  a  circle  being  «;iven,  the  circumfer- 
ence may  be  found  nearly,  by  making  as  7  to  J2,  so  the  given  tliame- 
ter  to  a  fourth  proportional,  which  will  be  greater  than  the  circumfer- 

enee.    And  if  as  I  to  3  +  ^.-,  or  as  71  to  223,  so  the  given  diameter 

to  a  founh  proportional,  this  will  be  nearly  erpial  to  the  eirenmfor- 
ence,  but  will  be  less  than  it. 


OF  GEOMETRY.    BOOK  I. 


in 


1  10 

Cor.  2.  Because  the  difference  between  ^  and  — -  is 

7  7i 


497' 


there- 


fore the  lines  found  by  these  proportions  differ  by  -r^p  of. the  diame- 
ter. Therefore  the.difference  of  either  of  them  from  the  circumfer- 
ence must  be  less  than  the  497th  part  of  the  diameter. 

Cor.  3.  As  7  to  22,  so  the  square  of  the  radius  to  the  area  of  the 
circle  nearly. 

For  it  has  been  shown,  that  (1.  Cor.  5.  1.  Sup.)  the  diameter  of  a 
circle  is  to  its  circumference  as  the  square  of  the  radius  to  the  area  of 
the  circle ;  but  the  diameter  is  to  the  circumference  nearly  as  7  to  23, 
therefore  the  square  of  the  radius  is  to  the  area  of  the  circle  nearly 
in  that  same  ratio. 

SCHOLIUM. 

It  is  evident  that  the  method  employed  in  this  proposition,  for  find- 
ing the  limits  of  the  ratio  of  the  circumference  to  the  diameter,  may 
be  carried  to  a  2;reater  degree  of  exactness,  by  finding  the  perimeter 
of  an  inscribed  and  of  a  circumscribed  polygon  of  a  greater  number 
of  sides  than  96.  The  manner  in  which  the  perimeters  of  such  po- 
lygons approach  nearer  to  one  another,  as  the  number  of  their  sides 
increases,  may  be  seen  from  the  following  Table,  which  is  construct- 
ed on  the  principles  explained  in  the  foregoing  Proposition,  and  in 
which  the  radius  is  supposed  =  1. 


No.  of  sides  of 

Perimeter  of  the 

Perimeter  of  the 

the  Polygon. 

inscribed  Poly- 

circumscribed 

gon. 

Polygon. 

6 

6.000000 

6.822033— 

12 

6.211657+ 

6.430781— 

24 

6.265257+ 

6.319320— 

48 

6.278700+ 

6.292173— 

96 

6.282063+ 

6.285430- 

192 

6.282904+ 

6.283747— 

384 

6.283115  + 

6.283327— 

768 

6.283167+ 

6.283221— 

1536 

6.283180+ 

6.283195— 

3072 

6.283184+ 

6.283188— 

6144 

6.283185+ 

6.283186— 

The  part  that  is  wanting  in  the  numbers  of  the  second  column,  to 
make  up  the  entire  perimeter  of  any  of  the  inscribed  polygons,  is 
less  than  unit  in  the  sixth  decimal  place;  and  in  like  manner,  the 
part  by  which  the  numbers  in  <he  last  column  exceed  the  perimeter 
of  any  of  the  circumscribed  polygons  is  less  than  a  unit  in  the  sixth 
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decimal  place,  that  is  than  ^qooooo  ^'^ ^'^^  radius.  Also,  as  the  num- 

hers  in  the  second  column,  are  less  than  the  perimeters  of  the  in- 
scribed polygons,  they  are  each  of  them  less  than  the  circumference, 
of  the  circle;  and  for  the  same  reason,  each  of  those  in  the  third 
column  is  greater  than  the  circumference.    But  when  the  arch  of 

1 

■i  of  the  circumference  is  bisected  ten  times,  the  number  of  sides  in 

the  polygon  is  6144,  and  the  numbers  in  the  Table  differ  from  one 
another  only  by part  of  the  radius,  and  therefore  the  peri- 

•'      "^   lUOOOUU  ^  ^ 

meters  of  the  polygons  differ  by  less  than  that  quantity;  and  conse- 
quently the  eireuniference  of  the  circle,  v.liich  is  greater  tisan  the 
least,  and  less  than  the  greatest  ol  these  numbers,  is  determined  with- 
in less  than  the  millioneth  part  of  the  radius. 

Hence  also,  it  R  be  the  radius  of  any  circle,  the  circumference  is 
greater  than  Rx 6.383185,  or  than  2Rx 3.141392,  but  less  than  2R 
X3.141593;  and  these  numbers  differ  irom  one  another  only  by  a 
millioneth  part  of  the  radius.  So  also  R2-J-3. 141593  is  less,  and 
R^  X3.141593  greater  than  the  area  of  the  circle;  and  these  num- 
bers differ  from  one  another  only  by  a  millioneth  part  of  the  square 
•f  the  radius. 

In  this  way,  also,  the  circumference  and  the  area  of  the  circle  may 
he  found  still  nearer  to  the  truth;  but  neither  by  tins,  nor  by  any 
other  method  yet  known  to  geometers,  can  they  be  exactly  determin- 
ed, though  the  errors  of  both  may  be  reduced  to  a  less  quantity  than 
any  that  can  he  assigned. 
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DEFINITIONS. 
I. 

A  STRAIGHT  line  is  perpendicular  or  at  right  angles  to  a  plane, 
when  it  makes  right  angles  with  every  straight  line  which  it 
meets  in  that  plane. 

II. 

A  plane  is  perpendicular  to  a  plane,  when  the  straight  lines  drawn 
m  one  of  the  planes  perpenaicular  to  the  common  section  of  the 
two  planes,  are  perpendicular  to  the  other  plane. 

m. 

The  inclination  of  a  straight  line  to  a  plane  is  the  acute  angle  con- 
tained by  that  straight  line,  and  another  drawn  from  the  point  in 
which  the  first  line  meets  the  plane,  to  the  point  in  which,  a  per- 
pendicular to  the  plane,  drawn  from  any  point  of  the  first  Hue, 
meeis  the  same  plane. 

IV. 

The  angle  made  by  two  planes  which  cut  one  another,  is  the  angle 
contained  by  two  straight  lines  drawn  from  any,  the  same  point  in 
the  line  of  their  common  section,  at  right  angles  to  that  line,  the 
one,  in  the  one  plane,  and  the  other,  in  the  "other.  Of  the  two 
adjacent  angles  made  by  two  lines  drawn  in  this  manner,  that  which 
is  acute  is  also  called  the  inclination  of  the  planes  to  one  another. 

Z 
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Two  planes  are  said  to  have  the  same, or  alike  inclination  to  one  an- 
other, wliich  two  other  planes  have,  when  the  angles  of  inclina- 
tion above  defined  are  equal  to  one  another. 

VI. 

A  straiajht  line  is  said  to  be  parallel  to  a  plane,  when  it  does  not  meet 
the  plane,  though  produced  ever  so  far. 

VIL 

Planes  are  said  to  be  parallel  to  one  another^  which  do  not  mee^, 
though  produced  ever  so  far. 

VIII. 

A  solid  angle  is  an  angle  made  by  the  meeting  of  more  than  two  plane 
angles,  which  are  not  iu  the  same  plane  in  one  point. 

PROP.  I.  THEOR. 

One  part  of  a  straight  line  cannot  be  in  a  plane  and  aa- 
other  part  about  it. 

If  it  be  possible,  let  A  B,  part  of  the  straight  line  ABC  be  in  the  plane, 
and  the  part  BC  above  it;  and  since 
the 'straight  line  AB  is  in  the  plane,  it 
can  be  produced  in  that  plane  (2.  Post. 
1.) :  let  it  be  produced  to  D :  Then 
ABC  and  ABU  are  two  straight  lines, 
and  they  have  the  common  sermcnt 
AB,  which  is  impossible  (Cor.  def.  3. 
1.).  Therefore  ABC  is  not  a  straight  line.  Wherefore  one  part. 
&e.    Q.  E.D.  ^ 

PROP.  IT.  THEOR. 

Any  three  straight  lines  which  meet  one  another,  not  ia 
the  same  point,  are  in  one  plane. 

Let  the  three  straight  lines  AB,  CD,  CB  meet  one  another  in  tlie 
points  B,  C  and  E;  AB,  CD,  CB  are  in  one 
plane.  ^^ 

Let  any  plane  pass  through  the  straight 
line  EB,  and  let  the  plane  be  turned  about 
EB,  produced,  if  necessary,  until  it  pass 
through    the  point  C:    '1  hen,    because  the 

f>oints  E,  C  are  in  this  plane.  tl»e  straieht 
ine  EC  is  in  it  (def.  5.  1.):  for  the  same 
reason,  the  straight  line  BC  is  in  the  same; 
and,  by  the  hypotliesis,  EB  is  in  it;  there- 
fore the  three  straight  lines  EC,  CB,  BE  are 
in  one  piano:  but  the  whole  of  the  lines  DC, 
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AB,  and  BC  produced,  are  in  the  same  plane  with  the  parts  of  them 
EC,  EB,  3C  (1.  2.  Sup.).  Therefore  AB,  CD,  CB,  are  all  in  one 
plane.     Wherefore,  xc.     Q.  K.  I). 

Cor.  It  IS  manifest,  that  any  two  straight  lines  wliich  cut  one  an-, 
other  are  in  one  plane:  Also,  that  any  three  points  whatever  are  iu 
9ne  plane. 

PROP.  III.  THEOR. 

If  two  planes  cut  one  another,  their  common  section  is  a 
straight  line. 

Let  two  planes  AB,  BC  cnt  one  an- 
other, and  let  3  and  D  be  two  points  in  the 
line  of  their  common  section.  From  B  to 
D  draw  the  straight  line  BO;  and  because 
the  points  B  and  0  are  in  the  plane  AB, 
the  straight  line  BO  is  in  that  plane  (def. 
5.  1.) :  for  the  same  reason  it  is  in  the 
plane  CB;  tlie  straight  line  BO  is  there- 
fore common  to  the  planes  AB  and  BC,  or 
it  is  the  comnion  section  of  these  planes.    Therefore,  &c.     Q.  E.  D. 


PROP.  IV.  THEOR, 

If  a  straight  line  stand  at  right  angles  to  each  of  two 
straight  lines  in  the  point  of  their  intersection,  it  will  also 
be  at  right  angles  to  the  plane  in  which  these  lines  are. 

Let  the  straight  line  AB  stand  at  right  angles  to  each  of  the  straight 
lines  EF,  CD  in  A,  the  point  of  their  intersection :  AB  is  also  at  right 
Jingles  tathe  plane  passing  through  EF,  CD. 

Through  \  draw  any  line  AG  in  the 
plane  in  which  are  EF  and  CO;  let  G 
be  any  point  in  that  line;  draw  GH  pa- 
rallel tO:  AO ;  and  make  HF=tI  A,  join 
FG;  and  when  produced  let  it  meet 
C  A  in  D ;  join  BD,  BG,  BF.  Because 
GH  is  parallel  to  AD,  and  Fa=HA; 
therefore  FG=GD,  so  that  the  line  OF 
is  bisected  in  G.  And  because  BAO  is. 
aright  angle,BD'=AB''-f  AO*  (47. 1.); 
and  for  the  same  reason^  BF^=AB^-|- 
AF^  therefore  BD^  +  BF^  =  3AB2+ 
AD^  +  AF'^;  and  because  OF  is  bisect- 
ed in  G  (A.  ;2.),  A02  +  AF^=2AG'^4- 
3GFS  therefore  BD*+  BF^  =  2AB*  +  3AG*+  aGF^'.  But  BD^-j- 
BF»=  (A.  2.)  2QQ^  +  2GF^,  therefore  3BG^  +  2GF^  =  2AB*  -f 
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2AG34-2GF';  and  taking  sGF"  from  both,  3BG'»=2AB='+2AG». 
or  BG=>=AB3+AG'';  wherefore  BAG  (48. 1.)  is  a  right  angle.  Now 
AG  is  any  straight  line  drawn  in  the  plane  of  the  lines  AD,  AF;  and 
when  a  straight  line  is  at  right  angles  to  any  straight  line  which  it 
meets  with.in  a  plane,  it  is  at  right  angles  to  the  plane  itself  (def.  1. 
2.  Sup.).  AB  is  therefore  at  right  angles  to  the  plane  of  the  lines 
AF,AD.     Therefore,  &c.    Q.  E.  D. 


PROP.  V.  THEOR. 

If  three  straight  lines  meet  all  in  one  point,  and  a  straight 
line  stand  at  right  angles  to  each  of  them  in  that  point : 
these  three  straight  lines  are  in  one  and  the  same  plane. 

Let  the  straight  line  AB  stand  at  right  angles  toeaeh  of  the  straight 
lines  BC,  Bl),  BE,  in  B,  the  point  where  they  meetj  BC,  BD,  BE 
are  in  one  and  the  same  plane. 

If  not,  let  BD  and  BE,  if  possible,  be  in  one  plane,  and  BC  be 
above  it;  and  let  a  plane  pass  through  AB,  BC,  the  common  section 
of  which  with  the  plane,  in  which  BD  and  BE  are,  shall  be  a  straight 
(3.  2.  Sup.)  line;  let  this  be  BF:  therefore  the  three  straight  lines 
AB,  BC,  BF  are  all  in  one  plane,  viz.  that  which  passes  through  AB, 
BC ;  and  because  AB  stands  at  right  angles  to  each  of  the  straight  lines 
BD,  BE,  it  is  also  at  right  angles  (4.  2.  Sup.)  to  the  plane  passing 
through  them;  and  therefore  makes  right 
angles  with  every  strai!j;ht  line  meeting  it  in 
that  plane ;  but  BF  which  is  in  that  plane 
meets  it;  therefore  the  angle  ABP  is  a  right 
angle;  but  the  angle  ABC,  by  the  hypothe- 
sis is  also  a  right  angle;  therefore  the  an- 
gle ABF  is  equal  to  the  angle  ABC  and  they 
are  both  in  the  same  plane,  which  is  impos> 
sible:  therefore  the  straight  line  BC  is  not 
above  the  plane  in  which  are  BD  and  BE : 
Wherefore  the  three  straight  lines  BC,  BD, 
BE  are  inone  and  the  same  plane.  There- 
fore, if  three  straight  lines,  &c.    Q.  E.  D. 

PROP.  VI.  THEOR. 

Two  straight  lines  which  are  at  right  angles  to  the  same 
plane,  are  parallel  to  one  another. 

Let  the  straight  lines  AB,  CD  be  at  right  angles  to  the  same  plan* 
BDEjAB  is  parallel  to  CD.  a        »  r 
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Let  them  meet  the  plane  in  the  points  B,  D.  Draw  DE  at  riarht 
angles  to  DB,  in  the  plane  BDE,  and  let  E  be 
any  point  in  it:  Join  AB,  AD,  EB.  Because 
ABB  is  a  ri^ht  angle,  AB''  +  BE''=  (47.  1.) 
AE**,  and  because  BDE  is  a  right  angle.  BE*= 
BD^  +  DE»;  therefore  AB'  +  BD^  +  OE*  = 
AE3;  now,  AB»4-BD"= A 03,  because  ABD  is 
a  right  angle,  therefore  AD''+DE''=AE3,  and 
ADE  is  therefore  a  (48.  1.)  right  angle.  There- 
fore ED  is  perpendicular  to  the  three  lines  BD, 
Da,  DC,  whence  these  lines  are  in  one  plane 
(5.  2.  Sup.).  But  AB  is  in  the  plane  in  which 
are  BD,  DA,  because  any  three  straight  lines, 
which  meet  one  another,  are  in  one  plane  (2. 
2.  Sup.):  Therefore  AB,  BD,  DC  are  in  one  plane;  and  each  of 
the  angles  ABD,  BDC  is  a  right  angle;  therefore  AB  is  parallel 
(28. 1.)  to  CD.     Wherefore,  if  two  straigiit  lines,  &c.    Q.  E.  D. 


PROP.  VII.  THEOR. 

If  two  straight  lines  be  parallel,  and  one  of  them  at  right 
angles  to  a  plane  j  the  other  is  also  at  right  angles  to  the 
same  plane. 

Let  AB,  CD  be  two  parallel  straight  lines,  and  let  one  of  them  AB 
be  at  right  angles  to  a  plane;  the 
other  CD  is  at  right  angles  to  the 
same  plane. 

For,  if  CD  be  not  perpendicu- 
lar to  the  plane  to  which  AB  is  per- 
pendicular, let  DG  be  perpendicu- 
lar to  it.  Then  (6.  2.  Sup.)  DG  is 
parallel  to  AB:  DG  and  DC  there- 
fore are  both  parallel  to  AB,  and 
are  draw  through  tlie  same  point 
D,  which  is  impossible  (11.  Ax.  1.). 
Therefore,  &c.    Q.  E.  D. 

PROP.  VIII.  THEOR. 

Two  straight  lines  which  are  each  of  them  parallel  to 
the  same  straight  line,  though  not  both  in  the  same  plane 
with  it,  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF,  and  not  in  the  same 
plane  with  it;  AB  shall  be  parallel  to  CD. 

In  EF  take  any  point  G,  from  which  draw,  in  the  plane  passing 
through  EF,  AB,  the  straight  line  GH  at  right  angles  to  EF;  and  in 
the  plane  passing  through  EF,  CD,  draw  GK  at  right  angles  to  the 
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same  EF.  And  because  EF  is  perpendicular  both  to  GH  and  GK,it 
is  perpendicular  (4.  2.  Sup.)  to  the  plane  HGK  passing  throu-h 
them:  and  EF  is  parallel  to  AB ;  therefere  AB  is  at  rieht  angles 
(r.  2.  Sup.)  to  the  plane  HGK.  ^ 

For  the  same  reason,  CD  is 
likewise  'it  right  ana;les  to  the 
plane  HGK.  Therefore  AB, 
CD  are  each  of  them  at  ria;ht 
ans:!es  to  the  plane  HGK-  But 
if  two  straight  lines  arc  at  right 
angles  to  the  same  plane,  they 
are  parallel  (6.  2.  Sup.)  to  one 
another.  Therefore  AB  is  pa- 
rallel to  CD.     Wherefore  two  straight  lines,  &c.    Q.  E.  D. 

PROP.  IX.  THEOR. 

If  two  straight  lines  meeting  one  another  be  parallel  to 
two  others  that  meet  one  another,  though  not  in  the  same 
plane  with  the  first  two ;  the  first  two  and  the  other  two 
shall  contain  equal  angles. 

Let  the  two  straight  lines  AB,  BC  which  meet  one  another  be  pa- 
rallel to  the  two  straight  lines  DE,  KF  that  meet  one  another,  auil 
are  not  in  the  same  plane  with  AB,  BC.  The 
augle  ABC  is  equal  to  the  angle  DEF. 

Take  BA,  BC,  ED,  EF  all  equal  to  one 
another;  and  join  AD,  CF,  BE,  AC,  DF: 
Because  BA  is  equal  and  parallel  to  ED,  there- 
fore AD  is  (33.  1.)  both  equal  and  parallel  to 
BE.  For  the  same  reason,  CF  is  equal  and 
parallel  to  BE.  Therefore  AD  and  CF  are 
each  of  them  equal  and  parallel  to  BE.  But 
straight  lines  that  are  parallel  to  the  same 
straight  line,  though  not  in  the  same  plane 
with  it,  are  parallel  (8.  2.  Sup.)  to  one  an- 
other. Therefore  AD  is  parallel  to  CF;  and 
it  is  equal  to  it,  and  AC,  D  F  join  them  towards 
the  same  parts;  and  therefore  (33.  1.)  AC  is  equal  and  parallel  to. 
DF.  And  because  AB,  BC  are  equal  to  DE,  EF,  and  the  base  AC 
to  the  base  DF;  the  angle  AB^  is  equal  (8.  1.)  to  the  angle  DEF. 
Therefore,  if  two  straight  lines,  &c.    Q.  E.  D. 

PROP.  X.  PROB. 

To  draw  a  straight  line  perpendicular  to  a  plane,  from  a 
given  point  above  it. 

Let  A  he  the  given  point  above  the  plane  BH  it  is  required  to  dra>f 
from  the  point  A  a  straight  line  perpendicular  to  the  plane  BH^ 
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in  the  plane  d  aw  any  strais^ht  linr  BC,  an''  from  the  point  A  draw 
(l2.  1.)  AD  perppnrlicular  to  BC.  If  then  AD  he  also  perpt-ndieu- 
lar  to  the  plane  BH,  the  thin^  required  is  alreadv  Hone;  but  if  it 
be  not,  from  lb*'  point  D  draw  ^  /[\ 
(11.  1.),  in  the  plane  BH,  the 
straight  line  DE  at  right  aneles  to 
BC;  and   *rom  the  point  A  draw  ^_««_«_«_^<^^ I  H 


AF  perpt'niiicular  to  DE ;  and 
tbroujrh  Fdraw  (31.  1.)  GH  pa- 
rallel to  BC:  and  because  BC  is 
at  ria;ht  angles  to  ED,  and  DA, 
BC  is  at  right  angles  (4.  2.  Sun.) 
to  the  plane  passing  through  ED, 

DA.  And  GH  is  parallel  to  BC  ;  but  if  two  straight  lines  he  parallel, 
one  of  which  is  at  right  angles  to  a  plane,  the  other  shall  he  at  right 
(7.  2.  Sup.)  angles  to  the  same  plane ;  wherefore  GH  is  at  right  an- 
gles to  the  plane  through  ED,D A,  and  is  perpendirular  (def.  1 .  2. Sup.) 
to  every  straight  line  meeting  it  in  that  plane.  Buf  AF,  which  isin 
the  plan^  through  ED.  DA,  meets  it:  Therefore  GH  is  perpendicu- 
lar to  AF,  and  consequently  AF  is  perpendicular  to  GH ;  and  AF  is 
also  perpendicular  fo  DE  :  Therefore  AF  is  perpenilicniar  to  each  of 
the  straight  lines  GH,  DE.  But  if  a  straight  line  stands  at  right  an- 
gles to  each  of  two  straight  lines  in  the  point  of  their  intersection,  it 
ia  also  at  right  angles  to  the  plane  passing  through  them  (4.  2.  Sup.). 
Anl  the  plane  passing  through  ED,  GH  is  the  plane  BH;  therefore 
AF  is  perpendicular  to  the  plane  BH  ;  so  that,  from  the  given  point 
A,  above  the  plane  BH,  (he  str?nght  line  AF  is  drawn  perpendicular 
to  that  plane.     Which  was  to  be  done. 

Con.  If  it  be  required  from  a  point  C  in  a  plane  to  erect  a  per- 
pendicular to  that  plane,  take  a  point  A  above  the  plane,  and  draw 
AF  perpendiculiir  to  the  plane ;  then,  if  from  C  a  line  he  drawn  pa- 
rallel to  AF,  it  will  be  the  perpendicular  required;  for  being  paral- 
lel to  AF  it  will  he  perpendicular  to  the  same  plane  to  which  AF  is 
perpendicular  (7.  2.  Sup.). 

PROP.  XI.  THEOR. 

From  the  same  point  in  a  plane,  there  cannot  be  tw© 
straight  lines  at  v\^\\\.  angles  to  the  plane,  upon  the  same 
side  of  it:  And  there  can  be  but  one  perpendicular  to  a 
plane  from  a  point  above  it. 

For,  if  it  he  po-'^ihle,  let  the  two  straight  lines  AC,  AB  be  at  right 
angles  to  a  given  plane  from  the  same  point  A  in  the  plane,  and  upon 
the  same  side  of  it;  and  let  a  plane  pass  through  BA,  AC  :  thi  com- 
mon section  of  this  plane  with  the  siven  phne  is  a  ?traieht  (3  2.  Sup.) 
linf>  passing  throneh  A  :  Let  DAE  he  their  common  section  :  There- 
fore the  straight  line-  AB,  AC,  DAE  are  in  one  plane  :  And  because 
CA  is  at  right  angles  to  the  given  plane,  it  makes  right  angles  with 
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every  straight  line  meeting  it  in  that  plane. 

But  DAE,  which  is  in  that  plane,  meets 

CA ;  therefore  CAE  is  a  right  an^le.   For 

the  same  reason  BAE  is  a  right  angle. 

Wherefore  the  angle  CAE  is  equal  to  the 

angle  BAE;  and  they  are  in  one  plane, 

Mhich  is  impossible-     Also,  from  a  point 

above  a  plane,  there  can  be  but  one  per-  ~ 

pendicular  to   that   plane:   for   if  there 

could  be  two,  they  would  be  parallel  (6. 3.  Sup.)  to  one  another,  which 

is  absurd.    Therefore,  from  the  same  point,  &c.    Q.  £.  D. 

PROP.  XII.  THEOR. 

Planes  to  which  the  same  straight  line  is  perpendicular, 
are  parallel  to  one  another. 

Let  the  straight  line  AB  be  perpendicular  to  each  of  the  planes 
CD,  EF;  these  planes  are  parallel  to  one  another. 

If  not,  they  must  meet  one  another  when  produced,  and  their  com- 
mon section  must  be  a  straight  line  GH,  in 
which  take  any  point  K,  and  join  AK,  BK: 
Then,  because  AB  is  perpendicular  to  the 
plane  EF,  it  is  perpendicular  (def.  1. 2.  Sup.) 
to  the  straight  line  BK  which  is  in  that  plane,  c^ 
and  therefore  ABK  is  a  right  angle.  For  the 
game  reason,  BAK  is  a  right  angle;  where- 
fore the  two  angles  ABK,  BAK  of  the  trian- 
gle ABK  are  equal  to  two  rijjht  angles,  which 
IS  impossible  (17.  1.) :  Therefore  the  planes 
CD,  EF,  though  produced,  do  not  meet  one 
another;  that  is,  they  are  parallel  (def.  7.2. 
Sup.).    Therefore  planes,  &c.     Q.  E.  D. 

PROP.  XIII.  THEOR. 

If  two  straight  lines  meeting  one  another,  he  paralled  to 
two  straight  lines  which  also  meet  one  another,  but  are  in 
the  same  plane  with  the  first  two  :  the  plane  which  passes 
through  the  first  two  is  parallel  to  the  plane  passing  through 
the  others. 

Let  AB,  BC,  two  straight  lines  meeting  one  another,  be  parallel 
to  DE,  EF  that  meet  one  unolher,  but  are  not  in  the  same  plane  with 
AB,  BC :  The  planes  through  AB,  BC,  and  DE,EF  shall  not  meet, 
though  produced. 

From  the  poini  B  draw  BG  perpendicular  (10. 2.  Sup.)  to  the  plane 
which  passes  through  DE,  EF,  and  let  it  meet  that  plane  in  G;  and 
through  G  draw  GH  parallel  to  ED  (31. 1.),  and  GK  parallel  to  EF : 
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And  because  BG  is  perpendicular  to  the  plane  through  DE,  EF,  it 
must  make  right  angles  with 
every  straight  line  meeting 
it  in  that  plane  (l.  def.  2. 
Sup.).  But  the  straight  lines 
GH,  GK  in  that  plane  meet 
it:  Therefore  each  of  the 
angles  BGH,BGK  is  a  right 
angle :  And  because  BA  is 
parallel  (8.  2.  Sup.)  to  GH 
(for  each  of  them  is  paral- 
lel toDE),  the  angles  GBA, 
BGH     are    together    equal 

(29.  1.)  to  two  riiht  angles:  And  BGH  is  a  right  angle;  therefore 
also  GBA  is  a  right  auirle,  and  GB  perpendicular  to  B A :  For  the  same 
reason,  GB  is  perpendicular  to  BC  :  Since,  therefore,  the  straight 
line  GB  stands  at  rii<ht  angles  to  the  two  straight  lines  BA,  BC,  that 
cut  one  another  in  B;  GB  is  perpendicular  (4.  2.  Sup.)  to  the  plane 
through  BA,  BC :  And  it  is  perpendicular  to  the  plane  through  13E, 
EF;  therefore  BG  is  perpendicular  to  each  of  the  planes  through 
AB,  BC,  and  DE,  EF :  But  planes  to  which  the  same  straight  line  is 
perpendicular,  are  parallel  (12.  2.  Sup.)  to  one  another:  Therefore 
the  plane  through  AB,  BC,  is  parallel  to  the  plane  through  DEj  EF. 
Wherefore,  if  two  straight  lines,  &c.     Q.  E.  D. 

CoR.  It  follows  from  this  demonstration,  that  if  a  straight  line  meet 
two  parallel  planes,  and  be  perpendicular  to  one  of  them,  it  must  be 
perpendicular  to  the  other  also. 

PROP.  XIV.  THEOR. 

If  tvvo  parallel  planes  be  cut  by  another  plane,  their  com- 
mon sections  with  it  are  parallels. 

Let  the  parallel  planes  AB,  CD  be  cut  by  the  plane  EFHG,  and 
let  their  common  sections  with 
it  be  EF,  GH ;  EF  is  parallel 
toGH. 

For  the  straight  lines  EP 
and  GH  are  iu  the  same  plane, 
viz.  EFHG  which  cuts  the 
planes  AB  and  CD;  and  they 
do  not  meet  though  produced  ; 
for  the  planes  in  which  they 
are,  do  not  meet;  therefore 
EF  and  GH  are  parallel 
(def.  30.  1,).    Q.  E.  D. 

A  a 
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PROP.  XV.  THEOR. 

!lf  two  parallel  planes  be  cut  by  a  tbird  plane,  they  have 
the  same  inclination  to  that  plane. 

Let  AB  and  CD  be  two  parallel  |ilane?,  and  EH  a  third  plane  cut- 
tinji  them:  The  planes  AB  and  CD  are  equally  inclined  to  EH. 

Let  the  straight  lines"  EF  and  GH  he  the  common  section  o(  the- 
plane  EH  with  the  two  |>Ianes  AB  and  CD ;  and  from  K,  any  point  in 
EF,  draw  in  the  plane  EH  the  8traia;ht  line  KM  al  rijiht  ani^le?  to  EF, 
and  let  it  meet  GH  in  L;  dniw  also  KN  at  risht  ansrle?  toEF  in  the 
plane  AB:  and  through  the  etraight  lines  KM,  KN.  let  a  plane  be 
made  fo  paes,  cutting  the  [ilane  CD  in  the  line  L().  And  because  EF 
and  GH  are  the  common  sections  of  the  nlane  EH  with  the  two  pa- 
rallel planes  AB  and  CD,  EF  is  parallel  toGH  (l4.  2  Sur>.).  But 
EF  is  at  right  angles  to  the  plane  that  passes  through  KN  and  KM 
(4.  2.  Sup.),  because  it  is  at  right  angles  to  the  liuea  KM  and  KN  t 


\ 

E 

\. 

N 

A 

>  1 

K 

L 

\. 

\ 

N 

D 

'x 

o 

F 

\ 

I 

r\^ 

tjierefore  GH  is  also  at  right  angles  to  the  same  plane  (7.  2.  Sup.), 
and  it  is  then  fore  st  right  angles  t.i  the  line'^  LM,  LO  which  it  meett 
in  that  plane.  Thereldre,  since  IM  and  LO  are  at  right  angles  to 
LG,  the  common  sectiim  of  the  two  planes  CD  and  EH,  the  angle 
OLM  is  the  inclination  of  the  plane  CD  to  the  plane  EH  (4.  def.  2. 
Sup.).  For  the  same  reason  the  angle  MKN  is  the  inclination  ofthe 
plane  AB  to  the  plane  EH.  But  because  KN  and  LO  are  parallel, 
bein«r  the  common  sections  of  the  parallel  planes  AB  and  CD  with  a 
third  plane,  the  interior  angle  NKM  is  equal  to  the  exterior  |tngle 
OLM  (29.  1  );  that  is.  the  inclination  ofthe  plan*^  AB  to  the  plans 
EH,  U  equal  to  the  inriir.Htinn  of  the  plaoe  CD  to  the  eamepiBoc 
EH.    Therefore,  &c.    Q.E.D. 
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PROP.  XVI.  THEOR. 

It  two  straight  lines  be  cut  by  parallel  planes,  they  must 
be  cut  in  the  same  ratio. 

Let  the  straiglit  lines  AB,  CD  be  cut  by  the  parallel  planes  GH, 
KL,  >IiV,  in  the  points  A,  E,B,  C,F,  D:  As  AE  is  to  EB,  so  isCF 
toFD. 

Join  AC,  BD,  \D,  and  let  AD  meet  the  plane  KL  in  the  point  X} 
and  join  EX,  XF :  Because  the  two 
parallel  planes  KL,  ^IN  are  cut  by  the 
plane  EBDX,  the  common  sections 
EX,  BD,  are  parallel  (14.  2.  Sup.). 
For  the  same  reason,  because  the 
two  parallel  planes  GH,KL  are  cut 
by  the  plane  AXFC,the  common  sec- 
tions AC,  XF  are  parallel:  And  be- 
cause EX  is  parallel  to  BD,  a  side 
of  the  triangle  ABI),  as  AE  to  EB, 
so  is  (2.  6.)  AX  to  XO.  Asain,  be- 
cause XF  is  parallel  AC,  a  side  of  the 
triangle  ADC,  as  AX  to  XD,  so  is  CF 
to  FD :  and  it  was  proved  that  AX 
is  to  XD,  as  AE  to  EB  :  Therefore 
(11.  5.),  as  A E  to  EB,  so  is  CF  to 
Fl).  Wherefore,  if  two  straight 
lines,  &c.    Q.  E.  D. 

PROP.  XVII.  THEOR. 

If  a  straight  line  be  at  right  angles  to  a  plane,  every 
plane  which  passes  through  that  line  is  at  right  angles  to 
the  first  mentioned  plane. 

Let  the  straight  line  AB  be  at  right  angles  to  a  plane  CK;  evei^ 
plane  which  passes  through  A B  is  at  right  angles  to  the  plane  CK. 

Let  any  plane  DE  pass  through  AB,  and  let  CE  be  the  common  sec- 
tion of  the  planes  DE,  CK;  take  anypoint  F  in  CE,  from  which  dra*** 
FG  in  the  plane  DE  at  right  angles  to  CE :  And  because  AB  is  perpen- 
dicular to  the  plane  CK,  therefore  d  g  a  h 
it  is  also  perpendicular  to  every 
straight  line  meeting  it  in  that  plane 
(l.  def.  2.  Sup.) ;  and  conse- 
quently it  is  perpendicular  to  CE  : 
Wherefore  ABF  is  a  right  angle; 
hut  GFB  is  likewise  a  right  angle; 
therefore  AB  is  parallel  (28.  1.) 
to  FG.  And  AB  is  at  right  angles 
to  the  plane  CK :  therefore  FG  i» 
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also  at  right  angles  to  the  same  plane  (7.  2.  Sup.).  But  one  plane  is 
at  right  angles  to  another  plane  when  the  straight  lines  drawn  in  one 
of  the  planes,  at  right  anj^les  to  their  common  section,  are  also  at 
right  angles  to  the  other  plane  (def.  2. 2.) ;  and  any  straight  line  FG  in 
the  plane  DE,  which  is  at  right  angles  to  CE,  the  common  section  of 
the  planes,  has  been  proved  to  be  perpendicular  to  the  other  plane 
CK;  therefore  the  plane  DE  is  at  right  angles  to  the  plane  CK.  In 
like  manner,it  may  be  proved  that  all  the  planes  which  pass  through 
AB  are  at  right  angles  to  the  plane  CK,  Therefore,  if  a  straight 
line,&c.    Q.  E.D, 


PROP.  XVIII,  THEOR, 

If  two  planes  cutting  one  another  be  each  of  them  per- 
pendicular to  a  third  plane,  their  common  section  is  per- 
pendicular to  the  same  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular  to  a 
third  plane,  and  BD  be  the  common  section  of  the  lirst  two;  BD  is 
perpendicular  to  the  plane  ADC. 

From  D  in  the  plane  ADC,  draw  DE  perpendicular  to  AD,  and  DF 
to  DC.  Because  DE  is  perpendicular  to  AD,  the  common  section  of 
the  planes  AB  and  ADC;  an(t  because  the  b 

plane  AB  is  at  right  angles  to  ADC, DE  is  at 
right  angles  to  the  plane  AB  (def.  2.2.  Sup.), 
and  therefore  also  to  the  straight  line  BD  in 
that  plane  (def.  1.  2.  Sup.).  For  the  same 
reason,  UF  is  at  right  angles  to  DB.  Since 
BD  is  therefore  at  right  angles  to  both  the 
lines  DE  and  DF,  it  is  at  right  angles  to  the 
plane  in  which  DE  and  DF  are,  that  is,  to  the 
plane  ADC  (4.  2.  Sup.).  Wherefore,  £cc. 
^,E.D,        '  *' 


PROP,  XIX.  THEOR. 

Two  straight  lines  not  in  the  same  plane  being  given  in  posi- 
tion, to  draw  a  straight  line  perpendicular  to  them  both. 

Let  AB  and  CD  be  the  given  lines,  which  are  not  in  the  same 

Slane;  it  is  required  to  draw  a  straight  line  which  shall  be  perpeu- 
ieular  both  to  AB  and  CD. 
1h  AB  take  any  point  E,  and  through  E  draw  EF  parallel  to  CD, 
^m\  let  EG  be  drawn  perpendicular  to  the  plane  which  passes  through 
Y''^,  BF  (10.  2.  Sup.).     Through  AB  and  EG  let  a  plane  pass,  viz. 
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GK  and  let  this  plane  meet  CDinH;  from  H  drawHK  perpendicu- 
lar to  AB;  and  HK  is  the  line  required.  Tlirough  H,  draw  HG 
parallel  to  AB. 

Then,  since  HK  and  GE,  which  are  in  the  same  plane,  are  both  at 
right  angles  to  the  straight  line  AB,  they  are  parallel  to  oiie  another. 
And  because  the  lines  HG.  HD  are  parallel  to  the  lines  E '3,  EF,  each 
to  each,  the  plane  GHD  is  parallel  to  the  plane  (l3.  2.  Sup.)  BEF ; 
and  therefore  EG,  which  is  perpendicular  to  the  plane  BEF,  is  per- 
pendicular also  to  the  plane  (Cor.  13.  2.  Sup.)  GHD.  Therefore 
HK,  which  is  parallel  to  GE,  is  also  perpendicular  to  the  plana 
GH!)  (7.  2.  Sup.),  and  it  is  therefore  perpendicular  to  HD  (def.  1. 
3.  Sup.)  which  is  in  that  plane,  and  it  is  also  perpendicular  to  AB; 
therefore  HK  is  drawn  perpendicular  to  the  two  given  lines,  AB  and 
CD.     Which  was  to  be  done. 

PROP.  XX.  THEOR. 

If  a  solid  angle  be  contained  by  three  plane  angles,  any  two 
of  these  angles  are  greater  than  the  third. 

Let  the  solid  angle  at  A  be  contained  by  the  three  plane  angles 
B AC,  CAD,  DAB.     Any  two  of  (hem  are  greater  than  the  tliird. 

If  the  angles  BAC,  CAD,  DAB  be  all  equal,  it  is  evident  that  any 
two  of  them  are  greater  than  the  third.  But  if  they  are  not,  let  BAC, 
be  that  angle  which  is  not  less  than  either  of  the  other  two,  and  is 
greater  than  one  of  them,  DAB;  and  at  the 
point  A  in  the  straight  line  AB,  make  in  the 
plane  which  passes  through  BA,  AC,  the 
angle  BAE  equal  (23. 1.)  to  the  angle  DAB ; 
and  make  AE  equal  to  AD,  and  through 
E  draw  BEC  cutting  AB,  AC  in  the  points 
Bj  C,  and  join  DB,  DC.  And  because  DA  ^ 
is  equal  to  AE,  and  AB  is  common  to  the  b 
two  triangles  ABD,  ABE,  and  also  the  an- 
gle DAB  equal  to  the  angle  EAB;  therefore  the  base  DB  is  equal 
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(4. 1.)  tothe  base  BE.  And  because BD,DC  are  ^eater  (20.  4.)  than 
CB,  and  one  of  them  Bl)  has  been  proved  equal  to  BE,  a  pari  of  CB, 
therefore  the  othiT  DC  is  a;reater  than  the  remaining  part  EC.  And 
because  DA  is  equal  to  AE,and  AC  common,  but  the  base  DC  greater 
than  the  base  EC;  therefore  the  angle  DAC  is  greater  (25.  1.)  than 
the  angle  KAC  ;  and  hy  the  construction,  the  angle  DAB  is  etpial  to 
the  angle  B AE ;  wherefore  the  angles  DAB,  DAC  are  tot^ether  great- 
er than  BAE,  EAC,  that  is,  than  the  angle  BAC.  But  BAC  is  not 
less  than  either  of  the  angles  DAB,  DAC;  therefore  BAC,  with 
either  of  them,  is  greater  than  the  other.  Wherefore)  if  a  solid  an- 
gle, &c.    Q.E.D. 


PROP.  XXI.  THEOR. 


The  plane  angles  which  contain  any  solid  angle  are  to* 
gether  less  than  four  right  angles. 

Let  A  be  a  solid  angle  contained  by  any  number  of  plane  angles 
BAC  CAD,  DAE,  EAF,  FAB;  these  together  are  less  than  four 
right  angles. 

Let  the  planes  whieh  contain  the  solid  angle  at  A  be  cut  by  another 
plane,  and  let  the  section  of  themby  that  plane  be  the  rectilineal  figure 
BCDEF.  And  because  the  solid  angle  at  B  is  contained  by  three  plane 
angles  CBA,  ABF,  FBC,  of  which  any 
two  are  greater  (20.  2.  Sup.)  than  the 
third,  the  angles  CBA,  ABF  are  great- 
er than  the  angle  FBC :  For  the  same 
reason,  the  two  plane  angles  at  each  of 
the  points  C,  D,  E,  F,  viz.  the  angles 
which  are  at  the  bases  of  the  triangles 
having  the  common  vertex  A,  are  great- 
er than  the  third  angle  at  the  same  point, 
which  is  one  of  the  angles  of  the  figure 
BCDEF:  therefore  all  the  angles  at  the 
bases  of  the  triangles  are  together  great- 
er than  all  the  angles  of  the  figure:  and 

because  all  the  angles  of  the  triangles  are  together  equal  to  twice  a« 
many  right  angles  as  there  are  triangles  (32.  1.);  that  is,  as  there  are 
sides  in  the  figure  BCDEF  ;  and  because  all  the  angles  of  the  figure, 
together  with  four  right  angles,  are  likewise  equal  to  twice  as  many 
riiiht  angles  as  there  are  sides  in  the  figure  (cor.  1.  32.  1.)  ;  therefore 
all  the  angles  of  the  triangles  are  equal  to  all  the  angles  of  the  rectili- 
neal figure,  together  with  four  right  angles.  But  all  the  angles  at  the 
bases  of  the  triangles  arc  greater  than  all  the  angles  of  the  rectilineal, 
has  been  proved.  Wherefore,  the  remaining  angle?  of  the  trian- 
gles, viz.  those  at  the  vertex,  which  contain  the  solid  angle  at  A,  are 
less  than  four  right  angles.  Therefore  every  solid  angle,  &,c.  Q.  £.  D . 
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Otherwise : 

Let  the  sum  of  all  the  anajles  at  the  hases  of  the  triaiigles=S ;  the 
som  of  all  the  angles  of  the  rectilineal  figure  BCnEF=S;  the  sum 
of  the  plane  angles  at  A=X,  and  let  R=a  right  angle. 

Then,  because  S-f-X=twice  (32.1.)  as  many  right  angles  as  there 
are  triangles,  or  as  there  are  sides  of  the  rectilineal  figure  BCJ)EF, 
and  as  2+4R  is  also  equal  to  twice  as  many  right  angles  as  there  are 
sides  of  the  same  figure;  therefore  S4-X=2-f-4R.  But  because  of 
the  three  plane  angles  which  contain  a  solid  angle,  any  two  are  great- 
er than  the  third,  S~72;  and  therefore  Xz_4il;  that  is,  the  sum  of 
the  plane  angles  which  contain  the  solid  angle  at  A  is  less  than  four 
right  angles.    Q.  E.  D. 

SCHOLIUM. 

It  is  evident,  that  when  any  of  the  angles  of  the  figure  BCDEF  is 
exterior,  like  the  angle  at  D,  in 
the  annexed  figure,  the  reasoning 
in  the  above  proposition  does  not 
hold,  because  the  solid  angles  at 
the  base  are  not  all  contained  by 
plane  angles,  of  which  two  belong 
to  the  triangular  planes,  having 
their  common  vertex  in  A,  and  the 
third  is  an  interior  angle  of  the 
rectilineal  figure,  or  base.  There- 
fore, it  cannot  be  concluded  that 
S  is  necessarily,  greater  than  2. 

subject  to  a  limitation,  which  is  farther  explained  in  tha  notes  oa 
this  book. 


This  proposition,  therefore,  is 
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OF  THE  COMPARISON  OF  SOLIDS. 

DEFINITIONS. 
I. 

Solid  is  that  which  has  length,  breadth,  and  thickness. 
II. 


Similar  solid  figures  are  such  as  are  contained  by  the  same  nnmber 
of  similar  planes  similarly  situated,  and  having  like  inclinations 
to  one  another. 

III. 

A  pyramid  is  a  solid  figure  contained  by  planes  that  are  constituted 
betwixt  one  plane  and  a  point  above  it  in  whicli  they  meet. 

IV. 

A  prism  is  a  solid  figure  contained  by  plane  figures,  of  which  two 
that  are  opposite  are  equal,  similar,  and  parallel  to  one  another; 
and  the  others  are  parallelograms. 

Y. 

A  parallelepiped  is  a  solid  figure  contained  by  six  quadrilateral 
figures,  whereof  every  opposite  two  are  parallel. 

A^I. 

A  cube  is  a  solid  figure  contained  by  six  equal  squares. 
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VIL 

A  sphere  is  a  solid  figure  described  by  the  revolution  of  a  semicircle 
about  a  diameter,  which  remains  unmoved. 

VIII. 

Tlie  axis  of  a  sphere  is  th6  fixed  straight  line  about  which  the  semi- 
circle revolveSo 

IX. 

The  centre  of  a  sphere  is  the  same  with  that  of  the  semicircle. 

X. 

The  diameter  of  a  sphere  is  any  straight  line  which  passes  through 
the  centre,  and  is  terminated  both  ways  by  the  superficies  of  the 
sphere. 

xi. 

A  cone  is  a  solid  figure  described  by  the  revolution  of  a  right  angled 
triangle  about  one  of  the  sides  containing  the  right  angle  which 
side  remains  fixed. 

XII. 

The  axis  of  a  cone  is  the  fixed  straight  line  about  which  the  triangle 
revolves. 

xin. 

The  base  of  a  cone  is  the  circle  described  by  that  side,  containing 
the  right  angle,  which  revolves. 

XIV. 

A  cylinder  is  a  solid  figure  described  by  the  revolution  of  a  right  an- 
gled parallelogram  about  one  of  its  sides,  which  remains  fixed. 

XV. 

The  axis  of  a  cylinder  is  the  fixed  straight  line  about  which  the  pa- 
rallelogram revolves; 

XVI. 

The  bases  of  a  cylinder  are  the  circles  described  by  the  two  revolv* 
ing  opposite  sides  of  the  parallelogram. 

xvn. 

J^imilar  cones  and  cylinders  are  those  which  have  their  axis,  and  the 
diameters  of  their  bases  proportionals. 

Bb 
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PHOP.  I.  THEOR. 

If  two  solids  be  contained  by  the  same  number*  of  equal 
and  similar  planes  similarly  situated,  and  if  the  inclination 
of  any  two  contiguous  planes  in  the  one  solid  be  the  same 
Xvith  the  inclination  of  the  two  equal,  and  sinnlarly  situated 
planes  in  the  other,  the  solids  themselves  are  equal,  and 
similar. 

Let  AG  and  KQ  he  two  solids  contained  by  the  same  number  of 
equal  and  simihii-  ]>lanes,  similarlv  situated  so'tbat  tbe  plane  AC  is 
similar  and  equal  to  the  plane  KM,  tbe  plane  AF  to  the  plane  KP; 
BG  to  LQ,  GD  to  QN,  DE  to  NO,  and  FH  to  PR.  Let  also  tbe  in- 
clination of  tbe  plane  AF  to  tbe  plane  AC  be  tbe  same  witb  tbat  of 
tbe  plane  KP  to  tbe  plane  KM,  and  so  of  the  restj  the  solid  KQ  i« 
equal  and  similar  to  the  solid  AG. 

Let  tbe  solid  KQ  be  applied  to  the  solid  AG,  so  that  the  bases  KM 
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and  Ac,  which  are  equal  and  similar,  may  coincide  (8.  Ax.  1.^,  tli« 
point  N  coincidinfr  with  the  point  D,  K  witb  A,  L  with  B.  and  so  on. 
And  because  tbe  plane  KM  coincides  witb  tbe  plane  AC,  and,  by  hy- 
pothesis, the  inclination  of  KR  to  KM  is  tbe  same  with  the  inclination 
of  AH,to  AC.  the  plane  KR  will  be  upon  the  plane  AH,  and  will  coin- 
cide witb  it,  because  they  are  similar  and  equal  (8.  Ax.  1.),  and  be- 
cause their  equal  sides  KN  and  AT)  coincide.  And  in  tbe  same  man- 
ner it  is  shown  that  the  other  planes  of  the  solid  KQ  coincide  witb  the 
other  planes  of  tbe  solid  AG.  each  witb  each:  wherefore  the  solids 
KQ  and  AG  do  wholly  coincide,  and  are  equal  and  similar  to  one 
another.     Therefore,  &c.     Q.  E.  D. 

PROP.  II.  THEOR. 

if  a  solid  be  contained  by  six  planes,  two  and  two  of 
which  are  parallel,  the  opposite  planes  are  similar  and 
equal  parallelograms. 

Let  the  solid  CDGH  be  contained  by  the  parallel  planes  AC,GF; 
BG,  CE ;  FB,  AE :  its  opposite  planes  are  similar  and  equal  paral- 
leloo-rams. 

Because  the  two  parallel  planes  BG,  CE,  are  cut  by  the  plane  AC 
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their  eammon  sections  AB,  CD  are  parallel  (14.  3.  Sup.).  A^ain, 
because  llie  two  parallel  planes,  f5F,  AK  are  cut  by  the  plane  AC, 
their  common  sections  AD,  BC  are  parallel  (14.  2.  Sup.) :  and  AB  is 
parallel  to  CD;  therefore  A.C  is  a  parallelogram.  In  like  manner, it 
may  be  proved  that  each  of  the  ti^^ures 
CE,  F(j,GB,  BF,  AE  isaparallclo  ram; 
join  AH,  DF;  and  because  VB  is  parallel 
to  DC,  and  :5M  to  CF;  the  two.  straight 
lines  AB,  BH,  which  meet  one  another, 
are  parallel  to  DC  and  CF,  which  meet 
ojie  another;  wherefore,  though  the  first 
two  are  not  in  the  same  plane  Avith  the 
other  two,  they  contain  equal  angles  (9.  2.     "  £• 

Sup.);  the  angle  ABH  is  therefore  eijual  to  the  angle  DCF.  And 
because  AB,  BH,,  are  equal  to  DC,  CF,  and  the  angle  ABH  equal  to 
the  angle  DCF;  therefore  the  base  AH  is  equal  (4.  1.)  to  the  base 
DF,  and  the  triangle  ABH  to  the  triangle  DCF:  For  the  same  reason, 
the  triangle  AGH  is  equal  to  (he  triangle  DEF;  and  therefore  the 
parallelogram  BG  is  equal  and  similar  to  the  parallelogram  CE.  In 
the  sa:ue  manner,  it  may  be  proved,  that  the  parallelogram  AC  is 
equal  and  similar  to  the  parallel oi;ra  n  GF,  and  the  parallelogram 
AE  to  BF,     therefore,  if  a  solid,  &c.    Q.  E.  D. 

PROP.  III.  THEOR. 

If  a  solid  paraHelopiped  be  cut  by  a  plane  parallel  to 
two  of  its  opposite  planes,  it  will  be  divided  into. two  solids^ 
which  will  be  to  one  another  as  their  bases. 

Let  the  solid  paraHelopiped  ABCD  be  cut  by  the  plane  EV,  which 
is  parallel  to  the  opposite  planes  AR,  HD,  and  divides  the  whole  into 
the  solids  ABFV,  BGCD;  as  the  base  AEFY  to  thebaseEHCF,so 
is  the  solid  ABFV  to  the  solid  EGC  D. 

Produce  AH  both  ways,  and  take  any  number  of  straight  lines  HlVT, 
MIS',  each  equal  to  EH,  and  any  number  AK.,  KL  each  equal  to  EA, 
^ud  complete  the  parallelograjns  LO,  RY,  HQ,  MS,  and  the  solids  L  P, 


o  Y  F  c  ti 

KRjHU,  MT  5  then, because  the  straight  lines  LR,  KA,  AE  are  all 
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equal,  and  also  the  straij^ht  lines  KO,  AY,  EF  which  make  equal  an- 
gles with  LK,KA,  AE,  the  parallelograms  LO,KY.  AF  are  equal  and 
similar  (36.  1.  &  def.  1.  6.):  and  likewise  the  parallelograms  KX, 
KB,  AG;  as  also  (2.  3.  Sup.)  the  parallelograms  LZ,  KP,  AR,  be- 
cause tiiey  are  opposite  planes.  For  the  same  reason,  the  paralle- 
lograms EC,  HQ,  MS  are  eqyal  (36.  1.  &  def.  1.  6.) ;  and  the  paral- 
lelograms HG,  HI,IN,  as  also  (2.  3.  Sup.)  HD,  MU,NT;  therefore 
three  planes  of  the  solid  LP,  are  equal  and  similar  to  three  planes 
of  the  solidKU,  as  also  to  three  planes  of  the  solid  AY:  but  the  three 
planes  opposite  to  these  three  are  equal  and  simih>rto  them  (2. 3.  Sup.) 
in  the  several  solids  ;  therefore  the  solids  LP,  KU,  AY  are  contained 
hy  equal  and  similar  planes.  And  because  the  planes  LZ,  KP,  AR 
are  parallel,  and  are  cut  by  the  plane  XV.  the  inclination  of  LZ  to  XP 
is  equal  to  that  of  KP  to  PB;  or  of  AR  to  BY  (15.  2.  Sup.):  and  the 
same  is  true  o^f  the  other  contiguous  planes,  therefore  the  solids  LP, 
KR,  and  AY,  are  equal  to  one  another  (1.  3.  Sup.).  For  the  same 
reason,  the  three  solids  ED,  HU,  iViT  are  equal  to  one  another;  there- 
fore what  multiple  soever  the.  base  LF  is  of  the  base  AF,  the  same 
multiple  is  the  solid  LY  of  the  solid  AY;  for  the  same  reason,  what- 
ever multiple  the  base  NF  is  of  the  base  HF,  the  same  multiple  is 
the  solid  NY  of  the  solid  ED :  And  if  the  base  LF  be  equal  to  the. 
base  NF,  the  solid  LY  is  equal  (1.  3.  Sup.)  to  the  solid  NV;  and  if 
the  base,  LF  be  greater  than  the  base  NF,  the  solid  LY  is  greater  than 
the  solid  NY ;  and  i,f  less,  leas.  Since  then  there,  are  four  magnitudes, 
viz.  the  two  bases  AF,  FH,  and  the  two  solids  AY,  ED,  and  of  the 
haije  AF  and  solid  AY, the  base  LF  and  solid  LY  are  any  equimultiples 
whatever;  and  of  the  base  FH  and  solid  ED,  tiie  base  FN  and  solid 
NY  are  any  equimultiples  whatever;  and  it  has  been  proved,  tiiat  if 
the  base  LF  is  greater  than  the  base  FN,  the  solid  LY  is  greater  than 
the  solid  NY;  and  if  equal,  equal:  and  if  less,  less:  Therefore  (def. 
5.  5.),  as  the  base  AF  is  to  the  base  FH,  so  is  the  solid  AY  to  the 
solid  ED.     Wherefore,  if  a  solid,  &,c.     Q.  E.  D. 

Cor.  Because  the  parallelogram  AF  is  to  the  parallelojjram  FH  as 
YF  to  FC  (1.  6.),  therefore  the  solid  AY  is  to  the  solid  ED  as  YF  to 
FC, 


PROP.  IV.  THEOR. 

If  a  solid  parallelopiped  be  cut  by  a  plane  passing  through 
the  diagonals  of  two  of  the  opposite  planes,  it  will  be  cut 
into  two  equal  prisms. 

Let  AB  be  a  solid  parallelopiped,  and  DE,  CF  the  dias;onals  of  the 
opposite  pj^rallelograms  AH,GB,  viz.  those  which  are  drawn  betwixt 
the  equal  angles  iji  each;  and  because  CD,  FE  are  each  of  them  pa- 
rallel to  GA,  though  not  in  the  same  plane  with  it,  CD,  FE  are  pa- 
rallel (S.  2.  Sup.,) ;  wherefiue  the  diagonals  CF,  DE  are  in  the  plane 
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m  which  the  parallels  are,  and  are  them- 
selves parallels  (li.  2.  Sup-):  the  plane 
COtLF  cuts  the  solid  AB  into  two  equal  parts. 

Because  the  triangle  CGF  is  equal  (34.  g, 
1.)  to  the  triangle  CBF,  and  the  triangle 
DAK  to  DHE;  and  since  the  parallelogram 
CA  is  e(pial  (2.  3.  Sup.)  and  similar  to  the 
opposite  one  BE;  and  the  parallelogram  GE 
to  CH:  therefore  the  planes  which  contain 
the  prisms  CAE,  CBi^,  are  equal  and  similar, 
each  to  each;  and  they  are  also  equally  iu-      a  ji 

clined  to  one  another,   because  the   planes 

AC,  EB  are  parallel,  as  also  AF  and  BD,  and  they  are  cut  hy  the 
plane  CE  (15.  2.  Sup.).  Therefore  the  prism  CAE  is  equal  to  the 
prism  CBE  (1.  S.  Sup.),  and  the  solid  AB  is  cut  into  two  equal  prisms 
by  the  plane  CDEF.     Q.  E.  D. 

N.  B.  The  insisting  straight  lines  of  a  parallelepiped,  mentioned 
in  the  following  ])ropositions,  are  the  sides  of  the  parallelograms  be- 
twixt the  base  and  the  plane  parallel  to  it. 

PROP.  Y.  THEOR. 

Solid  parallelopipeds  upon  the  same  base,  and  of  the 
same  altitude,  the  insisting  straight  lines  of  which  are  ter- 
minated iu  the  same  straight  lines  iu  the  plane  opposite 
to  the  base,  are  equal  to  one  another. 

Let  the  solid  parallelopipeds  AH,  AK  be  upon  the  same  base  AB, 
andof  the  same  altitude,  and  let  their  insisting  straight  lines  AF,  AG, 
LM,  LN",  be  terminated  in  the  same  straight  line  FN,  and  let  the  in- 
sisting lines  CO,  CE,  BH,  BK  be  terminated  in  the  same  straight 
line  UK;  the  solid  AH  is  eipial  to  the  solid  AK. 

Because  CH,  CK  are  parallelogramsj  CB  is  equal  (S^.  1.)  to  each 
of  the  opposite  sides  DH,  EK;  wherefore  DH  is  ecjual  to  EK.:  add, 
or  take  away  the  common  part  HE;  then  DE  is  equal  to  HK:  Where- 
fore also  the  Iriaugls  CHE  is  equal  (38. 1.)  to  the  iriaiigle  BHK:  and 
the  parallelogram  1)G  is  equal  (36. 1.)  to  the  parallelogram  HN.  For 
the  same  reason,  the  triangle  AFGis  equal  to  the  triangle  LiVlN,and 
the  parallelogram  CF  is  e(jual  (2.  3.  Sup.)  to  the  parallelogram  BM, 
and  CG  to  BNj  for  they  are  opposite.     Therefore  the  planes  which 
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contain  the  prism  DAG  are  similar  and  equal  to  those  which  contaiii 
the  prism  HLN,  each  to  each;  and  the  contiguous  planes  are  also 
equally  inclined  to  one  another  (15.  2.  Sup.),  because  that  the  paral- 
lel planes  AD  and  LH,  as  also  AE  and  LK,  are  cut  by  the  same  plane 
DN;  then  fore  the  prisms  DAG,  HLN  are  equal^l.  3.  Sup.).  If 
therefore  the  prism  LNH  be  taken  fom  the  solid,  of  which  the  base 
is  the  paralleloa;rara  AB,  and  FDKiV  the  plane  opposite  to  the  base  j 
and  if  from  ihis  same  solid  there  be  taken  the  prism  AGD,the  remain- 
ing solid,  viz.  tlie  paralielopipjed  AH  is  equal  to  the  remaining  paral- 
leiopiped  AK.     Therefore  solid  parallelopipeds,  &c.     Q.  E.  D. 

PROP.  VI.  THEOR. 

Solid  parallelopipeds  upon  the  same  base,  and  of  the  same 
altitude,  the  insisting  straight  lines  of  which  are  not  ter- 
minated in  the  same  straight  lines  in  the  plane  opposite  to 
the  base,  are  equal  to  one  another. 

Let  the  parallelopipeds,  CM,  CN,  be  upon  the  same  base  AB,and 
of  the  same  altitude,  but  their  insisting  straight  lines  AF,  AG,  LM, 
LN,  CD,  C'E,  BH,  BK,  not  terminated  in  the  same  straight  lines  j 
the  solids  CM,  CN  are  equal  to  one  another. 

Produce  FD,  IVIH,  und  NG,  KE,ajid  let  them  meet  one  another  in 
the  points  O.P,Q,R;  andjoin  AO.LP,  BQ,CR.  Because  the  planes 
(def.  5.  3.  Sup.)  LBHM  and  ACDF  are  parallel,  and  because  the 


plane  LBHM  is  that  in  Mhich  are  the  parallels  LB,  MHPQ  (def.  5.o. 
Sup.),  imd  in  which  also  is  the  figure  BLPQ;  and  because  the  plane 
ACDF  is  that  in  which  are  the  parallels  AC,FDOR,and  in  which  also 
is  the  figures  CAOR;  therefore  the  figures  BLPQ,CAOR,  are  in  pa.- 
rallel  planes.  In  like  manner,  because  the  planes  ALNG  atid  CBK.B 
are  parall  1,  and  the  |)lane  ALN(i  is  that  in  which  are  the  parallels  AL, 
OPlTN,and  in  which  also  is  the  figure  ALPO;  and  the  plane  CBKE 
is  that  in  which  are  the  parallels  CB,  RQti^K,  and  iu  wliich  also  is  the 
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fi£5iire  CBQR:  therefore  the  fissures  ALPO,  CBQR  are  in  parallel 
planes.  But  the  planes  ACBL, ORQP  are  also  parallel:  theiefore 
the  solid  CPis  aparallelopiped.  Now  the  solid  parallelepiped  <  Mis 
equal  (5.  2.  Sup.)  to  the  solid  para'lelopiped  CP;  because  thf  are 
upon  the  same  base,  and  their  insisting  straight  lines  AF,  AO,  CD, 
CR;  LM,  LP,  BH,  BQ  areterminated  in  the  same  straight  lines  FR, 
MQ:  and  the  solid  CP  is  equal  (5.  2.  Sup.)  to  the  solid  CN;  for  they 
are  upon  the  same  base  ACBL,  and  their  insisting  straight  lines  AO, 
AG,  LP,LjV;  CR,  CE,  BQ,BK  are  terminated  in  the  same  straight 
lines  ON,  RK:  Therefore  the  solid  CM  is  equal  to  the  solid  CN. 
Wherefore  solid  parallelopipeds,  &c.    Q.  E.  D. 

PROP.  VII.  THEOR. 

Solid  parallelopipeds  which  are  upon  equal  bases,  and  of 
the  same  altitude  are  equal  to  one  anothier. 

Let  the  solid  parallelopiped?,  AE,  CF,  be  upon  equal  bases  AB,  CD, 
ftnd  be  of  the  same  altitude ;  the  solid  AE  is  equal  to  the  solid  CF. 

Case  1.  Let  the  insisting  straight  lines  beat  right  angles  to  the  bases 
AB,  CD,  and  let  the  bases  be  placed  in  the  same  plane,  and  so  as  that 
the  sides  CL,  LB,  be  in  a  straight  line ;  therefore  the  straight  line  LM, 
which  is  at  right  angles  to  the  plane  in  which  the  bases  are,  in  the 
point  L,  is  common  (11.  2.  Sup.)  to  the  two  solids  AE,  CF;  let  the 
other  insisting  lines  of  the  solids  be  AG,  HlS:.  BE  ;  DF,  OP,  CN:  and 
first,  let  the  angle  ALB  be  equal  to  the  angle  CLD  ;  then  AL,  LD  are 
in  a  straight  line  ( 1 4.  1 .).  Produce  OD,  HB,  and  let  them  meet  in  Q 
and  complete  the  solid  parafleloniped  LR,  the  haseof  which  isthepa" 
rallelogram  LQ,and  of  which  LM  is  one  of  its  insisting  straight  linesj 
therefore,  because  the  parallelogram  AB  is  equal  to  CD,  as  the  base 
AB  is  to  the  base  LQ,  so  i?  (7.  5.)  the  base  CD  to  the  same  LQ:  and 
because  the  solid  parallelopiped  AR  is  cut  by  the  plane  LMEB,  which 
is  parallel  to  the  opposite  planes  AK,  DR;  as  the  base  AB  is  to  the 
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base  LQ,  so  is  (S.  3.  Sup.)  the  solid  AE  to  the  solid  LR :  for  the  same 
reason  because  the  solid  parallelopiped  CRis  cut  by  the  plane  LMFD3 
which  is  parallel  to  the  opposite  planes  CP,  BR;  as  the  base  CD  to 
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the  base  LQ ;  so  is  (be  eolid  CF  to  the  solid  LR :  but  as  the  base  AB 
to  the  base  LQ,  so  the  base  CD  to  (he  Imse  LQ,  as  has  been  proved  : 
therefore  as  the  solid  AE  to  the  solid  LR,  so  is  the  solid  CF  to  the 
solid  LR  ;  and  therefore  the  solid  AE  is  equal  (9.  5.)  to  the  solid  CF. 

But  let  the  solid  parallelopipeds,  SE,  CF  be  upon  equal  bases  SB, 
CD,  and  be  of  the  same  altitude,  and  let  their  insisting  straight  lines  be 
at  right  angles  to  the  bases;  and  place  the  bases  SB,  CD  in  the  same 
plane,  so  that  CL,  LB  be  in  a  straight  line ;  and  let  the  angles  SLB, 
('LD  be  Unequal;  the  solid  SE  is  also  in  this  case  equal  to  the  solid 
CF«  Pro<!(lce  DL,  TS  until  they  meet  in  A,  and  from  B  draw  BH 
parallel  to  DA;  and  let  HB,  OD  producfd  meet  in  Q,  and  complete 
the  solids  AE,  LR:  thprefore  the  solid  AE,  of  which  the  base  is  the 
parallelogram  LE,  and  AK  the  plane  opposite  to  it,  is  equal  (5.3.  Sup.) 
to  the  solid  SE,  of  which  the  base  is  LE,  and  SX  the  plane  opposite ; 
for  they  are  upon  the  same  base  LE,  and  o(  the  same  altitude,  and 
their  insisting  straight  lines,  viz.  LA,  LS,  BH,  BT  ;  MG,  MU,EK, 
EX,  are  in  the  same  straight  lines  AT,  GX:  and  because  the  paralle- 
logram AB  is  equal  (35.  1.)  to  SB,  for  they  are  upon  the  same  base 
LB,  and  between  the  same  parallels  LB,  AT ;  and  because  the  base 
SB  is  equal  to  the  base  CD ;  therefore  the  base  AB  is  equal  to  the 
base  CD;  but  the  angle  ALB  is  equal  to  the  angle  CLD  :  therefore, 
by  the  first  case,  the  solid  AE  is  equal  to  the  solid  CF  j  but  the  solid 
AE  is  equal  to  the  solid  SE,  as  was  demonstrated;  therefore  the  solid 
SE  is  equal  to  the  solid  CF. 

Case  2.  If  the  insisting  straight  lines  AG,  HK^  BE,  LM ;  CN,  RS, 


DF,  OP,  be  not  at  right  angles  to  the  bases  AB,  CD;  in  this  case 
likewise  the  solid  AE  is  equal  to  the  solid  CF.  Because  solid  paral- 
lelopipeds on  the  same  brise,  and  of  the  same  altitude,  are  equal 
(6.  3.  Sup.),  if  two  solid  parallelopipeds  be  constituted  on  the  bases 
AB  and  CD  of  the  same  altitude  with  the  solids  AE  and  CF,  and  with 
their  insistintr  lines  perpendicular  to  their  bases,  they  will  be  equal 
to  the  solids  AE  and  CF;  and,  by  the  first  case  of  this  proposition, 
they  will  be  equal  to  one  another;  wherefore,  the  solids  AE  and  CF 
are  also  equal.    AVherefove,  solid  parallelopipeds,  &c.    Q.  E.  D. 
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PROP.  VIIT.  THEOR. 

Solid  parallelepipeds  which  have  the  same  altitude,  are  to 
one  another  as  their  bases. 

Let  AB,  CD  be  solid  parallelopipeds  of  the  same  altitude :  they 
are  to  one  another  as  their  bases ;  that  is,  as  the  base  AE  to  the  base 
CF,  so  is  the  solid  AB  to  the  solid  CD. 

To  the  straight  line  FG  apply  the  parallelogram  FH  equal  (Cor. 
45. 1.)  to  AEj'so  that  the  angle  FGH  be  equal  to  the  aui;le  LCGj 


and  complete  the  solid  parallelopiped  GK  upon  the  base  FH,  one  of 
whose  insisting  lines  is  FD,  whereby  the  solids  CD.  GK  must  be  of 
the  same  altitude.  Therefore  the  solid  AB  is  equal  (7.  3.  Sup.)  to 
the  solid  GK,  because  they  are  upon  equal  bases  AE,FH,  and  are  of 
the  same  altitude:  and  because  the  solid  parallelopiped  CK  is  cut  by 
the  plane  DG  which  is  parallel  to  its  opposite  planes,  tlie  base  HF  is 
(3.  3.  Sup.)  to  the  base  FC,  as  the  solid  HD  to  the  solid  DC:  But 
the  base  HF  is  equal  to  the  base  AE,  and  the  solid  GK  to  the  solid 
AB :  therefore,  as  the  base  AE  to  the  base  CF,  so  is  the  solid  AB  to 
the  solid  CD.     Wherefore  solid  parallelopipeds,  &c.     Q.  E.  D. 

Cor.  1.  From  this  it  is  manifest,  that  prisms  upon  trians^ular  bases, 
and  of  the  same  altitude,  are  to  one  another  as  their  bases.  Let  the 
prisms  BNM,  DPG,  the  bases  of  which  are  the  triangles  AEM,  CFG, 
have  the  same  altitude ;  complete  the  parallelograms  AE,  CF,  and  the 
solid  parallelopipeds  AB,  CD,in  the  first  of  which  let  AN,  and  in  the 
other  let  CP  be  one  of  the  insisting  Hues.  And  because  the  solid  pa- 
rallelopipeds AB,  CD  have  the  same  altitude,  they  are  to  one  another 
as  the  base  AE  is  to  the  base  CF;  wherefore  the  prisms,  which  are 
their  halves  (•*.  3.  Sup.)  are  (o  one  another,  as  the  base  AE  to  the 
base  CF;  that  is,  as  the  triangle  AEM  to  the  triangle  CFG. 

Cor.  2.  Also  a  prism  and  a  parallelopiped,  which  have  the  same  al- 
titude, are  to  one  another  as  their  bases;  that  is,  the  prism  BNM  is 
lo  the  parallelopiped  CD  as  the  triangle  AEM  to  the  parallelograna 
LG.  For  by  the  last  Cor.  the  prism  BNM  is  to  the  prism  DPG  as  the 
triangle  AME  to  the  triangle  CGF,  and  therefore  the  prism  BNM  is  to 
t\vice  the  prism  DPG  as  the  triangle  AME  to  twice  the  triangle  CGP 
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(4'.  5.);  that  Is,  the  prism  RNM  is  to  the  parallelepiped  CD  as  the 
triangle  AME  to  the  parallelogram  LG. 

PROP.  IX.  THEOR. 

Solid  parallelopipeds  are  to  one  another  in  the  ratio 
that  is  compounded  of  the  ratios  of  the  areas  of  their  bases, 
and  of  their  altitudes. 

Let  AF  and  GO  be  two  solid  parallelopipeds,  of  which  the  bases 
are  the  parallelograms  AC'  and  GK,aiid  the  altitudes,  the  perpendicu- 
lars let  fall  on  the  planes  of  these  bases  from  any  point  in  the  opposite 
planes  EF  and  MO;  the  solid  A  F  is  to  the  solid  GO  in  a  ratio  com- 
pounded of  the  ratios  of  the  base  AC  to  the  baseGK,  and  of  the  per- 
pendicular on  AC,  to  the  perpendicular  on  GK. 

Case  1.  When  the  insisting  lines  are  perpendicular  to  the  bases 
AC  and  GK,  or  when  the  solids  are  upriaiht. 

In  GJVI,  one  of  the  insisting  lines  of  the  solid  GO,  take  GQ  equal  te 
AE,  one  of  the  insisting  lines  of  the  solid  AF,  and  through  Q  let  a 
plane  pass  parallel  to  the  plane  GK,  meeting  the  other  insisting  lines 


of  the  solid  GO  in  the  points  R,  S  and  T.  It  is  evident  that  OS  is  a 
solid  paraIlelo|)iped  (def.  5.  3.  Sup.),  and  that  it  has  the  same  altitude 
with  AF,  viz.  G<^  or  AE.  Now  the  solid  AF  is  to  the  solid  GO  in  a 
ratio  compounded  of  the  ratios  of  the  solid  AFto  the  solid  GS  (def.  10. 
5.),  and  of  the  solid  GS  to  the  solid  GO;  but  the  ratio  of  the  solid 
AFto  the  solid  GS,  is  the  saise  with  that  of  the  base  AC  to  the  base 
GK  (8.  3. Sup.),  because  tlieir  altitudes  AE  and  GQ  are  equal;  and 
the  ratio  of  the  solid  GS  to  the  solid  GO, is  the  same  with  that  of  GQ 
to  GM  (3.  2.  Sup.);  therefore,  the  ratio  which  is  compounded  of  the 
ratios  of  the  solid  AF  to  the  solid  GS,  and  of  the  solid  GS  to  the  solid 
GO,  is  the  same  with  the  ratio  whi'.b  is  compounded  of  the  ratios  of 
the  base  AC  to  the  base  GK,  and  of  the  altitude  AK  to  the  altitude  GM 
(F.  5.).  But  the  ratio  of  the  solid  AF  to  the  s«did  GO.  is  that  which 
is  compounded  of  the  ratios  of  AF  to  GS,  and  of  GS  to  GO ;  therefore, 
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the  ratio  of  the  solid  \F  to  the  solid  GO  is  compounded  of  the  ratios  of 
the  base  AC  to  the  baseGK,  a?id  of  the  altitude  \E  to  the  altitude  G>I. 

Case  2.  When  the  insistin;^  lines  are  not  perpendicular  to  the  bases. 

Let  the  paralleloi^ranw  AC  and  GK  be  the  bases  as  before,  and  let 
AE  and  GM  he  the  altitudes  of  two  parallelopipeds  Y  and  Z  on  these 
bases.  Then,  if  the  nprii^lit  parallelopipeds  \F  and  GO  I)e  constitut- 
ed on  the  bases  AC  and  GK,  with  (he  altitudes  AEand  GM,theywilI 
be  equal  to  the  parallelopipeds  Y  and  Z  (7. 3.  Sup.).  ISTow,  the  solids 
AF  and  GO,  bythe  first  case,  are  in  the  ratio  compounded  of  (he  ratios 
of  the  bases  AC  and  GK,  and  of  the  altitudes  AE  and  G  VI ;  therefore 
also  the  solids  Yand  Z  have  to  one  another  a  ratio  that  is  compounded 
of  the  same  ratios.     Therefore,  &.c.     Q.  E.  D. 

CoR.  1.  Hence,  two  straisjht  lines  may  be  found  having  the  same  ra- 
tio with  the  two  parallelopipeds  AF  and  GO.  To  A3,  one  of  t!ie  sides 
of  the  parallelogram  AC,  apply  the  parallelogram  BY  equal  to  GK, 
having  an  anscle  equal  to  the  angle  BAD  (44. 1.) ;  and  as  AEto  GM, 
90  let  AY  be  to  AX  (12.6.),  then  AD  is  to  AX  as  the  soli  1  AF  to  the 
solid  GO.  For  the  ratio  of  AD  to  AX  is  compounded  of  thi  ratios 
(def.  10.  5.)  of  AD  to  AY,  and  of  AY  to  AX;  but  the  ratio  of  \D  to 
AY  is  the  same  with  that  of  the  parallelogram  AC  to  the  parallelogram 
BY  (1.  6.)  orGK;  and  the  ratio  of  AY  to  AX  is  the  same  with  that 
of  AE  to  GM ;  therefore  the  ratio  of  AD  to  AX  is  compounded  of  the 
ratios  of  AC  to  GK,  and  of  AE  to  GM  (E.  5.).  But  the  ratio  of  the  solid 
AF  to  the  solid  Gl)  is  co:npounded  of  the  same  ratios;  therefore,  as 
AD  to  AX,  so  is  the  sqlid  x\F  to  the  solid  GO. 

Cor.  2.  If  AF  and  GO  are  two  parallelopipeds,  and  if  to  AB,  to  the 
perpendicular  from  A  upon  DC,  and  to  the  altitude  of  the  parallelo- 
piped  AF,  the  numbers  L,  VI,  X  be  proportional :  and  if  to  AB,  toGH, 
to  (he  perpendicular  from  G  on  LK,  and  to  the  altitude  of  the  paral- 
lelepiped GO,  the  numbers  L,  /,  m,  n  be  proportional;  the  solid  AF 
is  to  the  solid  GO  as  LxMxN  to  Zx»iXn- 

For  it  may  be  proved,  as  in  the  7th  of  the  1st  of  the  Sup.  that  Lx 
MxN  is  to  Ixnixn  in  the  ratio  compounded  of  the  ratio  of  LxM 
to  ixm,andof  the  ratio  of  jVton.  Now  the  ratio  of  Lx  VT  to  Ixm 
is  that  of  the  area  of  the  parallelogram  AC  to  that  of  the  parallelo- 
gram GK;  and  the  ratio  of  N  to  n  is  the  ratio  of  the  altitudes  of  the 
Farallelopipeds,  by  hypothesis,  therefore,  the  ratio  of  L  x^xN  to 
Xmx;T  is  compounded  of  the  ratio  of  the  areas  of  the  bases,  and  of 
the  ratio  of  the  allitudes  of  the  parallelopipeds  AFand  GO;  and  the 
ratio  of  the  parallelopipeds  themselves  is  shown,  in  this  proposition. 
to  be  compounded  of  the  same  ratios;  therefore  it  is  the  same  with 
that  of  the  product  LxMxN  to  the  product  Ixiiixn. 

Cor.  3.  Hence  all  prisms  are  to  one  another  in  the  ratio  com- 
pounded of  the  ratios  of  their  bases,  and  of  their  altitudes.  For  every 
prism  is  equal  to  a  parallelopiped  of  the  same  altitude  with  it,  and 
of  an  equal  base  (2.  Cor.  8.  .3.  Sup.). 
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PROP.  X.  THEOR. 

Solid  parallelopipeds,  which  have  their  hases  and  alti- 
tudes reciprocally  proportional,  are  equal ;  and  parallelo- 
pipeds which  are  equal,  have  their  bases  and  altitudes  re- 
ciprocally proportional. 

Let  AG  and  KQ  be  two  solid  parallelopipeds,  of  which  the  bases 
are  ACand  KM,aiid  the  altitudes  A  E  and  KO,  and  let  AC  be  toKM 
as  KO  to  AE;  the  solids  AG  and  KQ  are  equal. 

As  the  base  AC  to  the  base  KM,  so  let  the  straigjht  line  KO  be  to 
the  straight  line  ».     Then,  since  AC  is  to  KM  as  KO  to  S,  and  als» 
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by  hypothesis,  AC  to  KM  as  KO  to  AE,  KO  has  the  same  ratio  to  S 
that  it  has  to  AE  (11.  5.) ;  wherefore  AE  is  equal  to  S  (9.  5.).  Bat 
the  solid  AG  is  to  the  solid  KQ,in  the  ratio  compounded  of  the  ratios 
of  ABtoKO,  and  of  AC  to  KM  (9.3,  Sup.),  that  is,  in  the  ratio  com- 
pounded of  the  ratios  of  AE  to  KO,  and  of  KO  to  S.  And  the  ratio 
of  AE  to  S  is  also  compounded  of  the  same  ratios  (def.  10. 5.) ;  there- 
fore, the  solid  AG  has  to  the  solid  KQthe  same  ratio  that  AE  has  to 
S.     But  AE  was  proved  to  be  equal  to  S,  therefore  AG  is  equal  to  KQ. 

Again,  if  the  solids  AG  and  KQ  be  equal,  the  base  AC  is  to  the  base 
KM  as  the  altitude  KO  to  the  altitude  AE.  Take  S,  so  that  AC  may 
be  to  KM  as  KO  to  S,  and  it  will  be  shown,  as  was  done  above,  that 
the  solid  AG  is  to  the  solid  KQ  as  AE  to  S ;  now,  the  solid  AG  is,  by 
hypothesis,  equal  to  the  solid  KQ;  therefore,  AE  is  equal  to  S:  but, 
by  construction,  AC  is  to  KM,  as  k,0  is  to  S;  therefore,  AC  is  to  KM 
as  KO  to  AE.     Therefore,  Q.  E.  D. 

Cor.  In  the  same  manner,  it  may  be  demonstrated,  that  equal 
prisms  have  their  bases  and  altitudes  reciprocally  proportional,  and 
conversely. 

PROP.  XI.  THEOR. 

Similar  solid  parallelopipeds  are  to  one  another  in  the 
triplicate  ratio  of  their  homologous  sides. 

Let  AG,  KQ  be  two  similar  parallelopipeds,  of  which  AB  andKL 
are  two  homologous  sides;  the  ratio  of  the  solid  AG  to  the  solid  KQ 
its  triplicate  of  the  ratio  of  AB  to  KL. 


OF  GEOxMETRY.    BOOK  III. 


201 


Because  the  solids  are  similar,  the  parallelograms  A.F,KB  are  simi- 
lar (def.  2.  3.  Sup.),  as  also  the  parallelograms  AH,  KR;  therefore, 
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the  ratios  of  AB  to  KL,  of  AE  to  KO,  and  of  AD  to  KNare  all  equal 
(def.  1.  6.).  But  the  ratio  of  the  solid  AG  to  the  solid  KQ  is  com- 
pounded of  the  ratios  of  AC  to  KM,  and  of  AE  lo  KO.  Now,  the 
ratio  of  AC  to  KM,  because  they  are  equian<;ular  parallelograms,  is 
compounded  (23.  6.)  of  the  ratios  of  AB  to  KL,  and  of  AD  to  KIV. 
Wherefore,  the  ratio  of  AG  to  KQ  is  compounded  of  the  three  ratios 
of  AB  to  KL,  AD  to  KN,  and  AE  to  KO ;  and  these  three  ratios  have 
already  been  proved  to  be  equal ;  therefore,  the  ratio  that  is  com- 
pounded of  them,  viz.  the  ratio  of  the  solid  AG  to  the  solid  KQ,  is 
triplicate  of  any  of  them  (def.  12.  5.);  it  is  therefore  triplicate  of  the 
ratio  of  AB  to  KL.  Therefore,  similar  solid  parallelopipeds,  &c. 
Q.  E.  D. 

Cor.  1.  If  aSxAB  to  KL,  so  KL  to  ?n,and  as  KL  torn,  so  ism  ton, 
then  AB  is  to  n  as  the  solid  AG  to  the  solid  KQ.  For  the  rr.tio  of  AB 
to  nis  triplicate  of  the  ratio  of  AB  to  KL  (def.  12.  5.),  and  is  there- 
fore equal  to  that  of  the  solid  AG  to  the  solid  KQ. 

Cor.  2.  As  cubes  are  similar  solids,  therefore  the  cube  on  AB  ig  to 
the  cube  on  KL  in  the  triplicate  ratio  of  AB  to  KL,  that  is  in  the  same 
ratio  with  the  solid  AG,  to  the  solid  KQ.  Similar  solid  parallelopipeds 
are  therefore  to  one  another  as  the  cubes  on  their  homologous  sides. 

CoR.  3.  In  the  same  manner  it  is  proved,  that  similar  prisms  are 
to  one  another  in  the  triplicate  ratio,  or  in  the  ratio  of  the  cubes  of 
their  homologous  sides. 

PROP.  XII.  THEOR. 

If  two  triangular  pyramids,  which  have  equal  bases  and 
altitudes,  be  cut  by  planes  that  are  parallel  to  the  bases, 
and  at  equal  distances  from  them,  the  sections  are  equal 
to  one  another. 


Let  ABCD  and  EFGH  be  two  pyramids,  haviog  equal  bases  ^DC 
and  FGH,  and  equal  altitudes,  viz.  the  perpendiculars  AQ,  and  ES, 
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drawn  from  A  and  E  upon  the  planes  BDC  and  FGH:  and  let  them 
be  cut  by  planes  parallel  to  BDC  and  FGH,  and  at  equal  altitudes 
QR  and  ST  above  those  planes,  and  let  the  sections  be  the  triangles 
KLM,NOP;  KLM  and  NOP  are  equal  to  one  another. 

Because  the  plane  ABD  cuts  the  parallel  planes  BDC,  KLM,  the 
common  sections  BD  ami  KM  are  parallel  (14.  2.  Sup.).  For  the 
same  reason,  DC  and  ML  are  parallel.  Since  thereibre  KM  and  ML 
are  parallel  to  BD  anr!  DC,  each  to  each,  though  not  in  the  same  p'ane 
with  them,  the  angle  KML  is  equal  to  the  angle  BDC  (9. 2.  Sup.).  In 
like  manner  the  other  angles  of  these  triangles  are  proved  to  be 
equal;  therefore,  the  triangles  are  equiangular,  and  consequently 
similar;  and  the  same  is  true  of  the  trinngles  NOP,  FGH. 

Now,  since  the  straight  lines  ARQ,  AKB  meet  the  parallel  planes 
BDC  and  KML,  they  are  cut  by  them  proportionally  (16.2.  Sup.), or 
QR:  RA::BK:  KA;  and  AQ  :  AR  ::  AB  :  AK"(1  8.  5.),  for  the 
same  reason,  ES  :  ET  :  :  EF  :  EN,  therefore  AB  :  AK  :  :  EF  :  EN, 
because  AQ  is  equal  to  ES,  and  AR  to  ET.  Again,  because  the 
triangles  ABC,  AKL  are  similar, 

AB  :  AK  :  :  BC  :  KL;  and  for  the  same  reason 

EF  :  EN  :  :  FG  :  NO;  therefore, 

BC  :  KL  :  :  FG  :  NO.  And,  when  four  straight  lines  are  pro- 
portionals, the  similar  figures  described  on  them  are  also  proportion- 
als (22.  6  );  therefore  the  triangle  BCD  is  to  the  triangle  KliM  as 
the  triangle  FGH  to  the  triangle  NOP;  but  the  triangles  BDC, FGH 
are  equal;  therefore,  the  triangle  KLM  is  also  equal  to  the  triangle 
NOP  (1.  5.).  Therefore,  8cc.     Q.  E.  D. 

Cor.  1.  Berauseit  has  been  shown  that  the  triangle  KLM  is  similar 
to  the  base  BCD;  therefore,  any  section  of  a  triangular  pyramid  pa- 
rallel to  the  base,  is  a  triangle  similar  to  the  base.  And  hi  the  same 
manner  it  is  shown,  that  the  sections  parallel  to  the  base  of  a  poly- 
gonal pyramid  are  similar  to  the  base. 

Cor.  2.  Heuce  also,  in  polygonal  pyramids  of  equal  bases  and  alti- 
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tudes,  the  sections  parallel  to  the  bases,  and  at  equal  distances  from 
them,  are  equal  to  one  another. 

PROP.  XIII.  THEOR. 

A  series  of  prisms  of  the  same  altitude  may  be  circum- 
scribed about  any  pyramid,  such  that  the  sum  of  the  prisms 
shall  exceed  the  pyramid  by  a  solid  less  than  any  given  solid. 

Let  ABCD  be  a  pyramid  and  Z*  a  given  solid;  a  series  of  prisms 
having;  all  the  same  altitude,  may  be  circumscribed  about  the  pyramid 
ABCD,  so  that  their  sum  shall  exceed  ABCD,  by  a  solid  less  than  Z. 

Let  Z  be  equal  to  a  prism  standing  on  the  saoae  base  with  the  py- 
ramid, viz.  the  triangle  BCD,  and 
having  for  its  altitude  the  perpendi- 
cular drawn  from  a  certain  point  E  in 
the  line  AC  upon  the  plane  BCD.  It 
is  evident,  that  CE  multiplied  by  a 
certain  number  7ji  will  be  greater  than 
AC;  divide  CA  into  as  many  equal 
parts  as  there  are  units  in  ?n,  and  let 
these  be  CF,  FG,  GH,  HA,  each  of 
which  will  be  less  than  CE.  Through 
each  of  the  points  F,  G,  H  let  planes 
be  made  to  pass  parallel  to  the  plane 
BCD,  making  with  the  si<les  of  the 
pyramid  the  section^  FPQ,  GRS, 
HTU,  which  will  be  all  similar  to  one 
another,  and  to  the  base  BCD  ( I .  cor. 
12.  3.  Sup.).  From  the  point  B 
draw  in  the  plane  ol  the  triangle  ABC, 
the  straisrht  line  BK  parallel  to  CF 
meeting  FP  produced  in  K.  In  like 
manner,  Irom  D  draw  DL  parallel  to 

CF,  meeting  FQ  in  L:  Join  KL,  and  it  is  plain,  that  the  solid  KBCDLF 
is  a  pri?m  (df^f.  4.  3.  Sup.).  By  the  same  construction,  let  the  prisms 
PM,  RO,  TV  be  described.  Also,  let  the  straight  line  IP,  which  is  in 
the  plane  of  the  triangle  ABC  be  produced  till  it  meet  BC  in  h  ;  and 
let  the  line  MQ,  be  produced  till  it  meet  DC  in  g:  Join  hg;  then 
hCgQFPisa  prism,  and  is  equal  to  the  prism  PM  (l.  Cor.  8.  3.  Sup.). 
In  the  same  manner  is  described  the  prism  MS  equal  to  the  |)rism  RO, 
and  the  prism  qU  equal  to  the  prism  TV.  The  sum,  therefore,  of  all 
the  inscribed  prisms  hQ,  mS,  and  qU  i«  equal  to  the  sum  of  the  prisms 
PiM,  RO  and  TV,  that  is,  to  the  sum  of  all  the  circumscribed  prisms 
exce|)t  the  prism  BL;  wherefore.  BL  is  the  excess  of  the  prism  cir- 
cumscribed about  the  pyramid  ABCD  above  the  prisms  inscribed  wit h- 


The  solid  Z  is  not  rcprtscnted  in  thtrfigure  of  this,  or  the  following  Proposition. 
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in  U.  But  the  prism  BL  is  less  than  the  prism  which  has  thetriangla 
BCD  for  ifs  base,  and  for  its  altitude  the  perpendicular  rrt>m  E  upon 
the  plane  BCD;  and  (he  prism  which  has  BCD  lor  its  base,  and  the 
perpendicular  from  E  for  its  altitude  is  by  hypothesis  equal  to  the 
given  solid  Z;  therelbre,  the  excess  of  the  circumsciihed,  above  the 
inscribed  prisms,  is  less  than  the  given  solid  Z.  But  the  excess  of  the 
circumscribed  prisms  above  the  inscribed  is  greater  than  their  excess 
above  the  pyramid  ABCD,  because  ABCD  is  greater  than  the  sum  of 
the  inscribed  prisms.  Much  more,  therefore,  is  the  excess  of  the  cir- 
cumscribed prisms  above  the  pyramid,  less  than  the  solid  Z.  A  series 
of  prisms  of  the  same  altitude  has  therefore  been  circumscribed  about 
the  pyramid  ABCD  exceeding  it  by  a  solid  less  than  the  given  solifl 
Z.    Q.  E.  D. 

PROP.  XIV.  THEOR. 

Pyramids  that  have  equal  bases  and  altitudes  are  equal  to 
one  another. 

Let  ABCD,  EFGH,  be  two  pyramids  that  have  equal  bases  BCD, 
FGH,  and  also  equal  altitudes,  viz.  the  perpendiculars  drawn  from  the 
vertices  A  and  E  upon  the  plane9»  BCD,  FGH :  The  pyramid  ABCD 
is  equal  to  the  pyramid  EFGH. 

If  they  are  not  equal  let  the  pyramid  EFGH  exceed  the  pyramid 
ABCD  by  the  solid  Z.   Then,  a  series  of  prisms  of  the  same  altitude 


may  be  described  about  the  pyramid  ABCD  that  shall  exceed  it,  by  a 
nolid  less  than  Z  (13.  3.  Sup.);  let  thesf  be  the  prisms  that  have  for 
their  base?  the  (ribnj);lei.  BCD,  NQL.  ORI,  PSM.  Divide  EH  into 
the  same  number  of  equal  parts  into  which  AD  is  divided,  viz.  HT, 
TU,  UY,  VE,  and  through  the  points  T,  U  and  Y,  let  the  sectiona 
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TZ  W,  UsX,  V*Y  be  made  parallel  to  the  base  FGH.  The  section 
NQLis  equal  to  the  section  WZT  (12. 3.  Sup.) ;  asalsoORItoXsU, 
and  PSM  to  Y*V;  and  therefore,  also  the  prisms  that  stand  upon  the 
equal  sections  are  equal  (1.  Cor.  8.  3.  Sup.),  that  is,  the  prism  which 
stands  on  the  base  BCD,  and  which  is  between  the  planes  BCD  and 
NQLis  equal  to  the  prism  which  stands  on  the  base  FGH,  and  which 
is  between  the  planes  FGH  and  WZT;  and  so  of  the  rest,  because 
Ihev  have  the  same  altitude :  wherefore,  the  sum  of  all  the  prisms 
described  about  the  pyramid  ABCD  is  equal  to  the  sum  of  all  those 
described  about  the  pyramid  EFGH.  But  the  excess  of  the  prisms 
described  about  the  pyramid  ABCD  above  the  pyramid  ABCD  is  less 
than  Z  (13.  3.  Sup.);  and  therefore,  the  excess  of  the  prism  describ- 
ed about  the  pyramid  EFGH  above  the  pyramid  ABCD  is  also  less 
than  Z.  But  the  excess  of  the  pyramid  EFGH  above  the  pyramid 
ABCD  is  equal  to  Z,  by  hypothesis  therefore,  the  pyramid  EFGH 
exceeds  the  pyramid  ABCD,  more  than  the  prisms  described  about 
EFGH  exceed  the  same  pyramid  ABCD.  The  pyramid  EFGH  is 
therefore  greater  than  the  sum  of  the  prisms  described  about  it,  which 
is  impossible.  The  pyramids  ABCD,  EFGH,  therefore,  are  not  un- 
equal that  is,  they  are  equal  to  one  another.  Therefore,  pyramids, 
&c.    Q.  E.D. 

PROP.  XV.  THEOR. 

Ev«ry  prism  having  a  triangular  base  may  be  divided 
into  three  pyramids  that  have  triangular  bases,  and  that 
^re  equal  to  another. 

Let  there  be  a  prism  of  which  the  base  is  the  triangle  ABC,  and 
let  DEF  be  the  triangle  opposite  the  base ;  The  prism  ABC  DEF  may 
be  divided  into  three  equal  pyramids  having  triangular  bases. 

Join  AE,  EC,  CD ;  and  because  ABED  is  a  parallelogram,  of  which 
AE  is  the  diameter,  the  triangle  ADE  is  equal  (34-.  1.)  to  the  triangle 
ABE :  therefore  the  pyramid  of  which  the  t 

base  is  the  triangle  ADE,  and  vertex  the 
point  C,  is  equal  (14.  3.  Sup.)  to  the  pyra- 
mid, of  which  the  base  is  the  triangle  ABE, 
and  vertex  the  point  C.  But  the  pyramid 
of  which  the  base  is  the  triangle  ABE,  and 
vertex  the  point  C,  that  is,  the  pyramid  ABCE 
is  equal  to  the  pyramid  DEFC  (14.  3.  Sup.), 
for  they  liaye  equal  bases,  viz.  the  triangles 
ABC,  DEF,  and  the  same  altitude^  viz.  the 
altitude  of  the  prism  ABCDEF.  Therefore 
the  three  pyramids  ADEC,  ABEC,  DFEC, 
are  equal  to  one  another.  But  the  pyra- 
mids ADEC,  ABEC,  DFEC  make  up*  the 
whole  prism  ABCDEF;  therefore,  the  prism 
ABCDEF  is  divided  into  three  equal  pyra- 
mids.    Wherefore,  &c.    Q.  E.  D. 

Dd 
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Cob.  1.  From  this  it  is  manifest,  tlsat  eveir  pyramid  is  the  thirfl 
part  of  a  prism  wliich  has  (In-  same  liase,  and  the  same  allitude  with 
it;  for  if  thi'  base  of  the  prism  be  au_\  other  figure  than  a  triangle, it 
may  he  divided  into  prisms  havina  triangular  bases. 

Cor.  2.  Pyramids  of  equal  altitudes  are  to  one  another  as  their 
bases;  because  the  prisms  upon  the  same  bases,  and  of  the  same  alti- 
tude, are  (l.Cor.  38.  Sup.)  to  one  another  as  their  bases. 


PROP.  XVI.  THEOR. 


If  from  any  points  in  the  circumference  of  the  base  of  a 
cylinder,  a  straight  line  be  drawn  perpendicular  to  the 
plane  of  the  base,  it  will  be  wholly  in  the  cylindric 
superficies. 

Let  ABCD  he  a  cylinder  of  which  the  base  is  the  circle  AEB,DFC 
the  circle  opposite  to  the  base,  and  GH  the  axis:  from  E,  any  point 
in  the  cireumforenee  AEB,  let  EF  be  drawn  perpendicular  to  tlie 
plane  of  the  circle  AEB ;  the  straight  line  EF  is  in  the  superficies  of 
the  cylinder. 

Let  F  be  the  point  in  which  EF  meets  the 
plane  DFC  opposite  to  the  base;  join  EGd 
and  FH;  and  let  AGHD  be  the  rectangle 
(14.  def.  3.  Sup.)  by  the  revolution  of  which 
the  cylinder  AECD  is  described. 

Now,  because  GH  is  at  right  angles  to  GA, 
the  straight  line  which  by  its  revolution  de- 
scribes the  circle  AEB,  is  at  right  angles  to 
all  the  straight  lines  in  the  plane  of  that  cir- 
cle M'hich  meet  it  in  G,  and  it  is  therefore 
at  right  angles  to  the  plane  of  the  circle 
AEB.  But  EF  is  at  right  ant>les  to  the  same  a 
plane;  therefore,  EF  and  GH  are  parallel 
(6.  2.  Sup.),  aiii?  In  the  same  plane.  And 
.since  the  phine  through  GH  and  EF  cuts  the 
parallel  planes  AEB,  DFC,  in  the  straight  lines  EG  and  FH,  EG  is 
parallel  to  FH  (14.  2.  8up.).  The  figure  KGHF  is  therefore  a  paral- 
lelogram, and  it  has  the  angle  EGH  a  right  angle,  iherefore  it  is  a 
rectangle,  and  is  equal  totlie  rectangle  AH,  because  EG  is  equal  to 
AG.  Therefore,  when  in  the  revolution  of  the  rectangle  AH,  the 
straight  line  AG  coincides  with  EG,  the  two  rectangles  AH  and  EH 
will  coincide,  and  the  straight  line  AD  will  coincide  with  the  straight 
line  EF.  But  AD  is  always  in  the  superficies  of  the  cylinder,  for  it 
dest-rihes  that  stiperfioies;  therefore,  EF  is  also  iu  tha  superficies  of 
the  cylinder.     Q'hereforc,  &c.     Q.  E.  D. 
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A  cylinder  and  a  parallelopiped  having  equal  bases  and 
altitudes,  are  equal  to  one  another. 

Let  ABCD  be  a  cylinder,  and  EP  a  parallelopiped  having  equal 
bases,  viz.  the  circle  AGB  and  the  parallelogram  En,  and  having  ilso 
equal  altitudes;  the  cylinder  ABC D  is  equal  to  the  parallelopiped  EF- 


A  s 


If  not,  let  them  be  unequal;  and  first  let  the  cylinder  be  less  than 
the  parallelopiped  EF;  and  from  the  parallelopiped  EF  let  there  be 
eut  off  a  part  EQby  a  plane  PQ  parallel  to  NF,  equal  to  the  cylinder 
ABC  i).  In  the  circle  AGB  inscribe  the  polygon  AGKBLM  that  shall 
differ  from  the  circle  by  a  space  less  than  the  parallelogram  PH  (Cor. 
1,  4.  1.  Sup  ),  and  cut  off  from  the  parallelogram  EH,  a  part  OR  equal 
to  the  polygon  AGKBLM.  The  point  R  will  fall  between  PandN. 
On  the  polygon  AGKBL  vl  let  an  upright  prism  AGBCDbe  constituted 
ttf  the  same  altitude  with  the  cylinder,  which  will  therefore  be  less 
than  the  cylinder,  because  it  is  within  it  (16.  3.  Sup.) ;  and  if  through 
the  point  R  a  plane  RS  parallel  to  NF  be  made  to  pass,  it  will  cut  off 
the  parallelopiped  ES  equal  (2.  Cor.  8.  3.  Sup.)  to  the  prism  AGBC, 
because  its  base  is  equal  to  that  of  the  prism,  and  its  altitude  is  the 
same.  But  the  prism  AGBC  is  less  than  the  cylinder  A  BCD,  and  the 
cylinder  ABCD  is  equal  to  the  parallelopiped  KQ,  by  hypothesis; 
therefore,  ES  is  less  than  EQ,  and  it  is  also  greater,  which  is  impossi- 
ble, rhe  cylinder  ABCO,  therefore,  is  not  less  than  the  parallelo- 
piped EF;  and  in  the  same  manner,  it  may  he  shown  not  to  be  greater 
than  EF.    Therefore  they  are  equal.    Q.  E.  Do 
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PROP.  XVIII.  THEOR. 

If  a  cone  and  a  cylinder  have  the  same  base  and  the  same 
altitude^  the  cone  is  the  third  part  of  the  cylinder. 

Let  the  cone  ABCD,  and  the  cylinder  BFKG  hare  the  same  base, 
viz.  the  circle  BCD,  and  the  same  altitude,  viz.  the  perpendicular 
from  the  point  A  upon  the  plane  BCD,  the  cone  ABCt)  is  the  third 
part  of  the  cylinder  BFKG. 

If  not,  let  the  cone  ABCD  be  the  third  part  of  another  cylinder 
LMNO,  havinsf  the  same  altitude  with  the  cylinder  BFKG.  but  let 
the  bases  BCJJI  and  LIM  be  unequal:  and  first,  let  BCD  be  greater 
^han  LIM. 
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Then,  because  the  circle  BCD  is  greater  than  the  circle  LIM,  a 

Jolygon  may  be  inscribed  in  BCD,  that  shall  differ  from  it  less  than 
jIM  does  (4.  1.  Sup.),  and  which,  therefore,  will  be  greater  than 
LIM.  Letthigbe  the  polygon  BKCFD;  and  upon  BECFD,  let  there 
^e  constituted  the  pyramid  ABECFU,  and  the  prism  BCFKHG. 

Because  the  polygon  BECFD  is  greater  than  the  circle  LIM,  the 
prism  BCFKHG,  is  greater  than  the  cylinder  LMNO,  for  they  have 
the  same  altitude,  but  the  prism  has  the  greater  base.  But  the'  pyra* 
mid  ABECFD  is  the  third  pari  of  the  prism  (15. 3.  Sup.)  BCFKHG, 
therefore  it  is  greater  than  the  third  part  of  the  cylinder  LMNO. 
Now,  the  eone  ABECFD  is,  by  hypothesis,  the  third  part  of  the  cy- 
linder LMNO,  therefore,  the  pyramid  ABECFD  is  greater  than  the 
cone  ABCD,  and  it  is  also  less.,  because  it  is  inscribed  in  the  cone, 
>vhich  is  impossible.  Therefore,  the  cone  ABCD  is  not  less  than  the 
third  pt^rt  of  the  cylinder  BFKG :  And  in  the  same  manner,  by  circum- 
gcribirii!;  a  polygon  about  the  circle  BCD,  it  may  be  shown  that  the 
^one  ABCD  is  not  greater  than  (he  third  part  of  the  cylinder  BFKG ; 
therefor";  it  is  ecpial  to  the  third  part  of  that  cylinder.    Q.  E.  D. 


OF  GEOMETRY.    BOOK  III. 


209 


PROP.  XIX.  THEOR. 

If  a  hemisphere  and  a  cone  have  equal  bases  and  alti- 
tudes, a  series  of  cylinders  may  be  inscribed  in  the  hemis- 
phere, and  another  series  may  be  described  about  the  cone, 
having  all  the  same  altitudes  with  one  another,  and  such 
that  their  sum  shall  differ  from  the  sum  of  the  hemisphere, 
and  the  cone,  by  a  solid  less  than  any  given  solid. 

Let  AD3  be  a  semicircle,  of  which  the  centre  is  C,  and  let  CD  he 
at  right  aiigJes  to  AB;  let  DB  and  DA  be  scjuares  described  on  DC, 
draw  CE,  and  lei  the  figure  thus  constructed  revolve  about  DC  :  then, 
the  sector  BCD.  which  is  the  half  of  the  semicircle  ADB,  will  de- 
scribe a  hemisphere  having  C  for  its  centre  (7.  def.  3.  Sup.)?  an<l  the 
triangle  C  DE  will  describe  a  cone,  having  its  vertex  at  C,  and  having 
for  its  base  the  circle  (11.  def.  3.  Sup.)  described  by  DE,  equal  to 
that  described  by  BC,  which  is  the  base  of  the  hemisphere.  Let  W 
be  any  given  solid.  A  series  of  cylinders  may  be  inscribed  in  the 
hemisphere  ADB,  and  another  described  about  the  cone  ECI,so{hat 
their  sum  shall  differ  from  the  sum  of  the  hemisphere  and  the  cone, 
by  a  solid  less  than  the  solid  W. 

Upon  the  base  of  the  hemisphere  let  a  cylinder  be  constituted 
equal  to  W,  and  let  its  altitude  be  CX.  Divide  CD  into  such  a  num- 
ber of  equal  parts,  that  each  of  them  shall  be  less  than  CX;  let 
these  be  CH,  HG,  GF,  and  FD.  Through  the  points  F,  G,  H,  draw 
FiV,  GO,  HP  parallel  to  CB,  meeting  the  circle  in  the  points  K,  L, 
and  M;  and  the  straight  line  CE  in  the  points  Q,  R  and  S.  From 
the  points  K,  L,  M  draw  Kf,  Lg,  Mh  perpendicular  to  GO,  HP  and 
CB;  and  from  Q,  R  and  S,  draw  Qq,  Rr,  Ss  perpendicular  to  the 
same  lines.  It  is  evident  that  the  figure  being  thus  constructed,  if  the 
whole  revolve  about  CD,  the  rectangles  Ff,  Gg,  Hh  will  describe 
cylinders  (l-*.  def.  3.  hup.)  that  will  be  circumsciibed  by  the  hemis- 
phere BDA;  and  that  the  rectangles  DN,Fq,Gr,Hs,will  also  describe 
cylinders  that  will  circumscribe  the  cone  ICE.  Now,  it  may  be  de^ 
monstrated,  as  was  done  of  the  prisms  inscribed  in  a  pyramid  (13.  3. 
Sup.),  that  the  sum  of  all  the  cylinders  described  within  the  hemis- 
phere, is  exceeded  by  the  hemisphere  by  a  solid  less  than  the  cylinder 
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generated  by  the  rectangle  HB,  that  is,  by  a  solid  less  than  W,  for  the 
cylinder  generated  by  HB  is  less  than  W.  In  the  same  manner,  it 
may  be  demonstrated,  that  the  sum  of  the  cylinders  circumscribing 
the  cone  ICE  is  greater  than  the  cone  by  a  solid  less  than  the  cylinder 
generated  by  the  rectangle  DN,  that  is, by  a  solid  less  than  W.  There- 
fore, since  tlie  sum  ot  the  cylinders  inscribed  in  the  hemisphere, 
logelher  with  a  solid  less  than  W,  is  equal  to  the  hemisphere;  and, 
since  the  sum  of  the  cylinders  described  about  the  cone  is  equal  to 
the  cone  together  with  a  solid  les^  than  W;  adding  equals  to  equals 
the  sum  ot  all  these  cylinders,  together  with  a  solid  less  than  W,  is 
equal  to  the  sum  of  the  hemisphere  and  the  cone  together  with  a 
solid  less  than  W.  Therefore,  the  difference  between  the  whole  of 
the  cylinders  and  the  sum  of  the  hemisphere  and  the  cone,  is  equal 
to  the  diflRprence  of  two  solids,  which  are  each  of  them  less  than  W  ; 
but  I hi«  difference  must  also  be  less  than  W,  therelore  the  difference 
between  the  two  series  of  cylinders  and  the  sum  of  the  hemisphere 
and  cone  is  less  than  the  given  solid  W.    Q.  £.  D. 


PROP.  x:^. 

The  same  things  heing  supposed  as  in  the  last  proposi- 
tion, the  sum  of  all  the  cylinders  inscribed  in  the  hemis- 
phere, and  described  about  the  cone,  is  equal  to  a  cylinder, 
having  the  same  base  and  altitude  with  the  hemisphere. 

Let  the  figure  DCB  be  constructed  as  before,  and  supposed  to  re^ 
volve  about  CD;  the  cylinders  inscribed  in  (he  hemisphere,  that  is, 
the  cylinders  described  by  the  revolution  of  the  rectangles  Hh,Gg,  Ff, 
together  with  those  fiescribed  about  the  cone,  that  is,  the  cylindera 
de  cribed  by  the  revolution  of  the  rectangles  Hs,  Gr,  Fq,  and  DN  are 
equal  to  the  cylinder  described  by  the  revolution  ofthe  rectanele  DB. 

Let  L  be  the  point  in  which  GO  meets  the  circle  ADB,  then,  because 
CGL  is  a  right  angle  if  CL  be  Joined,  the  circles  describe!  with  the 
distances  CG  and  GL  are  equal  to  the  circle  described  with  the  dis- 
tanee  CL  (2.  Cor.  6.  1.  Sup.)  or  GO;  now,  CG  is  equal  to  GR,  be^ 
cau?e  CD  is  equal  t<i  DE,  and  therefore  also,  the  circles  jlescribed  with 
the  distances  GR  and  GL  are  together  equal  to  the  circle  described 
■with  the  distance  GO,  that  is,  the  circles  described  by  the  revolufioQ 
of  GR  and  GL  about  the  point  G,  are  together  equal  to  the  circle 
descril)ed  by  the  revolution  of  GO  about  the  same  point  G;  therefore 
also,  the  cylinder?  that  shind  upoothe  twofirst  of  these  circles  having 
the  common  altitudes  GH,  are  equal  to  the  cylinder  which  stands  on 
the  remaining  circle,  and  which  has  the  same  altitude  GH.  The  cy- 
linders described  by  the  revolution  of  the  rectangles  Gg,  and  Gr  are 
therefore  equal  to  the  cylinder  described  by  the  rectangle  GP.  And 
as  the  same  may  be  shown  of  all  the  rest,  therefore  the  cylinders  de- 
scribed by  the  rectangleB  Hb,  Gg,  Ff,  and  by  the  rectangles  Hs,  Gr, 
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'Fq,  DN,  are  together  equal  to  the  cylinder  described  by  DB,  that  is, 
to  the  cylinder  having  the  same  base  and  altitude  with  the  hemis- 
phere.   Q.  E.  D. 

PROP.  XXI. 

Every  sphere  is  two-thirds  of  the  circumscribing  cylinder. 

Let  the  figure  be  constructed  as  in  the  two  last  propositions,  and  if 
the  hemisphere  described  by  BDC  be  not  equal  to  two-thirds  of  the 
cylinder  described  by  BD.  let  it  be  greater  by  the  solid  W.  Then, 
as  the  cone  described  by  CDE  is  one-third  of  the  cylinder  (1  8.  3.  Sup.) 
described  by  BD,  the  cone  and  the  hemisphere  together  will  exceed 
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the  cylinder  by  W.  But  that  cylinder  is  equal  to  the  sum  of  all  the 
cylinders  described  by  the  rectangles  Hh,  Gg,  Ff,  Hs,  Gr,  Fq,  DN 
(20.  3.  Sup.) ;  therefore  the  hemisphere  and  the  cone  added  together 
exceed  the  sum  of  all  these  cylinders  by  the  given  solid  W;  which 
is  absurd,  for  it  has  been  shown  (19.  3.  Sup.),  that  the  hemisphere 
and  the  cone  together  differ  from  the  sum  of  the  cylinders  by  a  solid 
less  than  W.  The  hemisphere  is  therefore  equal  to  two-thirds  of  the 
cylinder  described  by  the  rectangle  BD;  and  thjerefore  the  whole 
sphere  is  equal  to  two-thirds  of  the  cylinder  described  by  twice  the 
rectancle  BD,  that  is,  to  two-thirda  of  the  circumscribing  cylinder. 
Q.  E.  D. 
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TRIGONOMETRY  IS  the  application  of  Arithmetic  to  Geometry  :  or, 
more  precisely,  it  is  the  application  of  number  to  express  the 
relations  of  the  sides  and  angles  of  triangles  to  one  another.  It  there- 
fore necessarily  supposes  the  elementary  operations  of  arithmetic  to 
be  understood,  and  it  borrows  from  that  science  several  of  the  signs 
or  characters  which  peculiarly  belong  to  it.  Thus,  the  product  of 
two  numbers  A  and  B,  is  either  denoted  by  A.B  or  A xB;  and  the 
products  of  two  or  more  into  one,  or  into  more  than  one,  as  of  A-j-B 
into C,or  of  A+B into C+D, ar*-  expressed  thus:  (A+B).  C,(A-fB) 
(C+D),  or  sometimes  thus,  A+B  x  C,  and  A-f-B  x  C+D; 
The  quotient  of  one  number  A,  divided  by  another  B,  is  written 

A 

tbus,-^' 

The  sign  y/  is  used  to  signify  the  square  root:  Thus  ^Z  M  is  the 
square  root  of  M,  or  it  is  a  nnmber  which,  if  multiplied  into  itself,  will 
produce  M.  So  also,  ^  M'^  +  N^  is  the  square  root  of  M^  +  N«,  &c 
The  elements  of  Plane  Trigonometry,  as  laid  down  here,  are  divided 
into  three  sections;  the  first  explains  the  principles ;  the  second  de- 
livers the  rules  of  calculation ;  the  third  contains  the  construction  of 
Irigonomical  tables,  together  with  the  investigation  of  some  theo- 
rems, useful  for  extendiDg  trigonometry  to  the  solution  of  the  more 
difficult  problems; 


SECTION  I. 


LEMMA  I; 

An  angle  at  the  centre  of  a  circle  is  to  four  right  angles  as 
the  arch  on  which  it  stands  is  to  the  whole  circumference. 

Let  ABC  be  an  angle  at  the  centre  of  the  circle  ACF,  standing  on 
the  circumference  AC:  the  angle  ABC  is  to  fou^  right  angles  as  the 
arch  AC  to  the  whole  circumference  ACF. 
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Produce  AB  till  it  meet  the  circle  in  E,  and  draw  DBF  perpendicu- 
lar to  AE.  D 

Then,  because  ABC,  ABD  are 
two  anj^ies  at  the  centre  of  the  circle 
ACF,  the  aii?le  ABC  is  to  the  angle 
ABD  as  the  arch  AC  to  the  arch  AD, 
(33.  6.);  and  therefore  also,  the 
angle  ABC  is  to  four  times  the  an-  e 
gle  ABD  as  the  arch  AC  to  four  times 
the  arch  AD  (4.5.). 

But  ABD  is  a  right  angle,  and 
therefore  four  times  the  arch  AD  is 
equal  to  the  whole  circumference 
ACF;  therefore,  the  angle  ABC  is 
to  four  right  angles  as  the  arch  AC  to  the  whole  circumference  ACF- 

Cor.  Equal  angles  at  the  centres  of  different  circles  stand  on  arch- 
es which  have  the  same  ratio  to  their  circumferences.  For,  if  the 
angle  ABC,  at  the  centre  of  the  circles,  ACE,  GHK,  stand  on  the 
arches  AC,  GH,  AC  is  to  the  whole  circumference  of  the  circle  ACE, 
as  the  angle  ABC  to  four  right  angles;  and  the  arch  HG  is  to  the 
whole  circumference  of  the  circle  GHK  in  the  same  ratio.  There- 
fore, &c. 


DEFINITIONS. 

I. 

If  two  straight  lines  intersect  one  another  in  the  centre  of  a  circle, 
the  arch  of  the  circumference  intercepted  between  them  is  called 
the  Aleasure  of  the  angle  which  they  contain.  Thus  the  arch  AC 
is  the  measure  of  the  angle  ABC. 

II. 

If  the  circumference  of  a  circle  be  divided  into  ,360  equal  parts,  each 
of  these  parts  is  called  a  Degree;  and  if  a  degree  be  divided  into 
60  equal  parts,  each  of  these  is  called  a  minute;  and  if  a  Minute 
he  divided  into  60  equal  parts,  each  of  them  is  called  a  Second^  and 
so  on.  And  as  many  degrees,  minutes,  seconds,  &c.  as  are  in  any 
arch,  so  many  degrees,  minutes,  seconds,  &c.  are  said  to  be  in  the 
angle  measured  by  that  arch. 

Cor.  1.  Any  arch  is  to  the  whole  circumference  of  which  it  is  a 
part,  as  the  number  of  degrees,  and  parts  of  a  degree  contained  in  it 
is  to  the  number  360.  And  any  angle  is  to  four  right  angles  as  the 
number  of  degrees  and  parts  of  a  degree  in  the  arch,  whieh  is  the 
measure  of  that  augle,is  to  360. 
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Cor.  2.  Hence  also,  the  arches  which  measure  the  same  angle, 
whatever  be  the  radii  with  which  they  are  described,  contain  the  same 
number  of  degrees,  and  parts  of  a  degree.  For  the  number  of  degrees 
and  parts  of  a  degree  contained  in  each  of  these  arches  has  the  same 
ratio  to  the  number  360,  that  the  angle  which  they  measure  has  to 
four  right  angles  (Cor.  Lem.  1.). 

The  degrees,  minutes,  seconds,  &c.  contained  in  any  arch  or  angle, 
are  usually  written  as  in  this  example,  49°.  3fi'.  24".  43'";  that  is 
49  degrees,  36  minutes,  24  seconds,  and  42  thirds. 

III. 

Two  angles,  which  are  together  equal  to  two  right  angles,  or  twe 
arches  which  are  together  equal  to  a  semicircle,  are  called  the 
Supplements  of  one  another. 

IV. 

A  straight  line  CD  drawn  through  C,  one  of  the  extremities,  of  the 
arch  AC,  perpendicular  to  the  di- 
ameter passing  through  the  other 
extremity  A,  is  called  the  Sine  of 
the  arch  AC,  or  of  the  angle  ABC, 
of  which  AC  is  the  measure. 

Cor.  1.  The  sine  of  a  quadrant,  or 
of  a  right  angle,  is  equal  to  the  ra- 
dins. 

CoR.  2.  The  sine  of  an  arch  is  half 
the  chord  of  twice  that  arch  :  this 
is  evident  by  producins  the  sine 
of  any  arch  till  it  cut  the  circum- 
ference. 

V. 

The  segment  DA  of  the  diameter  passing  through  A,  one  extremity 
of  the  arch  AC,  between  the  sine  CD  and  the  point  A,  is  called  the 
Versed  sine  of  the  arch  AC,  or  of  the  angle  ABC. 

YI. 

A  straight  line  AE  touphina;  the  circle  at  A,  one  extremity  of  the 
arch  AC,  and  meeting  the  diameter  BC,  which  passes  tlirough  C 
the  other  extremity,  is  called  the  Tangent  of  the  arch  AC,  or  of  the 
angle  ABC. 

Cor.  The  tangent  of  half  a  right  angle  is  equal  to  the  radius. 

VII. 

The  straight  line  BE,  between  the  centre  and  the  extremity  of  the 
tangent  AE  is  called  the  Secant  of  the  arch  AC,  or  of  the  angle  ABC. 

Con.  to  Def.  4,  6,  7,  the  sine,  tangent  and  secant  of  any  angle  ABC- 
are  likewise  the  sine,  tangent,  and  seeantof  its  supplements  CBF- 
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It  is  manifest,  from  Def.  4.  that  CD  is  the  sine  of  the  an2;le  CBF. 
Let  Cj3  be  pioihiced  till  it  meet  the  circle  again  in  i ;  and  it  is  also 
manifest,  that  AK  is  the  tans^ent,  and  BE  the  secant,  of  the  ancle 
Aiil,  or  CBF,  from  Def.  6.  7. 

Cor.  to  Def.  4, 5, 6, 7.  The  sine,  versed^ine,  tangent,  and  secant  of  an 
arch,  which  is  the  measure  of  any 

given  aniyle  ABC,  is  to  the  sine,  v    _     >iE 

versed  sine,  tangent  and  secant,  of 
any  other  arch  whicli  is  the  mea- 
snre  of  the  sasne  angle,  as  the 
radius  of  the  first  arch  is  to  the 
radius  of  the  second. 


M    D 


Let  AC,  MN  be  measures  of  the  an-  b 
gle  ABC,  according  to  Def.  1.; 
CD  the  sine,  DA  the  versed  sine.  AE  the  tangent,  and  Bp]  the  se- 
cant of  the  arch  AC,  according  to  Def.  4,  5,  6,7;  NO  the  sine,  (JIVI 
the  versed  sine,  M  P  the  tangent,  and  B  P  the  secant  of  the  arch  MN", 
according  to  the  same  detinitions.  Since  CD,  NO,  AE,  MP  are  pa- 
rallel, CD :  NO  :  :  rad.  CB  :  rad.  NB,  and  AE  :  M  P : :  rad.  AB  :  rad. 
BAl,  also  BE  :  BP  :  :  AB  :  BM  ;  likewise  because  BC  :  BD  :  :  BN  : 
150,  that  is,  BA  :  BD  :.*  BM  :  BO,  by  conversion  and  alternation, 
AD:  MO::  AB:MB.  Hence  the  corollary  is  manifest.  And  there- 
fere,  if  tables  be  constructed,  exhibiting  in  numbers  the  sines,  tan- 
gents, secants,  and  versed  sines  of  certain  angles  to  a  given  radius 
they  will  exhibit  the  ratios  of  the  sines,  tangents,  &c.  of  the  same 
angles  to  any  radius  whatsoever. 

In  such  tables,  which  are  called  Trigonometrical  Tables,  the  radius  is 
either  supposed  1,  or  some  number  in  the  series  10,  100,  1000,  8ce. 
The  use  and  construction  of  these  tables  are  about  to  be  explained. 

VIII. 

The  diiferenee  between  any  angle  and  a  riglit  angle,  or  between  any 
arch  and  a  quadrant,  is  called 
the  Complement  of  that  angle,  or 
of  that  arch.  Thus,  if  BH  be 
perpendicular  to  AB,  the  angle 
CBH  is  the  complement  of  the 
angle  ABC,  and  the  arch  HC 
the  complement  of  AC;  also 
the  complement  of  the  obtuse 
angle  FBC  is  the  angle  HBC, 
its  excess  above  a  right  angle ; 
and  the  complement  of  the  arch 
FC  is  HC. 
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IX. 

The  sine,  tangent,  or  secant  of  the  complement  of  any  angle  is  called 
the  Cosine,  Cotangent^  or  Cosecant  of  that  angle.  Thus,  le<  CL  or 
DB,  which  is  equal  to  CL,be  the  sine  of  the  ans;le  CBH;  HKthe 
tangent,  and  BR  the  secant  of  the  same  angle ;  CL  or  BD  is  the  co- 
sine, HK  the  cotangent,  and  BK  the  cosecant  of  the  angle  ABC. 

Cor.  1.  The  radius  is  a  mean  proportional  between  the  tangent  and 
the  cotangent  of  any  angle  ABCj  that  is,  tan.  ABCxcot.  ABC  = 

For,  since  HK,BA  are  parallel,  the  angles  HKB,  ABC  are  equal,  and 
KHB,  BAE  are  right  angles ;  therefore  the  triangles  B  A E,  KHB 
are  similar  and  therefore  AE  is  to  AB,  as  BH  orBA  to  HK. 

Cor.  2.  The  radius  is  a  mean  proportional  between  the  cosine  and 
secant  of  any  angle  ABC ;  or 
cos.  ABCxsec.  ABC=R^ 

Since  CD,  AE  are  parallel,  BD  is  to  BC  or  BA,  as  BA  to  BE. 

PROP.  I. 

In  a  right  angled  plane  triangle,  as  the  hypotenuse  to 
either  of  the  sides,  so  the  radius  to  the  sine  of  the  angle 
opposite  to  that  side ;  and  as  either  of  the  sides  is  to  the 
other  side,  so  is  the  radius  to  the  tangent  of  the  angle  op- 
posite to  that  side. 

Let  ABC  be  a  right  angled  plane  triangle,  of  which  BC  is  the  hy- 
potenuse. From  the  centre  C,  with  any  radius  CD,  describe  the 
arch  DE ;  draw  DF  at  right  angles  to  CE,  and  from  E  draw  EG 
touching  the  circle  in  E,  and  meeting  CB  in  G ;  DF  is  the  sine,  and 
EG  the  tangent  of  the  arch  DE,  or  of  the  angle  C. 

The  two  triangles  DFC,BAC  are  equiangular,  because  the  angles 
DFC,  BAC  are  right  angles,  and 
the  angle  at  C  is  common.   There- 
fore, CB  :  BA  ::  CD  :  DF;  but  G 
CD  is  the   radius,   and    DF  the                            ^ 

sine   of  the  angle  C,  (Def.  4.) ; 

therefore    CB  ':  BA  :  :  R  :  sin. 

C. 

Also,  because  EG  touches  the 

circle  in  E,  CEGis  a  right  angle,  c 

and  therefore  equal  to  the  angle 

BAC ;  and  since  the  angle  at  C  is  common  to  the  triangles  CB  A,  CGE, 

these  triangles  are  equiangular,  wherefore  CA  :  AB  : :  CE  :  EG  ; 

but  CE  is  the  radius,  and  EG  the  tangent  of  the  angle  C;  therefore, 

CA  :  AB  :  ;  R  :  tan.  C. 

Cor.  1.  As  the  radius  to  the  secant  of  the  angle  C,  so  the  side 
adjacent  to  that  angle  to  the  hypotenuse.    For  CG  is  the  secant  of 
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tHe  angle  C  (def.  7.),  and  the  triangles  CGE,  CBA  being  equiangular, 
CA  :  CB  :  :  CE  :  CGf,that  is,  CA  :  CB  :  :  R  :  sec.  C. 

Cor.  2.  If  the  analogies  in  this  proposition,  and  in  the  above  eo- 
rollary  be  arithmetically  expressed,  making  the  radius==l,  they  give 


sin.  C=  AH;  tan.  C=  4?!'  sec. 
BC  AC 


C=«^. 


■^^  Also,  since  sin.  C  =cos.  B, 
AB 


BC 


and  for  the  same 


because  B  is  the  complement  of  C,  cos.  B 

AC 
reason,  cos.  C=  yrp- 

Cor.  3.  In  every  triangle,  if  a  perpendicular  be  drawn,  from  any 
of  the  angles  on  the  opposite  side,  the  seg- 
ments of  that  side  are  to  one  another  as 
the  tangents  of  the  parts  into  which  the 
opposite  angle  is  divided  by  the  perpen- 
dicular. For,  if  in  the  triangle  ABC,  AD 
be  drawn  perpendicular  to  the  base  BC, 
each  of  the  triangles  CAD,  ABD  beings 
right  angled,  Al)  :  DC  :  :  R  :  tan.  CAD, 
and  AD  :  DB  :  :  R  :  tan.  DAB;  therefore, 
ex  aequo,  DC  :  DB  : :  lan.  CAD  :  tan.  BAD. 

SCHOLIUM. 

The  proposition,  just  demonstrated,  is  most  easily  remembered,  by 
stating  it  thus:  If  in  a  right  angled  triangle  the  hypotenuse  be  made 
the  radius,  the  sides  become  the  sines  of  the  opposite  ansijles;  and  if 
one  of  the  sides  be  made  the  radius,  the  other  side  becomes  the  tan- 
gent of  the  opposite  angle,  and  the  hypotenuse  the  secant  of  it. 

^^^_1>  PROP.  II. 

The  sides  of  a  plane  triangle  are  to  one  another  as  the 
sines  of  the  opposite  angles. 

From  A  any  angle  in  the  triangle  ABC, 
let  AO  be  drawn  perpendicular  to  BC. 
And  because  the  triangle  ABD  is  right 
angled  at  D,  AB  :  AD  :  :  R  :  sin.  B ;  and 
for  the  same  reason,  AC  :  AD  :  :  R : 
sin.  C,  and  inversely,  AD  :  AC  :  :  sin. 
C  :  R;  therefore,  ex  seqno  inversely, 
AB  :  AC  :  :  sin.  C  :  sin.  B.  In  the  sanie 
manner,  it  may  be  demonstrated,  that 
AB  :  BC  : :  sin.  C  :  sin.  A.  Therefore  b 
&e.    Q.  E.  D. 
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PROP.  III.       • 

The  sum  of  the  sines  of  any  two  arches  of  a  circle,  is  to 
the  difference  of  their  sines,  as  the  tangent  of  half  the  sum 
of  the  arches  to  the  tangent  of  half  their  difference. 

Let  AB,  AC  be  two  arches  of  a  circle  ABCD ;  let  E  be  the  ceiitre» 
and  AEG  tlie  diameter  which  passes  tluough  A  :  sin.  AC+sin.  AB  : 
sin.  AC— sin.  AB  l'.  tan.  i  (AC  +  AB)  :  tan.  i  (AC— AB). 

Draw  BF  parallel  to  AG,  nieetins;  the  circle  again  iu  F.  Draw  BH 
and  CL  perpendicular  to  AE,  and  they  will  be  the  sines  of  the  arches 
Ali  and  AiJ ;  produce  CL  till  it  meet  the  circle  again  in  DjjoinDF, 
FC,DE,EB,  EC,  DB. 

Now,  since  EL  from  the  centre  is  perpendicular  to  CD,  it  bisects 
the  line  C  D  in  L  and  the  arch  CAD 
in  A  :  1)L  is  therefore  equal  to 
LC,  or  to  the  sine  of  the  arch  AC ; 
and  BH  or  LK  beinsj;  the  sine  of 
AB,  DK  is  the  sum  of  the  sines 
of  the  arches  AC  and  AB,  and  CK 
is  the  difterence  of  their  sines; 
DAB  also  is  the  sum  of  the  arch- 
es \C  and  AB,  because  AD  is  e- 
qual  to  AC,  and  BC  is  their  dif- 
ference. Now,  in  the  triangle 
DFC,  because  FK  is  perpendicu- 
lar to  DC,  (3.  cor.  1.)  DK  :  KC 
::  tan.DFKrtan.CFK;  buttan.DFK=tan.  i  arc.  BD,  because  the 
angle  DFK  (20.  3.)  is  the  half  of  DEB,  and  is  therefore  measured  by 
half  the  arch  DB.  For  the  same  reason,  tan.  CFK=tan.  I  arc.BC; 
and  consequently,  DK  :  KC  '.'.  tan.  ^  are.  BD  :  tan.  I  arc.  BC.  But 
J)Kis  the  sura  of  the  sines  of  the  arches  AB  and  AC;  and  KC  istlie 
difterence  of  the  sines;  also  BD  is  the  sum  of  the  arches  AB  and 
Ac,  and  BC  the  difterence  of  those  arches.  Therefore,  &c.  Q.  E.  D. 

Cor.  1.  Because  EL  is  the  cosine  of  AC,  and  EH  of  AB,  FK  is 
the  sum  of  these  cosines,  and  KB  their  difference;  for  FK=4  FB-f 
EL=EH+EL,  and  KB=LH=EH— EL.  Now,  FK  :  KB  .*:  tan. 
FDKrtan.  BDK;  and  tan.  FDK=cotan.  DFK, because  DFK  is  the 
complement  of  FDK;  therefore,  FK  :  KB  *.:  cotan.DFK:  tan.BDK, 
that  is,  FK  :  KB  II  cotan.  A  arc.  DB  :  tan.  3  arc.  BC.  The  sum  of 
the  cosines  of  two  arches  is  therefore  to  the  difterence  of  the  same 
cnsir.es  as  the  cotangent  of  half  the  sum  of  the  arches  to  the  tangent 
of  half  their  difterence. 


Cor.  2.  In  the  right  angled  triangle  FKD,  FK  :  KD  II  R  ;  tan. 
DFK :  Now  FK=co8.  AB-fcos.  AC,  KD=sin.  AB-f  sis.,  AC,  and 
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tan.  DFK=taTi.  I  (AB+AC),  therefore  cos.  AB+coa.  AC  :  sin. 
AB+siu.  AC  ::  R  :  tan.  k  (AB+AC). 

In  the  same  manner,  by  help  of  the  triangle  FKC,  it  may  be  shown 
that  COS.  AB+cos.  AC  :  sin.  AC— sin.  AB  *.:  R  :  tau.  i  (AC— AB). 

CoR.  3.  If  the  two  arches  AB  and  AC  be  together  equal  to  90°, 
the  tangent  of  half  their  sum,  that  is,  of  45°,  is  equal  to  the  radius. 
And  the  arch  BC  beiug  the  excess  of  DC  above  DB,  or  above  90  , 
the  half  of  the  arch  BC  will  be  equal  to  the  excess  of  the  half  of  DC 
above  the  half  of  DB,  that  is,  to  the  excess  of  AC  above  45° ;  there- 
fore, when  the  sum  of  two  arches  is  90°,  the  sum  of  the  sines  of  those 
arches  is  to  their  difference  as  the  radius  to  the  tangent  of  the  differ- 
ence between  either  of  them  and  43°. 

PROP.  IV. 

The  sura  of  any  two  sides  of  a  triangle  is  to  their  dif- 
ference, as  the  tangent  of  half  the  sum  of  the  angles  op- 
posite to  those  sides,  to  the  tangent  of  half  their  difference. 

Let  ABC  be  any  plane  triangle; 
CA+AB  :  CA— AB  ::  tan.^  (B+C) :  tan.  i  (B— C). 
For    (2.)    CA:  ABrisin.  B:  sin.  C; 
and  therefore  (E.  5.) 

CA+AB  :  CA— AB  i:  sin.B+sin.  C  :  sin. B— sin. C 
But,  by  the  last,  sin.  B+sin.  C  :  sin.  B — sin.  C  V. 
tan.  h  (B+C) :  tan.^  (B—C);  therefore  also,  (11.  5.) 
CA+AB  :  CA— AB  : :  tan.  i  (B+C)  :  tan.  i  (B—C). 
Q.E.  D. 


Otherwise,  without  the  3d. 

Let  ABC  be  a  triangle ;  the  sum  of  AB  and  AC  any  two  shies,  is 
to  the  difference  of  AB  and  AC  as  the  tangent  of  half  the  sum  of  the 
angles  ACB  and  ABC,  to  the  tangent  of  half  their  difference. 
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About  the  centre  A  with  the  radius  AB,  the  greater  of  the  two 
sides,  describe  a  circle  meeting;  BC  produced  in  D,  and  AC  produced 
in  E  and  F.  Join  DA,  EB,  FB ;  and  draw  FG  parallel  to  CB,  meet- 
ing £B  in  G. 


Because  the  exterior  angle  EAB  is  equal  to  the  two  Interior  ABC, 
ACB,  (32.  1.) :  and  the  angle  EFB,  at  the  circumference  is  equal  to 
half  the  angle  EAB  at  the  centre  (20.  3.) ;  therefore  EFB  is  half  the 
sum  of  the  angles  opposite  to  the  sides  AB  and  AC. 

Again,  the  exterior  angle  ACB  is  equal  to  the  two  interior  CAD, 
ADC,  and  therefore  CAD  Is  the  difterenceof  the  angles  ACB,  ADC, 
that  is  of  ACB,  ABC,  for  ABC  is  equal  to  ADC.  Wherefore  also  DBF, 
which  is  the  half  of  CAD,  or  BFG,  which  is  equal  to  DBF,  is  half 
the  difference  of  the  angles  opposite  to  the  sides  AB,  AC. 

Now  because  the  angle  FBE  in  a  semicircle  is  a  right  angle,  BE  is 
the  tangent  of  the  angle  EFB,  and  BG  the  tangent  of  the  angle  BFG 
to  the  radius  FB;  and  BE  is  therefore  to  BG  as  the  tangent  of  half 
the  sum  of  the  angles  ACB,  ABC  to  the  tangent  of  half  their  differ- 
ence. Also  CE  is  the  sum  of  the  sides  of  the  triangle  ABC,  and  CF 
their  difference  ;  and  because  BC  is  parallel  to  FG,  CE  :  CF  ::  BE  : 
BG,  (2.  6.)  that  is,  the  sum  of  the  two  sides  of  the  triangle  ABC  is  to 
their  difference  as  the  tangent  of  half  the  sum  of  the  angles  oppoaiie 
to  those  sides  to  the  tangent  of  half  their  difference.     Q.  E.  D. 

PROP.  V.  THEOR. 

If  a  perpendicular  be  drawn  from  any  angle  of  a  triangle 
to  the  opposite  side,  or  base  ;  the  sum  of  the  segments  of 
the  base  is  to  the  sum  of  the  other  two  sides  of  the  triangle 
as  the  difterence  of  those  sides  to  the  difference  of  the  seg- 
ments of  the  base. 

For  (K.  6.),  the  rectangle  under  the  sum  and  difference  of  thepeg- 
meuta  of  the  base  is  equal  to  the  rectangle  under  the  sum  and  differ- 
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eiice  of  the  sides,  and  therefore  (16.  6.)  the  sum  of  the  segments  of 
the  base  is  to  the  sum  of  the  sides  as  the  ditferenee  of  the  sides  to  the 
ditFerenee  of  the  segments  of  the  base.     Q.  E.  D. 

PROP.  VI.  THEOR. 

In  any  trianglcj  twice  the  rectangle  contained  by  &nf 
two  sides  is  to  the  difference  between  the  sum  of  the 
squares  of  those  sides,  and  the  square  of  the  base,  as  thci 
radius  to  the  cosine  of  the  angle  included  by  the  twosideSi 

Let  ABC  be  any  triangle,  2AB.BC  is 
to  the  ditferenee  between  AB'^+BC^'and 
AC*  as  radius  to  cos.  B. 

From  A  draw  AD  perpendicular  to 
BC,  and  (13.  and  13.  2.)  the  diiference 
between  the  sum  of  the  squares  of  AB 
and  BC,  and  the  square  on  AC  is  equal 
to  2BC.BD. 

But  BC.BA  :  BC.BD  !!  BA  :  BD  '.'. 
R  :  cos.   B,  therefore   also    2BC.BA  :  ^ 
3BC.BD  ::  R  :  cos.  B.    Now  2BC.BD  is  the  difference  between  AB'^ 
+BC2   and   AC^   therefore  twice 
the  rectangle  AB.BC  is  to  the  dif- 
ference  between    AB^+BC^   and 
AC^  as  radius  to  the  cosine  of  Bi 
Wherefore,  &c.     Q.  E.  Ds 

Cor.  If  the  radius^l,BI)=BA 
Xcos.  B,  (1.),  and  2BC.BAxcosi 
15=28C.BD,  and  therefore  when 
B  is  acute,  SBCBAxcos.  B=BC3 
+BA2 — AC%  and  adding  AC^  to 
both;  AC^+2  cos.   B x BC.BA  = 

BC-4-BA3;  and  taking  2.  cos.  BxBG.BA  from  both,  AC^=iBC^^i 
COS.  BxBC.BA+BA^.     Wherefore  AC=^  (BC*— 2  cos.  BxBC 
BA+BA^). 

If  B  is  an  obtuse  angle,  it  is  shown  in  the  same  way  that  AC^^ 
V'CBC^+a  cos.BxBC.BA-f  BA*). 

PROP.  vii. 

Four  times  the  rectangle  contained  by  any  two  sides  o^ 
a  triangle,  is  to  the  rectangle  contained  by  two  straight 
lines,  of  which  one  is  the  base  or  third  side  of  the  triangle 
increased  by  the  difference  of  the  two  sides,  and  the  other 
the  base  diminished  by  the  difference  of  the  same  sideJs^ 
as  the  square  of  the  radius  to  the  square  of  the  sine  of  half* 
the  angle  included  between  the  twd  sides  of  the  triaiiglfej 

Let  ABC  be  a  triangle  of  which  BC  is  the  base,  and  AB  the  greatef 

•  nr(hetwosides;4AB.AC:(BC  +  (AB— AC))x(BC— CAB— AO^- 
.R' :  (sin.  ^  BAC)».  •    ''^ 

Ff 


i22  PLANE  TRIGONOMETRY. 

Produce  the  side  AC  to  D,  so  that  AD=AB;  join  BD,  and  dravr 


AE,  CF  at  right  angles  to  it;  from  the  centre  C  with  the  radius  CD 
describe  the  semicircle  GDH,  cutting  BD  iu  K,  BC  in  G,  and  meet- 
ino*  BC  produced  in  H. 

It  is  plain  that  CD  is  the  difference  of  the  sides,  and  therefore  that 
BH  is  the  base  increased,  and  BG  the  base  diminished  by  the  differ- 
ence of  the  sides;  it  is  also  evident, because  the  triangle  BAD  is  isos- 
celes, that  DE  is  the  Imlf  of  BD.and  DF  is  the  half  o>DK,  wherefore 
DE— DF=the  half o^BD— DK](6. 5.)  that  is EF=^  BK.  And  be- 
cause  AB  is  drawn  parallel  to  CF,  a  side  of  the  triangle  CFD,  AC  : 
AD  ••  EF  :  ED,  (2.  6.);  and  rectangles  of  the  same  altitude  beingas 
their  bases  ACAD  :  AD^  ::  EF.ED  :  EDS  (l.  6.),  and  therefore 
4AC. AD :  AD^  : :  4EF.ED :  E  D^  or  alternately,  4AC.AD :  4EF.ED 
::  AD^ :  ED'^. 

But  since  4EF=2BK,  4EF.ED=2BK.ED=2ED.BK=DB.BK 
=HB.BG;  therefore,  4AC.AD  :  DB.BK  ::  AD=^ :  ED^  Now  AD  : 
ED  ••  R  :  sin.  EAC=sin.  h  BAC  (1.  Trig.)  and  AD« :  ED^ ::  R^  • 
fsin.l  BAC)^  :  therefore,  (H.  5.)  4AC.AD  :  HB.BG  ::  K^  :  (sin.  i 
BAC)S  or  since  AB=AD,  4AC.AB  :  HB.BG  ::  R« :  (sin.  i  BAC)». 
Now  4AC.AB  is  four  times  the  rectangle  contained  by  the  sides  of 
the  triangle ;  HB.BG  is  that  contained  by  BC-f  (AB— AC)  and  BC— 
(AB AC).     Therefore.  &c.     Q.  E.  D. 

CoR.  Hence 2  ^ ACAD  :  v'HB.BG  i:  R  ;  sin.  1  BAC. 

PROP.  VIII. 

Four  times  the  rectangle  contained  by  any  two  sides  of 
a  triangle,  is  to  the  rectangle  contained  by  two  straight 
lines,  of  which  one  is  the  sum  of  those  sides  increased  by 
the  base  of  the  triangle,  and  the  other  the  sum  of  tliesame 
sides  diminished  by  the  base,  as  the  square  of  the  radius 
to  the  square  of  the  cosine  of  half  the  angle  included  be- 
tween the  two  sides  of  the  triangle. 

Let  ABC  be  a  triangle,  of  which  B(^  is  the  base,  and  AB  the  great, 
er  of  the  other  two  sides,  4AB.AC  :  (AB+AC+BC)  (AB-t-AC- 
BC)  : :  R» :  (cos.  ^  BAC)''. 

From  the  centre  C,  with  the  radius  CB,  describe  the  circle  BLIVI, 
meeting  AC,  produced,  in  L  and  M.  Produce  AL  lo  N,  so  that  \I^ 
=»AB;  let  AD=AB;  draw  AE  perpendicular  to  BD;  join  BN,  and 
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let  it  meet  the  circle  again  in  P ;  let  CO  be  perpendicular  to  BN;  and 
let  it  meet  AE  in  R. 

It  is  evident  that  MN=AB-f  AC-f  BC;  and  that  LN=AB+AC 
•— BC.  Now,  because  BD  is  bisected  in  E,  (3.  3.)  and  DN  in  A,  BN 
is  parallel  to  AE,  and  is  therefore  perpendicular  to  BD,  and  the  tri- 
angles DAE,  DNB  are  equiangular;  wherefore,  since  DN  =2AD, 
BN=2AE,  and  BP=3B0=2Rfc:;  also  PN==2AR. 

But  because  the  triangles  ARC  and  AED  are  equiangular,  AC: 
AD  '.'.  AR  ;  AE,  and  because  rectangles  of  the  same  altitude  are  as 


Iheir  hases,  [i.  6.),  ACAD  :  AD^ ::  AR.AE  :  AE^,  and  alternately 
ACAD  :  AR.AE  ::  AD^  :  AES  and  4ACAD  :  4AR.AE  ::  AD«  • 
AE^.  But  4AR.AE=2ARx2AE=NP.NB  =  MN.NL;  therefore 
4ACAD  :  MN.NL  ; :  AD^ :  AE^.  But  AD  :  AE  ; :  R  ;  cos.  DAE 
(l)=cos.  i  (BAG) :  Wherefore  4ACAD  ;  MN.NL  : :  R'^ :  (cos.  h 
BACy. 

Now4ACAD  is  four  times  the  rectangle  under  the  sides  AC  and 
AB,  (for  AD=AB),  and  MN.NL  is  the  rectangle  under  the  sum  of 
the  sides  increased  by  the  base,  and  the  sum  of  the  sides  diminished 
by  the  base.    Therefore,  &c.    Q.  E.  D. 

CoR.  i.  Hence  2  ^/ACAB  "  ^/MN.NL  i:  R  :  cos.  |  B\C 
Cor.  2.  Since  by  Prop.  7.  4ACAB  :  (BC  +  (AB— AC))  (BC— 
(AB— BC))  ::  R^  :  (sin.  2  BAC)=^;  and  as  has  been  now  proved 
4ACAB  :  (AB+AC+BC)  (AB+AC— BC)  ::  R^ :  (cos.  d  BAC)^; 
therefore  ex  sequo,  (AB+AC+BC)  (AB+AC— BC)  :  (BC  +  (AB 
—AC))  (BC— (AB— AC))  : :  (cos.  i  BAC)^ :  (sin.  i  BAC)«.  But 
the  cosine  of  any  arch  is  to  the  sine,  as  the  radius  to  the  tangent  of 
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the  game  arch;  therefore,  (AB+AC+BC)  (AB+AC— BC) :  (BC  + 
(AB— AC))  (BC— ( AB— AC))  "  R'' :  (tan.  ^  BAC)«;  and 
^(AB+AC  +  BC)  (AB  +  AC— BC); 
^(BC+AB— AC)  (BC— (AB— AC))  ::  R  :  tan.  ^  BAC. 


LEMMA  II. 

If  there  be  two  unequal  magnitudes,  half  their  differ- 
ence added  to  half  their  sum  is  equal  to  the  greater ;  and 
half  their  difference  taken  from  half  their  sum  is  equal  to. 
the  less. 

Let  AB  and  BC  be  two  unequal  magnitudes,  of  which  AB  is  th« 

greater;  suppose    AC  bisected  in   D, 

and  AE  equal  to  BC.    It  is  manifest,  a  e       d       b  c 

that  AC  is  the  sum,  and  EB,  the  ditfer- 

ence  of  the  magnitudes.  And  because  AC  is  bisected  in  D,  AD  is  e- 
qual  to  DC  ;  but  AE  its  also  equal  to  BC,  therefore  DE  is  equal  to  DBj 
and  DE  or  DB  is  half  the  difference  of  the  magnitudes.  But  AB  is 
equal  to  BD  and  DA,  that  is  to  half  the  difference  added  to  half  the 
sum;  and  BC  is  equal  to  the  excess  of  DC,  half  the  sum  above  DB, 
half  the  diflFerence.     Therefore,  ike.    Q.  E.  D. 

Cor.  Hence,  if  the  sum  and  the  difference  of  two  magnitudes  he 
given,  the  magnitudes  themselves  may  be  found;  for  to  half  the  suiax 
add  half  the  difference,  and  it  will  give  the  greater ;  from  half  the  sum 
subtract  half  the  difference,  and  it  will  give  the  less. 


SECTION  n. 

OF  THE  RULES  OF  TRIGONOMETRICAL 
CALCULATION. 

The  General  Problem  which  Trigonometry  proposes  to 
^^esolve  is :  In  any  plane  triangle,  of  the  three  sides  and 
(he  three  angles,  any  three  being  given,  and  one  of  these 
three  being  a  side,  to  find  any  of  the  other  three. 

The  things  here  said  to  be  given  are  understood  to  he  expressed 
>>y  their  numerical  values;  (he  angles,  in  degrees,  minutes,  &c.;  apd, 
\he  sides  in  feet,  or  any  other  known  measure. 
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The  reason  of  the  restriction  in  this  problem  to  those  cases  in 
which  at  least  one  side  is  given,  is  evident  from  this,  tliat  by  the  an- 
ajles  alone  being  «;iven,  the  magnitudes  of  the  sides  are  not  determined. 
Innumerable  triangles,  equiangular  to  one  another,  may  exist,  without 
the  sides  of  any  one  of  them  being  equal  to  those  of  any  other;  though 
the  ratios  of  Iheir  sides  to  one  another  will  be  the  same  in  them  all, 
(■t.  fi.).  If,  therefore,  only  the  three  antrles  are  given,  nothing  can 
be  determined  of  the  triangle  but  the  ratios  of  the  sides,  which  may 
be  found  by  trigonometry,  as  being  the  same  with  the  ratios  of  the 
sines  of  the  opposite  angles. 

For  the  conveniency  of  caleulation,  it  is  usual  to  divide  the  general 
problem  into  two;  according  as  the  triangle  has,  or  has  not, one  of 
Us  angles  a  right  angle. 

PROB.  I. 

In  a  right  angled  triangle,  of  the  three  sides  and  three 
angles,  any  two  being  given,  besides  the  right  angle,  and 
one  of  those  two  being  a  side,  it  is  required  to  find  the 
other  three. 

It  is 'evident,  that  when  one  of  the  acute  angles  of  a  right  angled  tri- 
angle is  given,  the  other  is  given,  being  the  complement  of  the  former 
to  a  right  angle;  it  is  also  evident  that  the  sine  of  any  of  the  acute 
angles  is  the  cosine  of  the  other. 

This  problem  admits  of  several  cases,  and  the  solutions,  or  rules  for 
calculation,  which  all  depend  on  the  first  Proposition,  may  be  conve- 
niently exhibited  in  the  form  of  a  table  ;  where  the  first  column  con- 
tains the  things  given;  the  second,  the  things  required;  and  the  third, 
the  rules  or  proportions  by  which  they  are  found. 


GIVEN. 

SOUGHT. 

SOLUTION. 

CB  and  B,  the 

hypotenuse    and 
an  angle. 

AC. 

AB. 

R  :  sin.  B  ::  CB  :  AC. 
R  :  cos.  B  ::  CB  :  AB. 

1 

2 

AC  and  C,  a 

side  and   one  of 
the  acute  angles. 

BC. 
AB. 

Cos.  C  :  R  : :  AC  ;  BC. 
R  :  tan.  C  ; :  AC  :  AB. 

3 
4 

CB  and   BA, 

the     hypotenuse 
and  a  side. 

C. 
AC. 

CB  :  BA  : :  R  :  sin.  C. 
R  :  cos.  C  :  :  CB  :   AC. 

5 
6 

AC   and  AB, 

the  two  sides. 

C. 
CB. 

AC  :  AB  : :  R  :  tan.  C. 
Cos.  C  :  R  :  J  AC  :  CB. 

r 

8 
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Jlemarks  on  the  Solutions  in  the  table. 

In  the  second  case,  when  AC  and  C  are  given  lo  find  the  hypote- 
nnse  BC,  a  solution  may  also  be  obtained  by  help  of  the  secant,  for 
CA  :  CB  :  :  R  :  sec.  C;  if,  therefore,  this  proportion  be  made  R  ; 
see.  C  :  :  AC  :  CB,  CB  will  be  found. 

In  the  third  case,  when  the  hypotenuse  BC  and  the  side  AB  are 
eiven  to  find  AC,  this  may  be  done  either  as  directed  in  the  Table, 
or  by  the  4yth  of  the  first?  for  since  AC^=BC^— BA^  AC*^ 
vM8C^— BA^  This  value  of  AC  will  be  easy  to  calculate  by  loga- 
rithms, if  the  quantity  BC^ — BA*  be  separated  into  two  multipliers, 
M'hich  may  be  done;'because  (Cor.  5.2.),  BC"— BA''=(BC-f-BA) 
(BC— BA).     Therefore  AC=  v/(KC  +  Ba)  (BC— BA). 

When  AC  and  AB  are  given,  BC  maybejoimd  from  the  4T'th,  as 
in  the  preceding  instance,  for  BC=  v/,BA-+AC^  But  BA^  +  AC 
cannot  be  separated  into  two  multipliers:  and  therefore,  when  BA 
and  AC  are  large  numbers,  this  rule  is  inconvenient  for  computation 
by  logarithms.  It  is  best  in  such  cases  to  seek  first  for  the  tangent  of 
C,  by  the  analogy  in  the  Table,  AC  :  AB  :  :  R  :  tan.  C ;  but  if  C  it- 
self is  not  required,  it  is  sufficient,  having  found  tan.  C  by  this  pro- 
portion, t(f  take  from  the  Trigonometric  Tables  the  cosine  that  cor- 
responds to  tan.  C,  and  then  to  compute  CB  from  the  proportion  cos. 
C  :  R  :  :  AC  :  CB. 

PROB.  II. 

In  an  oblique  angled  triangle,  of  the  three  sides  and 
three  angles,  any  tliree  being  given,  and  one  of  these  three 
being  a  side,  it  is  required  to  find  the  other  three. 

This  problem  has  four  cases,  in  each  of  which  the  solution  depends 
on  some  of  the  foregoing  propositions. 

CASE  i. 

Two  angles  A  and  B,  and  one  side  AB,  of  a  triangle  ABC,  being 
given,  to  find  the  other  sides. 
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SOLUTION. 

Because  the  angles  A  and  B  are  given,  C  is  alio  given,  being  the 
supplement  of  A-j-B;  and,  (2.) 

Hin.  C  :  sin.  A  : :  AB  :  BC ;  also, 
Sin.  C  :  sin.  B  : ;  AB  :  AC. 


CASE  II. 

Two  sides  AB  and  AC,  and  the  angle  B  opposite  to  one  of  them 
being  given,  to  find  the  other  angles  A  and  C,  and  also  the  other  side 
BC. 

SOLUTION. 

The  angle  C  is  found  from  this  proportion,  AC  :  AB  :  :  sin.  B  : 
sin.  C.  Also,  A=180° — B — Cj  and  then,  sin.  B  :  sin.  A  : :  AC  : 
CB,  by  Case  1. 

In  this  case,  the  angle  C  may  have  two  values ;  for  its  sine  being 
found  by  the  proportion  above,  the  angle  belonging  to  that  sine  may 
either  be  that  which  is  found  in  the  tables,  or  it  may  be  the  supple- 
ment of  it,  (Cor.  def.  4.).  This  ambiguity,  however,  does  not  arise 
from  any  defect  in  the  solution,  but  from  a  circumstance  essential  to 
the  problem,  viz.  that  whenever  AC  is  less  than  AB,  there  are  two 
triangles  which  have  the  sides  AB,  AC,  and  the  angle  at  B  of  the 
same  magnitude  in  each,  but  which  are  nevertheless  unequal,  the 
angle  opposite  to  AB  in  the  one,  being  the  supplement  of  that  which 
is  opposite  to  it  in  the  other.  The  truth  of  this  appears  by  describing 
from  the  centre  A  with  the  radius  AC,  an  arch  iuter<ecting  BC  in  C 
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and  C;  then,  if  AC  and  AC  be  drawn,  it  is  evident  that  the  triangles 
aBC,  ABC  have  the  side  AB  and  the  angle  at  B  common,  and  the 
sides  AC  and  AC  equal,  but  have  not  the  remaining  side  •f  the  one 
equal  \o  the  remaining  side  ofthe  other,  that  is,  BC  to  BC',  nor  their 
other  angles  equal,  viz.  BCA  to  BCx\,  nor  BAC  to  BAC.  But  in 
these  triangles  the  angles  ACB,  ACB  are  the  supplements  of  one 
another.  For  the  triangle  CAC  is  isosceles,  and  the  angle  ACC= 
the  AC'C,and  therefore,  ACB,  which  is  the  supplement  of  ACC,i9 
also  the  supplement  of  ACC  or  ACB;  and  these  two  angles,  ACB, 
ACB  are  the  angles  found  by  the  computation  above. 

From  these  two  angles,  the  two  angles  BAC,  BAC  will  be  found : 
the  angle  BAC  is  the  supplement  of  the  two  angles  ACB,  ABC, 
(32.  1.),  and  therefore  its  sine  is  the  same  with  the  sine  of  the  sum  of 
ABC  and  ACB.  But  BAC  is  the  difference  of  the  angles  ACB, 
ABC ;  for  it  is  the  ditierence  of  the  angles  ACC  and  ABC,  because 
ACC,  that  is  ACC  is  equal  to  the  sum  of  the  angles  ABC,  BAC'j 
(32. 1.).  Therefore  to  find  BC,  having  found  C,  make  sin.  C  :  sin. 
(C+B)  ::  AB  :  BC;  and  again, sin. C  :  sin.  (C— B  ::  AB  :  BC.) 

Thus,  when  AB  is  greater  than  AC^  and  C  consequently  greater 
than  B,  there  are  two  triangles  which  satisfy  the  conditions  of  the 
question.  But  when  AC  is  greater  than  AB,  the  intersections  C  and 
C  fall  on  opposite  sides  of  B^  so  that  thetwo  triangles  have  not  the 
same  angle  at  B  common  to  them,  and  the  solution  ceases  to  be  ambi- 
o-uous,  the  angle  required  being  necessarily  less  than  B,  and  therefor? 
an  acute  angle. 

CASE  III. 

Two  sides  AB  and  AC,  and  the  angle  A, between  them,  bfeing  given 
to  find  the  other  angles  B  and  C,  and  also  the  side  BC. 

SOLUTION. 

First,  make  AB+AC :  AB— AC  ::  tan.  |  (C-f  B) : tan. |  fC— B.). 
Then, since  5  (C-j-B)  and  i  (C — B)  are  both  given, B  and  C  may  be 
found.  ForB=^  (C-HB)+^  (C--B),and  C=^  (C+B)— ^  (C— B.N 
(Lem.  2.). 

To  find  BC. 

Having  found  B,  make  sin.  B  :  sin.  A  :  :  AC  :  BC. 

But  BC  may  also  be  found  without  seeking  for  the  angles  B  ahd-C  ; 
for  BC=  C^  AB-— 2t'os.  AxAB.AC  +  AC^  Prop.  6. 

This  method  of  finding  BC  is  extremely  useful  in  many  geometri- 
cal investigations,  but  it  is  not  very  well  adapted  for  computation  by 
logarithms,  because  the  quantity  under  the  radical  sign  cannot  be 
s('j)aratc(l  into  simple  multipliers.  Therefore,  when  Aliand  AC  are 
expressed  by  large  n umbers,  the  other  solution,  by  finding  the  an- 
jjk's,  and  then  computing  BC,  is  prcfe/able. 
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CASE  IV. 

The  three  sides  AB,  BC,  AC,  being  given,  to  find  the  angles 


A,  B,  C. 


SOLUTION  L 


Take  F  such  that  BC  :  BA+AC  :  BA-AC  :  F,  thenF  is  either 
the  sum  or  the  difference  of  BD,  DC,  the  segments  of  the  base,  (5.). 
If  F  be  greater  than  BC,  F  is  the  sum,  and  BC  the  difference  of  BD, 
DC ;  but,  if  F  be  less  than  BC,  BC  is  the  sum,  and  F  the  difference 
of  BD  and  DC.  In  either  case,  the  sum  of  BD  and  DC,  and  their 
difference  being  given,  BD  and  DC  are  found.     (Lem.  2.) 

Then,  (1.)  C A  :  CD  : :  R  :  cos.  C ;  and  BA  :  BD  :  :  R  :  eos.  B; 
wlierefore  C  and  B  are  given,  and  consequently  A. 


SOLUTION  IL 


Let  D  be  the  difference  of  the  sides  AB,  AC.    Then  (Cor.  y.) 
2  v/AB:aC  :  ^(BC+D)  (BC— D)  : :  R  :  sin.  i  BAG. 


SOLUTION  III. 

Let  S  be  the  sum  of  the  sides  B  A  and  AC. 
2  yAB.AC  :  v'(S+BC)  (S— BC)  ::  R  :  cos.  i 

SOLUTION  IV. 


Then  (i.  Cor.  8.) 
BAC. 


S  and  D  retaining  the  significations  above,  [2.  Cor.  8.) 
^/(8+BC)  (S— BC):  v^(BC+D)  (BC— D)  : :  R  :  tan.  k  BAC. 

It  may  be  observed  of  these  four  solutions,  that  the  first  has  the 
advantage  of  being  easily  remembered,  but  that  the  others  are  rather 
more  expeditious  in  calculation.  The  second  solution  is  preferable 
to  the  third,  when  the  angle  sought  is  less  than  a  right  angle;  on  the 
other  hand,  the  third  is  preferable  to  the  second,  when  the  angle 
sought  is  greater  than  a  right  angle;  and  in  extreme  cases,  that  is 
Mhen  the  angle  sought  is  very  acute  or  reiy  obtuse,  this  distinction 

Gg 
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h  very  material  to  be  considered.  The  reason  is,  that  the  sines  of  an- 
gles, wUich  are  nearly  =90°,  or  the  cosines  oi  angles,  which  are 
nearly =0,  vary  very  little  lor  a  cunsideraiiie  variation  in  the  corres- 
ponding angles,  as  may  Oe  :«een  from  looking  intu  the  tables  of  sinea 
and  cosines.  The  consequence  of  this  is,  that  when  the  sine  or  co- 
sine of  such  an  an;j;le  is  niveo,  (that  is,  a  sine  or  cosine  nearly  equal 
to  the  radius,)  the  angle  itself  cannot  be  very  accurately  found.  If, 
for  instance,  the  natural  sine  .9998500  is  given,  it  will  be  immediately 
perceived  from  (he  tables,  that  the  arch  corre'sponding  is  betweea 
89°,  and  89°,  l';  but  it  cannot  be  found  true  to  seconds,  because  the 
sines  of  89°  and  of  89°,  1',  differ  only  by  50  (in  the  two  last  i>lact^s,) 
whereas  the  arches  themselves  differ  by  60  seconds.  Two  arches, 
therefore,  that  differ  by  1",  or  even  by  more  than  I",  have  the  same 
Bine  in  the  tables,  if  they  fall  in  the  laat  degree  of  the  quadrant. 

The  fourth  solution,  which  finds  the  angle  from  its  tangent,  is  not 
liable  to  this  objection;  nevertheless,  when  an  arch  apfiroaches  very 
near  to  90,  the  variations  of  the  tangents  become  excessive,  and  are 
too  irregular  to  allow  the  proportional  parts  to  be  found  with  exact- 
ness, so  that  when  the  angle  sought  is  extremely  obtuse,  and  its  half 
of  consequence  very  near  to  90,  the  third  solution  is  the  best. 

It  may  always  be  known,  vvhether  the  angle  sought  is  greater  or 
less  than  a  right  angle,  by  the  square  of  the  side  opposite  to  it,  belog. 
greater  or  less  than  the  squares  oX  the  other  two  sides. 


SECTION  III. 
CONSTRUCTION  OF  TRIGONOMETRICAL  TABLES. 

In  all  the  calculations  performed  by  the  preceding  rules,  tables  of 
sines  and  tangents  are  necessarily  employed,  the  construction  of 
which  remains  to  be  explained. 

These  tables  usually  contain  the  sines,  ^c.  to  every  minute  of  the 
quadrant  from  1'  to  90°,  and  the  first  thing  required  to  be  done,  is  to 
compute  the  sine  of  1',  or  of  the  least  arch  in  the  tables. 

1.  If  ADB  be  a  circle,  of  which  the  centre  is  C,  DB  any  arch  of 
that  circle,  and  the  arch  DBE  double  of  DB ;  and  if  the  chords  1*K, 
DB  be  drawn,  and  al^o  the  perpendiculars  to  them  Irom  C,  viz.  CF, 
CG,  it  has  been  demonstrated,  (8. 1.  Sup.)  that  CG  is  a  mean  proper- 
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tional  between  AH,  half  the  radius,  and  AF,the  line  made  up  of  the  ra- 
dius ;ind  the  perpendicular  CF.  Now  CFis  the  cosine  ol  the  arch  BD, 
and  CG  the  cosine  of  the  halt  ol'  BD ;  whence  the  cosine  ol  the  half  of 
any  arch  BD,  of  a  circle  of  which  the  radius=l,  is  a  mean  propor- 
tional between  i  and  1+C"s.  BD.  Or  for  the  greater  generality, 
supposing  A=any  arch,  cos.  |  A  is  a  mean  proportional  between  ^ 
and  1+00!=.  A)  and  therefore  (cos.  i  Ay=i  (1  -f  cos.  A)  or  cos.  5  A-c 
^  i  ( 1 +COS.  A). 

2.  From  this  theorem,  (which  is  the  same  that  is  demonstrated 
(8.  1.  Sup.,  only  that  it  is  here  expressed  trigonometrically),  it  is 
evident,  that  if  the  cosine  of  any  arch  be  given,  the  cosine  of  half 
that  arch  may  be  found.  Let  BD,  therefore,  be  equal  to  60°,  so  that 
the  chord  BD=radius,  then  the  cosine  or  perpemlicular  CF  was 
shown  (9  1.  Sup.)  to  be=5,  and  therefore  cos*  i  BD,  or  cos.  30°;= 


/3 


v^2(l  +  2)=\/l=^^-  In  the  same  manner,  cos.  15°= 

V'i(l+cos.  30°),  and  cos.  7°,  30'=^/^  (1 +cos.  13°),  &c.  In  this 
wav  the  cosine  of  3°,  45',  of  1°,  52',  30",  and  so  on,  will  be  com» 
puted,  till  after  twelve  bisections  of  the  arch  of  60°,  the  cosine  of 
52".  44'".  03"".  45v.  is  found.  But  from  the  cosine  ol  an  arch  its  sine 
may  be  found,  for  if  from  the  square  of  the  radius,  that  is,  from  1, 
the  square  of  the  cosine  be  taken  away,  the  remainder  is  the  square 
of  the  sine,  and  its  square  root  is  the  sine  itself.  Thus  the  sine  of 
52".  44"'.  03"".  45v.  is  found. 

3.  But  it  is  manifest,  that  the  sines  of  very  small  arches  are  to  one 
another  nearly  as  the  arches  themselves.  For  it  has  been  showa 
(hat  the  number  of  the  sides  of  an  equilateral  polygon  inscribed  in  a 
circle  may  be  so  great,  that  the  perimeter  of  the  polygon  and  the  eir- 
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cumference  of  the  circle  may  differ  by  a  line  less  than  any  given  line, 
or  which  is  the  same,  may  be  nearly  to  one  another  in  the  ratio  of 
equality.  Therefore  their  like  parts  will  also  be  nearly  in  the  ratio 
of  equality,  so  that  the  side  of  the  polygon  will  be  to  the  arch  which 
it  subtends  nearly  in  the  ratio  of  equality;  and  therefore,  half  the 
Bide  of  the  polygon  to  half  the  arch  subtended  by  it,  that  is  to  say, 
the  sine  of  any  very  small  arch  will  be  to  the  arch  itself,  nearly  in 
the  ratio  of  equality.  Therefore,  if  two  arches  are  both  very  small, 
the  first  will  be  to  the  second  as  the  sine  of  the  first  to  the  sine  of 
the  second.  Hence,  from  the  sine  of  52".  44'".  03"".  45v.  being 
found,  the  sine  of  1'  becomes  known;  for,  as  52".  44"'.  03"".  45,.  to 
1,  so  is  the  sine  of  the  former  arch  to  the  sine  of  the  latter.  Thus  the 
sine  of  r  is  found=0.0002908882. 

4.  The  sine   1'  being  thus  found,  the  sines  of  2',  of  3',  or  of  any 
number  of  minutes,  found  by  the  following  proposition. 


THEOREM. 

Let  AB,  AC,  AD  be  three  such  arches,  that  BC  the  difference  of 
the  first  and  second  is  equal  to  CD  the  difference  of  the  second  and 
third;  the  radius  is  to  the  cosine  of  the  common  difference  BC  as  the 
sine  of  AC,  the  middle  arch,  to  half  the  sum  of  the  sines  of  AB  and 

AD,  the  extreme  arches. 

Draw  CE  to  the  centre;  let  BF,  CG,  and  DH  perpendicular  fo 

AE,  be  the  sines  of  the  arches  AB,  AC,  AD.  Join  BD,  and  let  it 
meet  CE  in  I :  draw  IK  perpendicular  to  AE,  also  BL  and  IM  per- 
pendicular to  DH.  Then,  because  the 
arch  BD  is  bisected  in  C,  EC  is  at  right 
angles  to  BD,  and  bisects  it  io  I;  also 
BI  is  the  sine,  and  EI  the  cosine  of  BC 
or  CD.  And,  since  BD  is  bisected  in  I, 
and  IM  is  parallel  to  BL,  (2.  6.),  LD  is 
also  bisected  in  M.  Now  BF  is  equal  to 
HL,  therefore,  BF+DH=DH+HL= 
DL  +  2LH  =  2LM  +  2LH  =  2MH  or 
2]S^I;  and  therefore  IK  is  half  the  sura 
of  BF  and  DH.  But  because  the  tri- 
angles CGE,  IKE  are  equiangular,  CE  ; 
EI :  :  CG  :  IK,  and  it  has  been  shown  that  EI=cos.  BC,  and  IK=| 
(BF-f  DH) ;  therefore  R  :  cos.  BC  : :  sin.  AC :  5  (sin.  AB-f-sin.  AD). 
Q.E.  D. 

CoR.  Hence,  if  the  point  B  coincide  with  A, 
R  :  COS.  BC  :  :  sin.  BC  :  5  sin.  BD,  that  is  the  radius  is  to  (be  cosine 
of  any  arch,  as  Ihe  sine  of  the  arch  is  to  half  the  sine  of  twice  the 
arch;  or  if  any  arrh=A,  2  sin.  2A=sin.  Axcos.  A,  or  sin.  2A=3 
810.  Axcos.  A. 

Therefore  al.-o,  sin.  2'=2'sln.  I'xoos.  l';  so  that  from  the  sine  and 
cosine  of  one  minute  the  sine  of  2'  is  found. 
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Again,  1',  2',  3'  being  three  such  arches  that  the  tiifferenee  between 
the  first  and  second  is  the  same  as  between  the  second  and  third, 
R  :  cos.  l' : :  sin.  2  :  k  (sin.  l'-|-sin.3'),or  sin.l'4-sin.S'=2cos.  I'x 
sin.  2',  and  taking  sin.  I'from  both,sin.3'=2  cos.  I'xsin.  2'  — sin.  1. 

In  like  manner,  sin.  4':=2'  cos.  I'xsin.  3'  — sin.  2', 
sin.  5'=2'  cos.  I'xsin.  4'  — sin.  3', 
sin.  6'=2'  cos.  l'>^sin.  5'  — sin.  4',  &c. 

Thus  a  table  containing  the  sines  for  every  minute  of  the  quadrant 
may  be  computed ;  and  as  the  multiplier,  cos.  1'  remains  always  the 
same,  the  calculation  is  easy. 

For  computing  the  sines  of  arches  that  differ  by  more  than  l',  the 
method  is  the  same.    Let  A,  A+B,  A+2B  be  three  such  arches, 
then,  by  this  theorem,  R  :  cos.  B  : :  sin.  (A+B)^ :  i  (sin.  A+sin. 
(A+2B)) ;  and  therefore  making  the  radius  1, 
sin.  A+sin.  (A+2B)=2  cos.  Bxsin.  (A+B), 

or  sin.  (A-i-2B)=2  cos.  Bxsin.  (A-f  B)  —sin.  A. 

By  means  of  these  theorems,  atableofthe  sines,  and  consequently 
also  of  the  cosines,  of  arches  of  any  number  of  degrees  and  minutes, 

from  0  to  90,  may  be  constructed.    Then,  because  tan.  A«= — '—^ 

cos.  A 

the  table  of  tangents  is  computed  by  dividing  the  sine  of  any  arch  by 
the  cosine  of  the  same  arch.  When  the  tangents  have  been  found  in 
this  manner  as  far  as  45°,  the  tangents  for  the  other  half  of  the  quad- 
rant may  be  found  more  easily  by  another  rule.  For  the  tangent  of 
an  arch  above  45°  being  the  co-tangent  of  an  arch  as  much  under 
45°;  and  the  radius  being  a  mean  proportional  between  the  tangent 
and  co-tangent  of  any  arch,  (l.  Cor.  def.  9.),  it  follows,  if  the  differ- 
ence between  any  arch  and  45°  be  called  D,  that  tan.  (45°  — D)  :  1  : : 

1 :  tan.  (45°+D),  so  that  tan.  (45°+D)=- ^  \     ,^.. 

^  tan.  (46  —D) 

Lastly,  the  secants  are  calculated  from  (Cor.  2.  def.  9.)  where  it  is 

shown  that  the  radius  is  a  mean  proportional  between  the  cosine  ami 

the  secant  of  any  arch,  so  that  if  A  be  any  arch,  sec.  Ass- 


cos.  A 

The  versed  sines  are  found  by  subtracting  the  cosines  from  the 
radius. 

5.  The  preceding  Theorem  is  oneof  four,  which,  when  arithmeti- 
cally expressed,  are  frequently  used  in  the  application  of  trigono'me- 
try  to  the  solution  of  problems. 

Imo.  If  in  the  last  Theorem,  the  arch  AC=A,  the  arch  BC=B, 
and  the  radius  EC=1,  then  AD=A+B,  and  AB=A — Bj  and  by' 
what  has  just  been  demonstrated, 

1 :  eos.B  :  :  sin.  A  :  i  sin.  (A+B) -f|  sin.  (A  — B), 

and  therefore 
sin.  Axcos.  B=i  sin.  (A-f  B)+^  sin.  (A-B). 
2do.  Because  BF,  IK,  DH  are  parallel,  the  str^^ight  lines  BD  and 
FH  are  cut  proportionally,  and  therefore  FH,  the  difference  of  the 
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strai^bt  lines  FE  and  HE,  is  bise«ted  in  K;  and  therefore,  as  was 
eliovvn  in  the  last  Theorem,  KE  is  half  the  sum  of  FE  and  HE,  h.t  is, 
of  the  cosines  of  the  arches  AB  and  AI).  But  because  of  the  simi- 
Jartrianjrles  EGC,EKI,EC  :  El : :  GE  :  EK;  now,  GE  is  the  cosine 
©f  AC,  therefore, 

R  :  cos.  BC  :  :  cos.  AC  :  5  cos.  AD  +  d  cos.  AB, 
or  1  :  COS.  B  : :  cos.  A  :  i  cos.  (A-}-B)4-5  cos.  (A— B); 

and  therefore, 

cos.  Axcos.  B=5  COS.  (A+B)+5  cog.  (A  — B); 
2tio.  Aajain,  the  triansjles  IDM,  CEG  are  eqHiana:ular, for  the  an- 
gles KIM,  EID  are  equal,  being  each  of  them  ri2:l}t  anicles.  and  there- 
fore, taking  away  the  angle  EIM,  the  an^ile  IJlM  iseqnal  tothe  angle 
EIK,  that  is  to  the  angle  ECG ;  and  the  angles  DMI,  CGE  are  also 
eqnal,  being  both  right  angles,  and  therefore  the  triangles  IE  M,  C  GE 
have  the  sides  about  their  equal  angles  proportionals,  and  conse- 
quently. EC  :  CG  : :  DI  :  IM ;  now,  IM  is  half  the  ditierence  of  the 
cosines  FE  and  EH,  therefore, 

R  :  sin.  AC  : :  sin.  BC  :  i  cos.  AB-d  cos.  AD, 
or  1  :  sin.  A  : :  sin.  B  :  :  5  cos.  (A  —•  B)  —  |  cos.  ( A-f  B)  j 
and  also, 
sin.  Axsin.  B=|  cos.  (A  — B)-5  cos.  (A+B). 
4to.  Lastly,  in  the  same  triangles  ECG,  DIM,  EC  :  EG  :  :  ID  : 
DjM  ;  now,  DM  is  half  the  difterence  of  the  sines  DH  and  BF,  there- 
fore, 

R  :  COS.  AC  :  :  sin.  BC  :  h  sin.  AD  — 5  sin.  AB. 
or  1  :  cos.  A  : :  sin.  B  :  |  sin.  (A -|-B)  ~  5  sin.  (A+B) ; 
and  therefore, 
COS.  Axsin.  B=i  sin.  (A+B)  — ^  sin.  (A  — B). 

6.  If  therefore  A  and  B  be  any  two  arches  whatsoever,  the  radiu« 
being  supposed  1 ; 

I.  sin.  Axcos.  B=|  sin.  (A+B)  +  ^  sin.  (A-B). 

IL  cos.  Axcos.  B=i  COS.  (A— B)+^  cos.  (A+B). 

ITT.  sin.  Axsin.  B=i  cos.  (A-B)-i  cos.  (A+B). 

IV.  cos.  Axsin.  B=«=s  sin.  (A  +  B)-|  sin.  (A-B). 

From  these  four  Theorems  are  also  deduced  other  four ; 

For  adding  the  first  and  fourth  together, 
sin.  Axcos.  B+cos.  Axsin.  B=sin.  (A  +  T5), 
AKo,  by  taking  the  fourth  from  the  first 
sin.  Axcos.  B  — COS.  Axsin.  B=sin.  (A  —  B.). 

Again,  adding  the  second  and  third, 
COS. Axcos.  B  +  sin.  Axsin.  B=cos.  (A— B.); 
And, lastly,  subtraeling  the  third  from  the  second, 
008.  Axcos. Br- sin*  Axsin.  Bs=cos.  (A+B). 
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7.  Again,  since  by  the  first  of  the  above  theorems, 
sinAxcosB=|sin(A4.B)+^sin(A-B),ifA+B=S,andA-,B=D, 


Ihen  (Lem.  2.)  A='-^— ,audB=^— i^j  wherefore  sin.^xH  x  eos. 
^2  2 


^  sin.  S+2  sin.D.  But  as  S  and  D  may  be  any  arches  what- 
ever, to  preserve  the  former  notation,  they  may  be  called  A  and  B, 
which  also  express  any  arclies  whatever:  thus, 

•    A+B  _        A-B     ,    .     .   ,  ,    .     „ 
sm. — ! —  X  cos. =2  sin.A+i  sin.  B,  or 

2  2  1^7 

^  .    A+B    ,        A-B      .      A  .    •    r. 

2sin. — ! —  X  cos — — -=sin.  A-f  sm.B. 

2  2 

In  the  same  manner,  from  Theor.  2is  derived, 

2  cos.    X_  X  cos — ^  =cos.B+cos.A.    From  the  3d, 

2  2 

3 sin.— J—  X  sin.  -Il_=eos.B— cos.  Aj  and  from  the  4tb, 

A+B        .    A^B      .      .       .     „ 

2cos. — —  X  sin =sin.  A— sm.  B. 

2  2 

In  all  these  Theorems,  the  arch  B  is  supposed  less  than  A. 

8.  Theorems  of  the  same  kind  with  respect  to  the  tangents  of 
arches  may  be  deduced  from  the  preceding.  Because  the  tangent  of 
any  arch  is  equal  to  the  sine  of  the  arch  divided  by  its  cosine, 

tan.  (A+B)  ===*'5lA__Z_|,    But  it  has  just  been  shown,  that 
^  COS.  (A+B) 

sin.  (A+B)  =  sin.  A  x  eos.B  +  cos.  Axsin.  B,  and  that 

COS.  (A+B)  =cos.Axcos.B— sin.  Axsin.  B;  therefore  tan.  (A+B) 

sin.  \ x COS.  B+ eos.  Axsin.  B      jj-   -j-      u  ii-iu  .  u 

= — — 1^ -!- —-, — -  ,and  dividing  both  the  numerator  and 

cos.  \  xcos.  ii  — sm.  A  x  sin.  B 
denominator  of  this  fraction  by  cos.  A  X  cos.  B,  tan.  (A  +  B)  a=s 
-tan.A+tan.B^    I^li^.^  manner,  tan.  (A-B)=^^"- ^  t^"' ^   ^ 
Itan.  Axtan.B  1+tan.Axtan.B 

9.  If  the  theorem  demonstrated  in  Prop,  3.  be  expresised  in  the  same 
manner  with  those  above,  it  gives 

sin.  A  +  sin.  B     tan.  2  (A+B) 
sin.  A  —  sin.  B     tan. 5  (A-B) 
Also  by  Cor.  1,  to  the  3d, 

eos.  A  +  cos.  B_cot.  |  (A+B) 
£os.  A  —  COS.  B    tiku.  5(A-B) 
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And  by  Cor.  2,  to  the  same  proposition, 

sin.  A+sin.  B     tan.  d  (A-4-B)         •        t»  •    i.  j 

_-2 _= lA — ! — L.  or  since  R  is  here  supposed«= 

COS.  A + cos.  B  R  ' 

,   sin.  A+sin.  B      ,        i  /  a   ,  t»\ 

*' rr- n=tan.  i  (A+B). 

COS.  A+cos.  B  ' 

lo.  In  all  the  preceding  theorems,  R,  the  radius  is  supposed=l, 
because  in  this  way  the  propositions  are  most  concisely  expressed, 
and  are  also  most  readily  applied  to  trigonometrical  calculation.  But 
if  it  be  required  to  enunciate  any  of  them  geometrically,  the  multi- 
plier R,  which  has  disappeared,  by  being  made*=l,  must  be  restored, 
and  it  will  always  be  evident  from  inspection  in  what  terms  this  multi- 
plier is  wanting.  Thus,  Theor.  1,  2  sin.  Axcos.  B=sin.  (A-|-B)  + 
sin.  (A  — B),  is  a  true  proposition,  taken  arithmetically;  but  tafcen 
geometrically,  is  absurd,  unless  we  supply  the  radius  as  a  multiplier 
of  the  terms  on  the  right  hand  of  the  sine  of  equality.  It  then  be- 
comes 2sin^  Axcos.  B=R  (sin.  (A+B)+sin.  (A — B));  or  twice  the 
rectangle  under  the  sine  of  A,  and  the  cosine  of  B  equal  to  the  rect- 
angle under  the  radius,  and  the  sum  of  the  sines  of  A+B  and  A  — B. 

In  general,  the  number  of  linear  multipliers,  that  is  of  lines  whose 
numerical  values  are  multiplied  together,  must  be  the  same  in  eveiy 
term,  otherwise  we  will  compare  unlike  magnitudes  with  one  another. 

The  propositions  in  this  section  are  useful  in  many  of  the  higher 
branches  of  the  Mathematics,  and  are  the  foundation  of  what  is  call* 
ed  the  Arithmetic  of  5i7ies, 
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PROP.  I. 

If  a  sphere  be  cut  by  a  plane  through  the  centre,  the 
section  is  a  circle,  having  the  same  centre  with  the  sphere, 
and  equal  to  the  circle  by  the  revolution  of  which  the 
sphere  was  described. 

FOR  all  the  straight  lines  draAvnfrom  the  centre  to  the  superficies 
of  the  sphere  are  equal  to  the  radius  of  the  generatinaj  semicir- 
cle, (Def.  7.  3.  Sup.).  Therefore  the  common  section  of  the  spheri- 
cal superficies,  and  of  a  plane  passing  through  its  centre,  is  a  line, 
lying  in  one  plane,  and  having  all  its  points  equally  distant  from  the 
centre  of  the  sphere ;  therefore  it  is  the  circumference  of  a  circle, 
(Def.  11.  1.),  having  for  its  centre  the  centre  of  the  sphere,  and  for 
its  radius  the  radius  of  the  sphere,  that  is  of  the  semicircle  by  wliicJi 
the  sphere  has  been  described.  It  is  equal,  therefore,  to  the  (jircle, 
of  which  that  semicircle  was  a  part.    Q.  E.  D. 


DEFINITIONS. 
I. 

Any  circle,  which  is  a  section  of  a  sphere  hy  a  plane  through  its 
centre,  is  called  a  great  circle  of  the  sphere. 

Cor.  All  great  circles  of  a  sphere  are  equal;  and  any  two  of  them 
bisect  one  another. 

They  are  all  equal,  having  all  the  same  radii,  as  has  just  heen 
shown;  and  any  two  of  them  bisect  one  another,  for  as  they  have  the 
same  centre,  their  common  section  is  a  diameter  of  both,  and  there- 
fore bisects  both. 

Hh 
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II. 

The  pole  of  a  great  circle  of  a  sphere  is  a  point  in  the  superficies 
of  the  sphere,  from  which  all  straight  lines  drawn  to  the  circum- 
ference of  the  circle  are  equal. 

III. 

• 

A  spherical  angle  is  an  angle  on  the  superficies  of  a  sphere,  contain- 
ed by  the  arches  of  two  great  circles  which  intersect  one  another; 
and  is  the  same  with  the  inclination  of  the  planes  of  these  great, 
circles. 

IV. 

A  spherical  triangle  is  a  figure,  upon  the  superficies  of  a  sphere, 
comprehended  by  three  arches  of  three  great  circles,  each  of 
vyhich  is  less  than  a  semicircle. 

PROP.  II. 

The  arch  of  a  great  circle,  between  the  pole  and  the  cir- 
cumference of  another  great  circle,  is  a  quadrant. 

Let  ABC  be  a  great  circle,  and  D  its  pole;  if  DC,  an  arch  of  a 
great  circle,  pass  through  D,  and  meet  ABC  in  C,  the  arch  DC  is  a 
quadrant. 

Let  the  circle,  of  which  CD  is  an  arch,  meet  ABC  again  in 
let  AC  be  the  common  section  of  the 
planes  of  these  great  circles,  which 
will  pass  through  E,  the  centre  of  the 
sphere:  Joiji  DA,  DC.  Because 
AD=DC,  (Def.  2.),  and  equal  straight 
lines,  in  the  same  circle  cut  off  equal 
arches;  (28.  8.)  Hie  arch  AD  =  the 
arch  DC ;  but  ADC  is  a  semicircle, 
therefore    the    arches    AD,    DC     are  " 

each  of  them  quadrants.     Q.  E.  D. 

Cor.  1.  If  DE  be  drawn,theangleAED  is  aright  angle:  andDE 
being  therefore  at  right  angles  to  every  line  it  meet^  with  in  the  plane 
of  the  circle  ABC,  is  at  right  anjrles  to  that  plane,  (4. 2.  Sup.).  There- 
fore the  straight  line  drawn  from  the  pole  of  any  great  circle  to  the 
centre  of  the  sphere  is  at  right  angles  to  the  plane  of  that  circle ;  and, 
conversely,  a  straight  line  drawn  from  the  centre  of  the  sphere  per- 
pendicular to  tbe  plane  of  any  great  circle,  meets  the  superficies  of 
the  sphere  in  (he  pole  of  that  circle. 

Cor.  2.  The  circle  ABC  has  two  poles,  one  on  each  side  of  its 
plane,  which  are  the  extremities  of  a  diameter  of  the  sphere  perpen- 
dicular fo  the  plane  AiiC;  and  no  other  points  but  these  two  can  be 
poles  of  the  circle  ABC. 
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PROP.  III. 

If  the  pole  of  a  great  circle  be  the  same  with  the  inter- 
section of  other  two  great  circles ;  the  arch  of  the  first- 
mentioned  circle  intercepted  between  the  other  two,  is 
the  measure  of  the  spherical  angle  which  the  same  two 
circles  make  with  one  another. 

Let  the  great  circles  BA,  CA  on  the  superficies  of  a  sphere,  of 
which  the  centre  is  D,  intersect  one  another  in  A,  and  let  BC  be  an 
arch  of  another  great  circle,  of  which  the  pole  is  A;  BC  is  the  mea- 
sure of  the  spherical  angle  BAC. 

Join  AD,  DB,  DC ;  since  a  is  the  pole  of 
BC,  AB,  AC  are  quadrants,  [2.),  and  the  an- 
gles ADB,  ADC  are  right  angles;  therefore 
(4.  def.  2.  Sap.),  the  angle  CDB  is  the  inclina- 
tion of  the  planes  of  the  circles  AB,  AC,  and 
is  (def.  3.)  equal  to  the  spherical  angle  BAG; 
but  the  arch  BC  njeasures  the  angle  BDC, 
therefore  it  also  measures  the  spherical  angle 
BAC.    *Q.  E.  D. 

CoR.  If  two  arches  of  great  circles,  AB  and  AC,  which  intersect 
one  another  in  A,  be  each  of  them  quadrants,  A  will  be  the  pole  of 
the  great  circle  which  passes  through  B  and  C  the  extremities  of  those 
arches.  For  since  the  arches  AB  and  AC  are  quadrants,  the  angles 
ADB,  ADC  are  right  angles,  and  AD  is  therefore  perpendicular  to 
the  plane  BDC,  that  is  to  the  plane  of  the  great  circle  which  passes 
through  B  and  C.  The  point  A  is  therefore  (Cor,  1.  2.)  the  pole  o/ 
the  great  circle  which  passes  through  B  and  Co 

PROP.  IV, 

If  the  planes  of  two  great  circles  of  a  sphere  be  at  right 
angles  to  one  another,  the  circumference  of  each  of  the  cir- 
cles passes  through  the  poles  of  the  other ;  and  if  the  cir- 
cumference of  one  great  circle  pass  through  the  poles  of 
another,  the  planes  of  these  circles  are  at  right  angles. 

Let  ACBD,  AEBF  be  two  great  circles,  the  planes  of  which  are  at 
right  angles  to  one  another,  the  poles  of  the  circle  AEBF  are  in  the 
circumference  ACBD,  and  the  poles  of  the  circle  ACBD  ia  the  cir- 
cumference AEBF. 

From  G  the  centre  of  the  sphere,  draw  GC  in  the  plane  ACBD 
perpendicular  to  A B,    Then  because  GC  in  the  plane  ACBD,  at 
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right  angles  to  the  plane  AEBF, 
is  at  right  angles  to  the  common 
section  of  the  two  planes,  it  is 
(Def.  2.  2.  Sup.)  also  at  right  an- 
gles to  the  plane  AE  BF,and  there- 
fore (Cor.  1.  3.)  C  is  the  pole  of 
the  circle  AEBF;  and  if  CG  be 
produced  to  D,  D  is  the  other  pole 
of  the  circle  AEBF. 

In  the  same  manner,  by  drawing 
GE  in  the  plane  AEBF,  perpen- 
dicular to  AB,  and  producing  it  to 
F,  it  has  shown  that  E  and  F  are 
the  poles  of  the  circle  ACBD.  Therefore,  the  poles  of  each  of  these 
circles  are  in  ihe  circumference  of  the  other. 

Again,  If  C  be  one  of  the  poles  of  the  circle  AEBF,  the  great 
circle  ACBD  which  passes  through  C,  is  at  right  angles  to  the  circle 
AEBF.  For,  CG  being  drawn  from  the  pole  to  the  centre  of  (he 
circle  AEBF  is  at  right  angles  (Cor.  1.  3.)  to  the  plane  of  that  cir- 
cle; and  therefore,  every  plane  passing  through  CG  (iT.  2.  Sup.)  is 
at  right  angles  to  the  plane  AEBF;  now,  the  plane  ACBD  passes 
through  CG.     Therefore,  &c.     Q.  E.  D. 

Cor.  1.  If  of  two  great  circles,  the  first  passes  through  the  poles 
of  the  second,  the  second  also  passes  through  the  poles  of  the  first. 
For,  if  the  first  passes  through  the  poles  of  the  second,  the  plane  of 
the  first  must  be  at  right  angles  to  the  plane  of  the  second,  by  the 
second  part  of  this  proposition;  and  therefore,  by  the  first  part  of  it, 
the  circumference  of  each  passes  through  the  poles  of  the  other. 

Cor.  3.  All  great  circles  that  have  a  common  diameter  have  their 
poles  in  the  circumference  of  a  circle,  the  plane  of  which  is  perpen- 
dicular to  that  diameter. 

PROP.  V. 

In  isosceles  spherical  triangles  the  angles  at  the  base  are 

equal. 

Let  ABC  be  a  spherical  triangle,  having  the  side  AB  equal  to  the 
side  AC;  the  spherical  angles  ABC  and  ACB are  equal. 

Let  D  be  the  centre  of  the  sphere; 
join  DB,  DC,  DA,  and  from  A  on  the 
straight  lines  DB,  DC,  draw  the  perpen- 
diculars AE,  AF;  and  from  the  points 
E  and  F  draw  in  the  plane  DBC  the 
straight  lines  EG,  FG  perpendicular  to 
DB  and  DC,  meeting  one  another  in  G: 
Join  AG. 

Because  DE  is  at  rit^ht  angles  to  each 
of  the  straight  lines  AE,  EG,  it  is  at 
right  angles  to  the  plane  AEG,  which 
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passes  through  AE,  EG  (4.  2.  Sup.) ;  and  tlierefore,  every  plane 
that  passes  through  DE  is  at  right  angles  to  the  plane  AEG  (17.  2. 
Slip.) ;  wherefore,  the  plane  DBC  is  at  right  angles  to  the  plane 
AEG.  For  the  same  reason,  the  plane  DBC  is  at  right  angles  to  the 
plane  AEG,  and  therefore  AG,  the  coninion  sections  of  the  planes 
AFG,  AEG  is  at  right  angles  (18.  2.  Sup.)  to  the  plane  DBC,  and  the 
angles  AGE,  AGF  are  consequently  right  angles. 

But  since  the  arch  AB  is  equal  to  the  arch  AC,  the  angle  ADB  is 
equal  to  the  angle  ADC.  Therefore  the  triangles  ADE,  ADF,  have 
the  angles  EDA,FDA,equal,  as  also  the  angles  AED,  AFD,  which  are 
right  angles;  and  they  have  the  side  AD  common,  therefore  the  other 
sides  are  equal,  viz.  AE  to  AF,  (26. 1.),  and  DE  to  DF.  Again, he- 
cause  the  angles  AGE,  AGF  areright  angles,  the  squares  on  AG  and 
GPj  are  equal  to  the  square  of  AE ;  and  the  squares  of  AG  and  GF  to^ 
the  square  of  AF.  But  the  squares  of  AE  and  AF  are  equal,  there-' 
fore  the  squares  of  AG  and  GE  are  equal  to  the  squares  of  AG  and 
GF,and  taking  away  the  common  square  of  AG,  the  remaining  squares 
of  GE  and  GF  are  equal,  and  GE  is  therefore  equal  to  GF.  Where- 
fore, in  the  triangles  AFG,  AEG,  the  side  GF'  is  equal  to  the  side  GE, 
and  AF  has  been  proved  to  be  equal  to  AE,  and  the  base  AG  is  com- 
mon, therefore,  the  angle  AFG  is  equal  to  the  angle  AEG  (S.  1.). 
But  the  angle  AFG  is  the  angle  which  the  plane  ADC  makes  with  the 
plane  DBC  (4.  def.2.  Sup.)  because  FA  and  FG,  which  are  drawn  in 
these  planes,  are  at  right  anjiles  to  DF,  the  common  section  of  the 
planes.  The  angle  AFG  (S.def.)  is  therefore  equal  to  the  spherical 
angle  ACB;  and,  for  the  same  reason,  the  angle  AEG  is  equal  to  the 
spherical  angle  ABC.  But  the  angles  AFG,  AEG  are  equal.  I'here- 
fore  the  spherical  angles  ACB,  ABC  are  also  equal.     Q.  E.  D. 

PROP.  yi. 

If  the  angles  at  the  base  of  a  spherical  triangle  be  equal, 
tlie  triangle  is  isosceles. 

Let  ABC  be  a  spherical  triangle  having  the  angles  ABC,  ACB  equal 
to  one  another;  the  sides  AC  and  AB  are  also  equal. 

Let  D  be  the  centre  of  the  sphere :  join  DB.  DC,  DA,  and  from  A 
on  the  straight  lines  DB,  DC,  draw  the  perpendiculars  AE,AF;  and 
from  the  points  E  and  F,  draw  in  the 
plane  J)BC  the  straight  lines  EG,  FG 
perpendicular  to  DB  and  DC,  meeting 
one  anotlier  in  G;  join  AG. 

Then,  it  may  be  proved,  as  was  done 
in  the  last  proposition,  that  AG  is  at 
right  angles  to  the  plane  BCD,  and  that 
therefore  the  angles  AGF,  AGE  are 
right  angles,  and  also  that  the  angles 
AFG,  AEG  are  equal  to  the  angles 
which  the  planes  DAC,  DAB  make 
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with  the  plane  DBC.  But  because  the  spherical  angles  ACB,  ABC 
are  equal,  the  angles  which  the  planes  DAC,  D  AB  make  with  the 
plane  DBC  are  equal,  (3.  <ief.),  and  therefore  the  angles  AFG,  AEG 
are  also  equal.  The  triangles  AGE,AGF  have  therefore  two  angles 
of  the  one  equal  to  two  angles  of  the  other,  and  they  have  also  the 
side  AG  common,  wherefore  they  are  equal,  and  the  side  AF  is  equal 
to  the  side  AE. 

Againi  because  the  triangles  ADF,  ADE  are  right  angled  at  F  and 
E,  the  squares  of  DF  and  FA  are  equal  to  the  square  of  DA,  that 
is,  to  the  squares  of  DE  an<i  DA  ;  now,  the  square  ol  AF  is  equal  (o 
the  square  ol'  AE,  therefore  the  square  ot  DF  is  equal  to  the  square  of 
DE,  and  the  side  DF  fo  the  side  DE.  Therefore,  in  the  triangles 
DAF,  DAE,  because  DF  is  equal  to  DE  and  DA  common,  and  also 
AF  equal  to  AE,  the  angle  A13F  is  equal  to  the  angle  ADE  ;  there- 
fore also  the  arches  AC  and  AB,  which  are  the  measures  ol  the  an- 
gles ADF  and  ADE,  are  equal  to  one  another;  and  the  triangle  ABC 
is  isosceles.     Q.  E.D. 

PROP.  VII. 

Any  two  sides  of  a  spherical  triangle  are  greater  than  the 

third. 

Let  ABC  be  a  spherical  triangle,  any  two  sides  AB,  BC  are  greater 
than  the  third  side  AC. 

Let     D    be    the    centre    of   the  ^ 

sphere;  join  DA,  DB,  DC. 

The  solid  ana;le  at  D  is  contained 
hy  three  plane  angles  ADB,  ADC, 
BDC;  any  two  of  which,  ADB, 
BDC  are  greater  (20.  2.  Su|>.)  ^ 
than  the  (bird  ADC;  and  therefore 
any  two  of  the  arches  AB,  AC,  BC, 
which  measure  these  angles,  as 
AB  and  BC,  must  also  he  greater 
than  the  third  AC    Q.  E.  D. 

PROP.  VIII. 

The  three  sides  of  a  spherical  triangle  are  less  than  th^ 
circumference  of  a  great  circle. 

Let  ABC  be  a  spherical  triangle  as  before,  the  three  sides  AB,  BC, 
AC  are  less  than  the  circumference  of  a  ?:reat  circle. 

Let  D  be  the  centre  of  the  sphere :  The  solid  angle  at  D  is  con- 
tained by  three  plane  angles  BDA,  BDC,  ADC,  which  together  are 
less  than  four  right  angles  (21.2.  Sup.)  therefore  the  sides  AB,  BC, 
AC  which  are  the  measures  of  these  angles,  are  together  less  than 
four  quadrants  described  with  the  radius  AD,  that  is,  than  the  cir- 
cumference of  a  great  circle-    Q.  E.  D. 


SPHERICAL  TRIGONOMETRY.  243 

PROP.  IX.  • 

In  a  spherical  triangle  the  greater  angle  is  opposite  to  the 
greater  side  ;  and  conversely. 

Let  ABC  be  a  spherical  triangle,  the  greater  angle  A  is  opposed 
to  the  greater  side  BC. 

Let    the   angle   BAD  be  made  ^ 

eqrjal  to  the  angle  B^  and  then 
BD,  DA  will  be  equal,  («.),  and 
therelore  AD,  DC  are  equal  to 
BC;  but  AD,  DC  are  greater 
than  AC  (7.),.  therefore  BC  is 
greater  than  AC,  that  is,  the 
greater  angle  A  is  opposite  to  the 
greater  side  BC.  The  converse 
is  demonstrated  as  Prop.  19.  I. 
Elem,    Q.  E.  D. 

PROP.  X. 

According  as  the  sum  of  two  of  the  sides  of  a  spherical 
triangle  is  greater  than  a  semicircle,  equal  to  it,  or  less, 
each  of  the  interior  angles  at  the  base  is  greater  than  the 
exterior  and  opposite  angle  at  the  base,  equal  to  it,  or  less ; 
and  also  the  sum  of  the  two  interior  angles  at  the  base 
greater  than  two  right  angles,  equal  to  two  right  angles^ 
or  less  than  two  right  angles. 

Let  ABC  be  a  spherical  triangle,  of  which  the  sides  are  AB  and 
BC;  produce  any  of  the  two  sides  as  AB,  and  the  base  AC,  till 
they  meet  again  in  D ;  then,  the  arch  ABD  is  a  semicircle,  and  the 
spherical  angles  at  A  and  D  are  equal,  because  each  of  them  is  the 
inclination  of  the  circle  ABD  to  the  circle  ACD. 

1.  IfAB,  BC  be  equal  to  a  b 
semicircle,  that  is,  to  AD,  BC 
will  be  equal  to  BD  and 
therefore  (5.)  the  angle  D, 
or  the  angle  A  will  be  equal 
to  the'augle BCD,  that  is,  the 
interior  angle  at  the  base 
equal  to  the  exterior  and 
ojJposite. 

2.  If  AB,  BC  together  be  greater  than  a  semicircle,  that  is  greater 
than  ABD,  BC  will  be  greater  than  BD;  and  therefore  (9.),  the  an- 
gle D,  that  is  the  angle  A,  is  greater  than  the  angle  BCD. 

3.  In  the  same  manner  it  is  shown,  if  AB,  BC  together  be  less  than 
a  semicircle,  that  the  angle  A  is  less  than  the  angle  BCD. 
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N(f^,  since  the  angles  BCD,  BCA  are  equal  to  two  right  angle?,  if 
the  ati;j;le  A  be  greater  than  BCD,  A  and  ACB  together  will  be  great- 
er than  two  right  angles.  If  A  be  equal  to  BCD,  A  and  ACB  toge- 
ther, will  he  equal  to  two  right  angles ;  and  it'  A  be  less  than  BCD, 
A  and  ACB  will  be  less  than  two  right  angles.     Q.  £.  D. 

PROP.  XI.    ' 

If  the  angular  points  of  a  spherical  triangle  be  made  the 
poles  of  three  great  circles,  these  three  circles  by  their 
intersections  will  form  a  triangle,  which  is  said  to  be  sup- 
plemental to  the  former ;  and  the  two  triangles  are  such, 
that  the  sides  of  the  one  are  the  supplements  of  the  arches 
which  measure  the  angles  of  the  other. 

Let  ABC  be  a  spherical  triangle  ;  and  from  the  points  A,  B,  and  C 
as  poles,  let  the  great  circles  FE,  ED,  DF  be  described,  intersecting 
one  another  in  F,  D  and  E5  the  sides  of  the  triangle  FED  are  the 
supplements  of  the  measures  of  the  angles  A,  B,  C,  viz.  FE  of  the 
angle  BAC,DE  of  the  angle  ABC,  and  DF  of  the  angle  ACB:  And 
asain,  AC  is  the  supplement  of  the  angle  DFE,  AB  of  the  angle 
FED,  and  BC  of  the  angle  EDF. 

Let  AB   produced  meet  DE,  EF  in  f 

G,  M;  let  AC  meet  FD,  FE  in  K,  L; 
and  let  BC  meet  FD,  DE  in  N,  H. 

Since  A  is  the  pole  of  FE,  and  the 
circle  AC  passes  through  A,  EF  will 
pass  through  the  pole  of  AC  (I.  Cor.  4.) 
and  since  AC  passes  through  C,  the 
pole  of  FD,  FD  will  pass  through  the 
pole  of  AC ;  therefore  the  pole  of  AC  k 
is  in  the  point  F,  in  which  the  arches  j, 
DF,  EF  intersect  each  other.  In  the 
same  manner,  D  is  the  pole  of  BC,  and 
E  the  pole  of  AB. 

And  since  F,  E  are  the  poles  of  AL,  AM,  the  arches  FL  and  EM 
(2.)  are  quadrants,  and  FL,  EM  together,  that  is,  FE,  and  ML  toge- 
ther, are  equal  to  a  semicircle.  But  since  A  is  the  pole  of  ML,  ML 
is  the  measure  of  the  angle  BAC,  (3.),  consequently  FE  is  the  sup- 
plement of  the  measure  of  the  angle  BAC.  In  the  same  manner, 
ED,  DF  are  the  supplements  of  the  measures  of  the  angles  ABC, 
BCA. 

Since  likewise  CN,  BH  are  quadrants,  CN  and  BH  together,  fnat 
is,  NH  and  BC  together,  are  ecjual  to  a  semicircle:  and  since  D  is 
the  pole  of  Nil,  NH  is  the  measure  of  the  angle  FDE,  therefore  the 
measure  of  the  angle  FDE  is  the  supplement  ot  the  side  BC.  In  the 
same  manner,  it  is  shown  that  the  measures  of  the  angles  DEF,  EFD 
are  the  supplements  of  the  sides  AB,  AC  in  the  triangle  ABG. 
Q.E.  D. 
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PROP.  XII. 

The  three  angles  of  a  spherical  triangle  are  greater  thaii, 
two,  and  less  than  six,  right  angles. 

The  measures  of  tlie  angles  A,  B,  C,  in  the  triangle  ABC,  together 
with  the  three  sides  of  the  supplemental  triangle  DEF,  are  (11.) 
equal  to  three  semicircles;  but  the  three  sides  of  the  triangle  FDE, 
are  (s.)  less  than  t\/o  semicircles;  therefore  the  measures  of  the 
angles  A,  B,  C  are  greater  than  a  semicircle;  and  hence  the  angles 
A,  B,  C  are  greater  than  two  right  angles. 

And  because  the  interior  angles  of  any  triangle,  together  with  the 
exterior,  are  equal  to  six  right  angles,  the  interior  alone  are  less  than 
six  right  angles.     Q.  E.  D* 

pnop.  XIII. 

If  to  the  circumference  of  a  great  circle,  from  a  pointy 
in  the  surface  of  the  sphere,  which  is  not  the  pole  of  that 
circle,  arches  of  great  circles  be  drawn  ;  the  greatest  of 
these  arches  is  that  which  passes  through  the  pole  of  the 
first  mentioned  circle,  and  the  supplement  of  it  is  the  least ; 
and  of  the  other  arches,  that  which  is  nearer  to  the  greatest 
is  greater  than  that  which  is  more  remote* 

Let  ADB  be  the  circumference  of  a  great  circle,  of  which  th6 
pole  is  H,  and  let  C  be  any  other  point;  through  C  and  H  let  the 
semicircle  ACB  be  drawn  meeting  the  circle  ADB  in  A  and  B ;  and 
let  the  arches  CD,  CE,  CF  also  be  described.  From  C  draw  CG 
perpendicular  to  AB,  and  then,  because  the  circle  AHCB  which 
passes  through  H,  the  pole  of  the  circle  ADB,  is  at  right  angles  to 
ADB,  CG  is  perpendicular  to  the  plane  ADB.  Join  GD,  GE,  GF, 
CA,  CD,  CE,  CF,CB. 

Because  AB  is  the  diameter  of 
the  circle  ADB,  and  G  a  point  in 
it,  which  is  not  the  centre,  (for 
the  centre  is  in  the  point  where 
the  perpendicular  from  H  meets 
AB),  therefore  AG,  the  part  of 
the  diameter  in  which  the  centre  a* 
is,  is  the  greatest,  (7.  3.),  and  GB 
the  least  of  all  the  straight  lines 
that  can  be  drawn  from  G  to  the 
circumference ;  and  GD    which  is 

nearer  to  AB,  is  grea'ter  than  GE,  which  is  mdre  remote.  But  the 
triangles  CGA,  CGD  are  right  angled  at  G,  and  therefore  AC^^ 
AG^+GC-,  and  DC3=DG-+GC-;  but  AG^+GC^VDG^+GC^j 
because  AGvDG;  therefore  AC^VOC^  and  ACvDC.  And  be- 
cause the  chord  AC  is  greater  than  the  chord  DC,  the  areh  AC  iia 

li 
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greater  than  the  arch  DC.  In  the  same  manner,  since  GD  is  greater 
than  GE,  and  GE  than  GF,  it  is  shown  that  CD  is  greater  than  CE, 
and  CE  than  CF.  Wherefore  also  the  arcli  CD  is  greater  than  the 
arch  CE,  and  the  arch  CE  greater  than  the  arch  CF,  and  CF  than  CB ; 
that  is,  of  all  the  arclies  of  great  circles  drawn  from  C  to  the  circum- 
ference of  the  circle  ADB,  AC  which  passes  through  the  pole  H,  is 
the  greatest,  and  CB  its  supplement  is  the  least;  and  of  the  others, 
that  which  is  nearer  to  AC  the  greatest,  is  greater  than  that  which 
is  more  remote.    Q.  E.  D. 


PROP.  XIV. 

In  a  right  angled  spherical  triangle,  the  sides  containing 
the  right  angle  are  of  the  same  affection  with  the  angles 
opposite  to  them,  that  is,  if  the  sides  be  greater  or  less 
than  quadrants,  the  opposite  angles  will  be  greater  or  less 
than  right  angles,  and  conversely. 

Let  ABC  be  a  spherical  triangle,  right  angled  at  A,  any  side  AB 
will  be  of  the  same  attection  with  the  opposite  angle  ACB. 

Produce  the  arches  AC,  AB,  till  they  meet  again  in  D,  and  bisect 
AD  in  E.  Then  ACD,  ABD  are  semicircles,  and  AE  an  arch  of  90°. 
Also  because  CAB  is  by  hypothesis  a  right  angle,  the  plane  of  the 
circle  ABU  is  perpendicular 
to  the  plane  of  the  circle 
ACD,  so  that  the  pole  of 
ACD  is  in  ABD,  (cor.  1.  4.), 
and  is  therefore  the  point  E. 
Let  EC  be  an  arch  of  a  great  ^ 
circle  passing  through  B  and 

Then  because  E  is  the 
pole  of  the  circle  ACD,  EC 
is  a  (3.)  quadrant,  and  the 
plane  of  the  circle  EC  (4.) 
is  at  right  angles  to  the  plane 
of  the  circle  ACD,  that  is, 
the  spherical  angle  ACE  is  a  , 
right  angle;  and  therefore, 
when  AB  is  less  than  AE, 
the  angle  ACB,  being  less 
than  ACE,  is  less  than  aright 
'  angle.  But  when  AB  is  great- 
er than  AE,  the  angle  ACB 

is  greater  than  ACE,  or  than  a  right  angle.    In  the  same  way  may 
the  converse  be  demonstrated.    Therefore,  &e.    Q.  E.  D. 


SPHERICAL  TRIGONOMETRY.  s^V 

PROP.  XV. 

If  the  two  sides  of  a  right  angled  spherical  triangle  about 
the  right  angle  be  of  the  same  affection,  the  hypotenuse 
will  be  less  than  a  quadrant ;  and  if  they  be  of  different  af- 
fection, the  hypotenuse  will  be  greater  than  a  quadrant. 

Let  ABC  be  a  right  angled  spherical  triangle ;  according  as  the  two 
sides  AB,  AC  are  of  the  same  or  of  different  atfeetion,  the  hypote- 
nuse BC  will  be  less,  or  greater  than  a  quadrant. 

The  construction  of  the  last  proposition  remaining,  bisect  the  se- 
micircle ACD  ill  G,  then  AG  will  be  an  arch  of  90",  and  G  will  be 
the  pole  of  the  circle  ABD. 

1.  Let  AB,  AC  be  each  less  than  90°.  Then, because  C  is  a  point 
on  the  surface  of  the  sphere,  which  is  not  the  pole  of  the  circle  ABD, 
the  arch  CGD,  which  passes  through  Gthe  pole  of  ABD  is  greater 
than  CE,  (13.),  and  CE  greater  tlian  CB.  But  CE  is  a  quadrant,  as 
was  before  shown,  therefore  CB  is  less  than  a  quadrant.  Thus  also 
it  is  proved  of  the  right  angled  triangle  CDB,  (right  angled  at  D),  in 
which  each  of  the  sides  CD,  DB  is  greater  than  a  quadrant,  that  the 
hypotenuse  BC  is  less  than  a  quadrant. 

3.  Let  AC  be  less,  and  AB  greater  than  90°.  Then  because  CB 
falls  between  CGD  and  CE,  itis  greater  (l3.)  than  CE,  thatis  thau 
a  quadrant.    Q.  E.  D. 

Cor.  1.  Hence  conversely,  if  the  hypotenuse  of  a  right  angled  tri- 
angle be  greater  or  less  than  a  quadrant,  the  sides  will  be  of  different 
or  the  same  affection. 

Cor.  2.  Since  (14.)  the  oblique  angles  of  aright  angled  spherical 
triangle  have  the  same  affection  with  the  opposite  sides,  therefore, 
according  as  the  hypotenuse  is  greater  or  less  than  a  quadrant,  the 
oblique  angles  will  be  of  different,  or  of  the  same  affection. 

Cor.  3.  Because  the  sides  are  of  the  same  affection  with  the  oppo- 
site angles,  therefore  when  an  angle  and  the  side  adjacent  are  of  the 
same  affection,  the  hypotenuse  is  less  than  a  quadrant;  and  conversely. 

PROP.  XVI. 

In  any  spherical  triangle,  if  the  perpendicular  upon  the 
base  from  the  opposite  angle  fall  within  the  triangle,  the 
angles  at  the  base  are  of  the  same  affection  ;  and  if  the  per- 
pendicular fall  without  the  triangle,  the  angles  at  the  base 
are  of  different  afl'ection. 

Let  ABC  be  a  spherical  triangle,  and  let  the  arch  CD  be  drawn, 
from  C  perpendicular  to  the  base  AB. 
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1.  Let  CD  fall  within  the  triatis^le ;  then,  since  ADC,  BDC  are 
right  ansjled  spherical  triangles,  the  angles  A,B  must  each  be  of  the 
same  affection  with  CD,  (14.). 

c 
c 


2.  Let  CD  fall  without  the  triangle;  then  (14.)  the  angle  B  is  of 
the  same  aftection  with  CD  ;  and  the  angle  CAD  is  of  the  same  affec- 
tion with  CD;  therefore  the  angle  CAD  and  B  are  of  the  same  af- 
fection, and  the  angle  CAB  and  B  are  therefore  of  dift'erent  aftection s. 
f\  xf   r\ 

Cor.  Hence,  if  the  angles  A  and  B  he  of  the  same  affection,  the 
perpendicular  will  fall  within  the  base;  for  if  it  did  not,  A  and  B 
would  be  of  different  affection.  And  if  the  angles  A  and  B  be  of  dif- 
ferent affection,  the  perpendicular  will  fall  without  the  triangle;  for, 
if  it  did  not,  the  angles  A  and  B  would  be  of  t^ie  same  afl'ectioii,  con- 
trary to  the  supposition. 

PROP.  XVII. 

If  to  the  base  of  a  spherical  triangle  a  perpendicular  be 
drawn  from  the  opposite  angle,  which  either  falls  withia 
the  triangle,  or  is  the  nearest  of  the  two  that  fall  without ; 
the  least  of  the  segments  of  the  base  is  adjacent  to  the  least 
of  the  sides  of  the  triangle,  or  to  the  greatest,  according  as 
the  sum  of  the  sides  is  less  or  greater  than  a  semicircle. 

Let  ABEF  be  a  great  circle  of  a  sphere,  H  its  pole,  and  GHD  any 
circle  passing  throua;hH,  which  therefore  is  perpendicular  to  the  cir- 
cle ABEF.  Let  A  and  B  be  two  points  in  the  circle  ABEF,  on  oppo- 
site sides  of  the  point  D,  and  let 
j)  be  nearer  to  A  than  to  B,  and  let 
C  be  any  point  in  the  circle  GHD 
between  H  and  D.  Tlnough  the 
points  A  and  C,  B  and  C,  let  the 
arches  AC  and  BC  be  drawn,  and 
let  them  be  produced  till  they  meet 
the  circle  ABEF  in  the  points  E  and 
F,  then  the  arches  ACE,  BCF  are 
semicircles.  Also  ACB,ACF,CFE, 
ECB  are  four  spherical  triangles 
contained  by  arches  of  the  same 
circles,  and  having  the  same  per- 
yendicnlars  CD  and  CO. 
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|.  Now  because  CE  is  nearer  to  the  arch  CHG  than  CB  is,  CE  is 
cjreater  than  CB,  and  therefore  CE  and  C  A  are  greater  than  CB  and 
CA,  wherefore  CB  and  CA  are  less  than  a  semicircle:  hut  because 
AD,  is  by  supposition  less  than  DB,  AC  is  also  less  than  CB,  (13.), 
and  therefore  in  tbis  case,  viz.  when  the  perpendicular  falls  within 
the  triangle,  and  when  the  sum  of  the  sides  is  less  than  a  semicircle, 
the  least  segment  is  adjacent  to  the  least  side. 

2.  Again,  in  the  triangle  FCA  the  two  sides  FC  and  CA  are  less 
than  a  semicircle;  for  since  AC  is  less  than  CB,  AC  and  CF  are  less 
than  BC  and  CF.  Also,  AC  is  less  than  CF,  because  it  is  more  re- 
mote from  CHG  than  CF  is;  therefore  in  tins  case  also,  viz.  when 
the  perpendicular  falls  without  the  triangle,  and  when  the  sum  of  the 
sides  is  less  than  a  semicircle,  the  least  segment  of  the  base  AD  is 
adjacent  to  the  least  side. 

3.  But  in  the  triangle  FCE  the  two  sides  FC  and  CE  are  greater 
than  a  semicircle;  for,  since  FC  is  greater  than  CA,FC  and  CE  are 
greater  than  AC  and  CE.  And  because  AC  is  less  than  CB,  EC  is 
greater  than  CF,  and  EC  is  therefore  nearer  to  the  perpendicular 
CHG  than  CF  is,  wherefore  EG  is  the  least  segment  of  the  base,  and 
is  adjacent  to  the  greater  side. 

4.  In  the  triangle  ECB  the  two  sides  EC,  CB  are  greater  than  a 
semicircle;  for,  since  by  supposition  CBis  greater  than  CA,  EC  and 
CB  are  greater  than  EC  and  CA.  Also,  EC  is  greater  than  CB, 
wherefore  in  this  case,  also,  the  least  segment  of  the  base  EG  is  ad- 
jacent to  the  greatest  side  of  the  triangle.  Therefore,  when  the 
sum  of  the  sides  is  greater  than  a  semicircle,  the  least  segment  of 
the  base  is  adjacent  to  the  greatest  side,  whether  the  perpendicular 
fall  within  or  without  the  triangle:  and  it  has  been  shown,  that  when 
the  sum  of  the  sides  is  less  than  a  semicircle,  the  least  segment  of  the 
base  is  adjacent  to  the  least  of  the  sides,  whether  the  perpendicular 
fall  within  or  without  the  triangle.     Wherefore,  See.     Q.  E.  D. 


PROP.  XVIII. 

In  right  angled  spherical  triangles,  the  sine  of  either  of 
the  sides  about  the  right  angle,  is  to  the  radius  of  the 
sphere,  as  the  tangent  of  the  remaining  side  is  to  the  tan- 
gent of  the  angle  opposite  to  that  side. 

Let  ABC  be  a  triangle,  having  the  right  angle  at  A ;  and  let  AB  be 
either  of  the  sides,  the  sine  of  the  side'AB  will  be  to  the  radius,  as 
the  tangent  of  the  other  side  AC  to  the  tangent  of  the  angle  ABC, 
opposite  to  AC.  Let  D  be  the  centre  of  tJie  sphere;  join  AD,  BD, 
CD,  and  let  AF  be  drawn  perpendicular  to  BD,  which  therefore  will 
be  the  sine  of  the  arch  AB,  and  from  the  point  F,  let  there  be  drawn 
in  the  plane  BDC  the  straight  line  FE  at  right  angles  to  BD,  meet- 
ing DC  iu  E,  and  let  AE  be  joined.    Since  therefore  the  straight 
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line  DF  is  at  right  angles  to  both  FA 
and  FE,  it  will  also  be  at  right  angles 
Id  the,  plane  AEF  (4.  2.  Sup.) ;  where- 
fore the  plane  ABD,  which  passes 
through  DF  is  perpendicular  to  the 
plane  AEF  (17.  2.  Sup.),  and  the 
plane  AEF  perpendicular  to  ABD  : 
But  the  plane  ACD  or  AED,  is  also 
perpendicular  to  the  same  ABD,  be-j^ 
cause  the  spherical  angle  BAC  is  a 
Tight  angle:  Therefore  AE,  the  com- 
mon section  of  the  planes  AED,  AEF, 
is  at  right  angles  to  the  plane  ABD, 
(18.  2.  Sup.),  and  EAF,  EAD  are 
light  angles.  Therefore  AE  is  the  tangent  of  the  arch  AC  ;  and  in 
the  rectilineal  triangle  AEF,  having  a  right  angle  at  A,  AF  is  to  the 
radius  as  AE  to  the  tangent  of  the  angle  AFE,  (l.  Pi.  Tr.) :  but  AF 
is  the  sine  of  the  arch  AB,  and  AE  the  tangent  oi  the  arch  AC  ;  and 
the  angle  AFE  is  the  inclination  of  the  planes  CBD,  ABD,  (4.  def.  2. 
Sup.),  or  is  equal  to  the  spherical  angle  ABC  ;  Therefore  the  sine  of 
the  arch  AB  is  to  the  radius  as  the  tangent  of  the  arch  AC  to  the 
tangent  of  the  opposite  angle  ABC.     Q.  E.  D. 

Cor.  Since  by  this  proposition,  sin.  AB :  R  :  :  tan.  AC  :  tan.  ABC; 
and  because  R  :  cof.  ABC  ::  tan.  ABC  :  R  ( I.  Cor.  def.  9.  PI.  Tr.) 
by  equality,  sin.  AB  :  cot.  ABC  :  :  tan.  AC  :  R. 


PROP.  XIX. 

In  right  angled  spherical  triangles  the  sine  of  the  hy- 
potenuse is  to  the  radius  as  the  sine  of  either  side  is  to  the 
sine  of  the  angle  opposite  to  that  side. 

Let  the  triangle  ABC  be  right  angled  at  A,  and  let  AC  be  either  of 
the  sides;  the  sine  of  the  hypotenuse  BC  will  be  to  the  radius  as  the 
sine  ol  the  arch  AC  is  to  the  sine  of  the  angle  ABC. 

Let  D  be  the  centre  of  the  sphere,  and  let  CE  be  drawn  perpendi- 
cular toDB,  which  will  therefore  be  the  sine  of  the  hypotenuse  BC; 
and  from  the  point  E  let  there  be  c 

drawn  in  the  [)Iane  ABD  the  straight 
line  EF  perpendicular  to  DB,  and 
let  CF  be  joined:  then  CF  will  be 
at  right  angles  to  the  plane  ABD, 
because  as  was  shown  of  EA  in  the 
preceding  proposition,  it  is  the  com- 
mon section  of  two  planes,  DCF, 
ECF,  each  perpendicular  to  the 
plane  ADB.  Wherefore  CFD,  CFE 
are  right  angles,  and  CF  is  the  sine 
of  the  arch  AC ;  and  ia  the  triangle  CFE  having  the  right  angle  CFE, 
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CE  is  to  the  radius,  as  CF  to  the  sine  of  the  angle  CEF  (1.  PJ.  Tr.). 
But,  since  CE,  FE  are  at  right  angles  to  DEB,  which  is  the  corumon 
section  ot  the  planes  CBD,  ABD,  the  angle  CEF  is  equal  to  the  incli- 
nation of  these  planes,  (4.  del.  2.  Su[).),  that  is  to  the  spherical  angle 
ABC.  Therefore  the  sine  of  the  hypetenuse  CB,  is  to  the  radius,  as 
the  sine  of  the  side  AC  to  the  sine  of  the  opposite  angle  ABC.  Q.  E.  D. 

PROP.  XX. 

In  right  angled  spherical  triangles,  the  cosine  of  the 
hypotenuse  is  to  the  radius  as  the  cotangent  of  either  of 
the  angles  is  to  the  tangent  of  the  remaining  angle. 

Let  ABC  be  a  spherical  triangle,  having  a  right  angle  at  A,  the  co- 
sine of  the  hypotenuse  BC  is  to  the  radius  as  the  cotangent  of  the  an- 
gle ABC  to  the  tangent  of  the  angle  ACB. 

Describe  the  circle  DE,  of  which  B  is  the  pole,  and  let  it  meet  AC 
in  F,  and  the  circle  BC  in  E  j  and  since  the  circle  BD  passes  through 


the  pole  B,  of  the  circle  DF,  DF  must  pass  through  the  pole  of  BD, 
(4.).  And  since  AC  is  perpendicular  to  BD,  the  plane  of  the  circle 
AC  is  perpendicular  to  the  plane  of  the  circle  BAD,  and  therefore 
AC  must  also  (4.)  pass  through  the  pole  of  BAD ;  wherefore,  the 
pole  of  the  circle  BAD  is  in  the  point  F,  where  the  circles  AC,  DE, 
intersect.  The  arches  FA,  FD  are  therefore  quadrants,  and  likewise 
the  arches  BD,  BE.  Therefore,  in  the  triangle  CEF,  right  angled 
at  the  point  E,  CE  is  the  complement  of  BC,  the  hypotenuse  of  the 
triangle  ABC  ;  EF  is  the  complement  of  the  arch  ED,  the  measure 
of  the  angle  ABC,  and  FC,  the  hypotenuse  of  the  triangle  CEF,  is 
the  complement  of  AC,  and  the  arch  AD,  which  is  the  measure  of 
the  angle  CFE,  is  the  complement  of  AB. 

But  (18.)  in  the  triangle  CEF,  sin.  CE  ;  R  :  :  tan.  EF  :  tan.  ECF, 
that  is,  in  the  triangle  ACB,  cos.  BC  :  R  :  :  cot.  ABC  ;  tan.  ACB. 
Q.  E.  D. 
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Con.  Bccaiise  cos.  RC  :  R  "  cot.  ABC  :  tan.  ACB,  and  (Cor.  1. 
def.  9.  PI.  Tr.)  cot.  ACB  :  R  ::  R  :  tan.  ACB,  e\  tequo,  cot.  ACB  : 
COS.  BC  ::  R  :  cot.  ABC. 

PROP.  XXI. 

In  right  angled  spherical  triangles,  the  cosine  of  an  an- 
gle is  to  the  radius  as  the  tangent  of  the  side  adjacent  to 
that  angle  is  to  the  tangent  of  the  hypotenuse. 

The  same  construction  remaining:  In  the  triangle  CEF,  sin.FE  : 
R  ::  tan.  CE  :  tan.  CFE  (IS.) ;  hut  sin.  EF=cos.  ABC ;  tan.  CE  = 
cot.  BC,  and  tan.  CFE=cot.AB,  therefore  cos.  ABC  :  R  "  cot.BC  : 
eot.AB.  Now,hecause(Cor.  1.  def.  Q.Pl.Tr.)  cot.BC  :  R  ::  R  :  tan. 
BC,  and  cot.  AB  :  R  11  R  :  tan.  AB,  by  equality  inversely,  cot.  BC  : 
cot.  AB  ::  tan.  AB  :  tan.  BC ;  therefore  (li.  5.)  cos.  ABC  :  R  '.:  tan. 
AB  :  tan.  BC.    Therefore,  &c.     Q.  E.  D. 


CoR.  1.  From  the  demonstration  it  is  manifest,  that  the  tangfents  of 
any  two  arches  AB,  BC  are  reciprocally  proportional  to  their  cotan- 
gents. 

CoR.  2.  Because  cos.  ABC  :  R  : :  tan.  AB  :  tan.  BC,  and  R  :  cot. 
BC  :  :  tan.  BC  :  R,  by  equality,  cos.  ABC  :  cot.  BC  :  :  tan.  AB  :  R. 
That  is,  the  cosine  of  any  of  the  oblique  angles  is  to  the  cotangent 
of  the  hvpotenuse,  as  the  tangent  of  the  side  adjacent  to  the  angle  is 
to  the  radius. 

PROP.  XXII. 

In  right  angled  spherical  triangles,  the  cosine  of  either 
of  the  sides  is  to  the  radius,  as  the  cosine  of  the  hypotenuse 
is  to  the  cosine  of  the  other  side. 

The  same  construction  remaiiiing:  In  the  triangle  CEF,  sin.  CF  : 
R  ::  sin.  CE  :  sin.  CFE,  (19.) ;  but  sin.  CF=cos.'CA,  sin.  CE=cos. 
BC,  and  sin.  CFE=cos.  AB  j  therefore,  cus.  CA  :  R  : :  cos.  BC  : 
cos.AB.    Q.  E.  D. 
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In  right  angled  spherical  triangles,  the  cosine  of  either 
of  the  sides  is  to  the  radius,  as  the  cosine  of  the  angle  op- 
posite to  that  side  is  to  the  sine  of  the  other  angle. 

The  same  construrfion  remaining:  In  the  triangle  CEF,  sin.  CP 
R  : :  sin.  EF  :  sin.  ECF,(I9.);  but  sin.  CF=co8.  CA,8in.EF=cos. 
ABC  and  sin.  ECF=8in.  BCA;  therefore,  cos. C A  ;  R  : :  cos.  ABC  : 
sin.  BCA.    Q.  E.  D. 

PROP.  XXIV. 

In  spherical  triangles,  whether  right  angled  or  oblique 
angled,  the  sines  of  the  sides  are  proportional  to  the  sines 
of  the  angles  opposite  to  them. 

First,  Let  ABC  be  a  right  angled  triangle,  having  a  right  angle  at 
A;  therefore,  (19.)  the  sine  of  the  hypotenuse  BC  is  to  the  radius, 
(or  the  sine  of  the  right  angle  at  A),       c 
as  the  sine  of  the  side  AC  to  the 
sine  of  the  angle  B.     And,  in  like 
manner,  the  sine  of  BC  is  to  the 
sine  of  the  angle  A,  as  the  sine  of 
AB  to   the  sine  of    the  angle   C; 
wherefore   (II.  5.)  the  sine  of  the 
side  AC  is  to  the  sine  of  the  angle 
B,  as  the  sine  of  AB  to  the  sine  of 
the  angle  C. 

Secondly,  Let  ABC  be  an  oblique  angled  triangle,  the  sine  of  any 
of  the  sides  BC  will  be  to  the  sine  of  any  of  the  other  two  AC,  as  the 
sine  of  the  angle  A  opposite  to  BC,  is  to  the  sine  of  the  angle  B  op- 
posite to  AC.  Through  the  point  C,  let  there  be  drawn  an  arch  of  a 
great  circle  CD  perpendicular  to  ABj  and  in  the  right  angled  trian- 


gle BCD,  sin.  BC  :  R  : :  sin.  CD  :  sin.  B,  ( 19.);  and  in  the  triangle 
ADC,  sin.  AC  :  R:  sin.  CD :  sin.  A ;  wherefore,  by  equality  inversely, 
sin.  BC  :  sin.  AC  : :  sin.  A  :  sin.  B.  In  the  same  manner,  it  may  be 
proved  that  sio.  BC  :  ein.  AB  : :  sin.  A  :  sin.  C,  &c.  Therefore,  &c. 
Q.  E.  D. 

Kk 
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PROP.  XXV. 

In  oblique  angled  spherical  triangles,  a  perpendicular 
arch  being  drawn  from  any  of  the  angles  upon  the  opposite 
side,  the  cosines  of  the  angles  at  the  base  are  proportional 
td  the  sines  of  tiie  segments  of  the  vertical  angle. 

Let  ABC  be  a  triangle,  and  the  areh  CD  perpendicular  to  the  base 
Bx\;  the  cosine  of  the  angle  B  will  be  to  the  cosine  of  the  angle  A, 
as  the  sine  of  the  angle  iiCD  to  the  sine  of  the  angle  ACD. 

For  having  drawn  CD  perpendicular  to  AiJ,  in  the  right  angled 
triangle  BCD,  (23.)  cos.  COiki  :  :  cos.  H :  sin.  L)CB ;  aud  in  the  right 
angled  triangle  ACD,  cos.  CD  :  R  II  cos.  A  :  sin.  ACD;  therefore 
(11.  5.)  cos.  B  :  sin.  DCt5  :  ;  cos.  A  :  sin.  ACD,  and  altetnately, cos, 
B  :  COS.  A  ::  sin.  BCD  :  sin.  ACD.     Q.  E.  D. 

PROP.  XXVI. 

The  same  things  remaining,  the  cosines  of  the  sides 
BC,  CA,  are  proportional  to  ttie  cosines  of  BD,  DA,  the 
segments  of  the  base. 

t'orin  the  triangle  BCD,  (32.),  cos.  BC  :  (?os.  BD  ''.  cos.  DC  :  R, 
and  in  the  triangle  ACD,  cos.  AC  :  cos.  AD  '.l  cos.  DC  :  H, ;  therefore 
(11.  5.)  COS.  BC  :  cos.  liD  :  :  cos.  AC  :  cos.  AD,  and  alternately,  cos. 
BC  :  cos.  AC  II  cos.  BD  :  cos.  AD.    Q.  E.  D. 

PROP.  XXVII. 

The  same  construction  remaining,  the  sines  of  BD,  DA 
the  segments  of  the  base  are  reciprocally  proportional  to 
the  tangents  of  B  and  A,  the  angles  at  the  base. 

In  the  triangle  BCD,  (I8.),sin.  BD  :  R  "  tan.  DC  :  tan.B:  and  in 
the  triangle  ACD,  sin.  AD  :  R, :  :  tan.  DC  :  tan.  A;  therefore,  by 
equality  inversely,  sin.  BD  :  sin.  AD  1 1  tan.  A  :  tan,  B,     Q.  E.  D. 
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PROP.  XXVIII. 

The  same  construction  remaining,  the  cosines  of  the 
se8:!rients  of  the  vertical  a,ngle  are  recipjE'Ocally  proportional 
tQ  the  tangents  of  th,e  sides. 

Because  (21.),  cos.  BCD  :  R  '.'.  tan.  CD  :  tati.  BC,  and  also,  cos. 
AC  I)  :  H  '.'.  tan.  CI)  :  tan.  iVC,  by  equality  inversely,  cos.  BCD  :  cos. 
ACD  ::  tan.  AC  :  tan.  BC.     Q.  E.  D. 

PROP.  XXIX. 

If  from  an  angle  of  a  spherical  triangle  there  be  drawn 
a  perpendicular  to  the  opposite  side,  or  base,  the  rectangle 
contained  by  the  tangents  of  half  the  sum,  an.d  of  half  the 
difference  of  the  segments  of  the  base  is  equal  to  the  rect- 
angle contained  by  the  tangents  of  half  the  sum,  and  of 
half  the  difference  of  the  two  sides  of  the  triangle. 

Let  ABC  be  a  spherical  triangle,  and  let  the  arch  CD  be  drawn 
from  the  angle  C  at  right  angles  tq  the  base  AB,  tan.  2  {in-\-n)  Xtan.  5 
(ni— n)  =  5  tan..  (a+6)x5  tan.  (a  — 6). 

Let  BC=a,  AC=6:  DI)=?h,  AD=n.  Because  (26.)  cos.  a  :  cos. 
b  '.'.  cos.  m  :  cos.  ?i,  (E.  5.)  cos.c4-^  :  cos.  a  — cos.  6  '.'.  c«s.m+cos.)2  : 
Qos.  m  — cos.  n.  But  (l.Cor.  .3.  PI.  Tr.),  cos.  o+cos.  6  :  cos.  a--  cos.  l> 
;:  cot-d  (t*-!:^)  :  tan.5  (a— 6,)  and  alsQ,  cos.tn  +  cos. w  :  cog. m— cos. 
n  '.'.  cot.  ^  {m-\-ii)  :  tan.  ^  (ni  —  n).  Therefore,  (11.  5.)  cot.  ^  (a  +  6)  : 
tan.  5  {(i  —  b)  '.'.  cot.  ^  (m-f,n)  :  tan.  |  (pn^n).  And  because  rectaii- 
gles  of  the  same  altitude  are  as  tlieir  bases,  tan.  5  («  + 6)  x  cot.  ^ 
(a-f-fe):  tan.  |  (a.-|-6)  xtan.  5  {a~b)  '.'.  tan.  5  (m-|-n)xcot.  5  (m-f-a) 
:  tan.  I  (mxw)-f-tan.  5  (m— re).  Now  the  first  and  third  terms  of  this 
proportion  are  equal,  being  each  equal  to  tlie  square  of  (lie  radius, 
(1.  Cor.  PI.  Tr.),  therefore  the  remaining  two  are  equal,  (9.  5.)  or 
tan.  5  (m+n)xtan.  I  (m  — re)=tan.  ^  (o-j-6)xtan.  |  (a— ft);  thatis, 
tan.  i  (BD+AD)xtan.  |  (BD-AD)=tan.  ^  (BC-|rAC)xtan.  ^ 
(BC-AC).    Q.  E.  D. 

Cor.  1.  Because  the,  sides  of  equal  rectangles  are  reeiproeaHy  pro- 
portional, tan.  i  (BD-fAD)  :  tan.HBC+AC)  :*.  tan.|  (BC-^AC) 
:  tan.  i  (BD  -AIJ). 

CoR.  2.  Since,  when  the  perpendicular  CD  falls  within  the  trian- 
gle, BD+AD  =  AB,  the  base;  and  when  CD  falls  without  the  tri- 
angle BD  — AD=AB,  iherefore  in  the  hrst  case,  the  proportion  in 
the  last  corollary  becomes  tan,  ^  (AB)  :  tan.  5  (BC  +  AC)  '.I  tan.  5 
(BC  —  AC)  :  tan.  5  (BD— AD):  and  in  the  second  case,  it  becomes 
by  inversion  and  alter;* tion,  tan.  ^  (AB)  :  tan.  ^  (BC+AC)  '.'.  tan.  | 
(BC-AC) :  tan.  i  (BD-fAD). 


256 


SPHERICAL  TRIGONOMETRY. 


SCHOLIUM. 

The  preceding  proposition,  which  is  very  useful  in  spherical  triajo- 
rometry,  may  be  easily  remembered  from  its  analogy  to  the  proposi- 
tion in  plane  trigonometry,  that  the  rectangle  under  half  the  sum» 
and  half  the  difference  of  the  sides  of  a  plane  triang^le,  is  equal  to 
the  rectangle  under  half  the  sura,  and  half  the  difference  of  the  seg- 
ments of  the  base.  See  (K.  6.),  also  4th  Case,  PI.  Tr.  We  are  in- 
debted to  Napier  for  this  and  the  two  following  theorems,  which  are 
so  well  adapted  to  calculation  by  Logarithms,  that  they  must  be  con- 
sidered as  three  of  the  most  valuable  propositions  in  Trigouometrj-. 

PROP.  XXX. 

If  a  perpendicular  be  drawn  from  an  angle  of  a  spher*- 
cal  triangle  to  the  opposite  side  or  base,  the  sine  of  the 
sum  of  the  angles  at  the  base  is  to  the  sine  of  their  differ- 
ence as  the  tangent  of  half  the  base  to  the  tangent  of  half 
the  difference  of  its  segments,  when  the  perpendicular 
falls  within  ;  but  as  the  co-tangent  of  half  the  base  to  the 
co-tangent  of  half  the  sum  of  the  segments,  when  the  per- 
pendicular falls  without  the  triangle  :  And  the  sine  of  the 
sum  of  the  two  sides  is  to  the  sine  of  their  difference  as 
the  co-tangent  of  half  the  angle  contained  by  the  sides,  to 
the  tangent  of  half  the  difference  of  the  angles  which  the 
perpendicular  makes  with  the  same  sides,  when  it  falls 
within,  or  to  the  tangent  of  half  the  sum  of  these  angles, 
when  it  falls  without  the  triaugle. 

If  ABC  be  a  spherical  triangle,  and  ADaperpendiculartothebase 
BC,  i^in.  (C  +  B)  :  sin.  (C-BJ  ::  tan.  ^  BC  :  tan.  |  (BD-DC),when 
Al)  falls  within  the  trians-le;  but  sin.  (C  +  B)  :  sin.  (C-B)  II  cot.  d 
JiC  :  cot.  d  (BD-I-DC),  when  AD  falls  without.    And  again, 


SPHERICAL  TRIGONOMETRY. 

A 


257 


sin.  (AB+AC) :  sin.  ( AI?  -  AC)  ::  cot.  d  BAC :  tan.  |  (BAD  -  CAD), 
when  AD  falls  within  ;  but  when  AD  falls  without  the  triansjle, 
sin.  (AB+AC)  :  sin.  (AB  -  AC)  ::  cot.  I  BAC  :  tan.  h  (BAD  +  CAD). 
For  in  the  triangle  BAC  (37.),  tan.  B  :  tan.C  ::  sin.  CD  :  sin.BD, 
andtherefore(E.0.),tan.  C+tan.B  :  tan.C— tan. B  "  sin.BD+sin. 
CD  :  sin.  BD  — sin.  CD.  Now,  (hy  tlie  annexed  Lemma)  tan.C -f  tan. 
B  :  tan.  C-tan.  B  ::  sin.  (C-f-B)*:  sin.  (C-B),  and  sin.  BD+sin. 
CD  :  sin.  BD-sin.  CD  ::  tan.  h  (BD+CD)  :  tan.  h  (BD-CD), 
(3.  PI.  Tr.),  therefore,  because  ratios  which  are  equal  to  the  same 
ratio  are  equal  to  one  another  (11.  5.),  sin.  (C+B)  :  sin.  (C  — B)  V* 
tan.  h  (BD+CD) :  tan.  h  (BD-CD). 


Now  when  AD  is  within  the  trianajle,  BD+CD  =BC,  and  therefore 
sin.  (C +B)  :  sin.  (C - B)  "  tan.  |  BC :  tan.  i  (BD-CD).  And  again 
when  AD  is  without  the  triangle,  BD  — CD»=BC,and  therefore  sin. 
(C+B)  :  sin.  (C-B)  ::  tan.  i' (BD+CD) :  tan.  I  BC,  or  because  the 
tangents  of  any  two  arches  are  reciprocally  as  their  co-tangents,  sin. 
(C+B)  :  sin.  (C-B)  *.:  cot.  k  BC  :  cot.  ^(BD+CD). 

The  second  part  of  the  proposition  is  next  to  be  demonstrated.  Be- 
cause (28.)tan.AB:  tan.  AC  '.'.  cos.  CAD  :  cos.  BAD,tan.  AB+tan. 
AC  :  tan.  AB-tan.  AC  "  cos..  CAD+cos.BAD  :  cos.  CAD -cos. 
BAD.  But  (Lemma)  tan.  AB+tan.  AC  :  tan.  AB-tan.  AC  .*:  sin. 
(AB+AC) :  sin.  (AB  -  AC),  and  (l.  cor.  3.  PI.  Tr.)  cos.  C4  D+cos. 
BAD  ;  cos.  CAD-cos.  BAD  ::  cot. ^  (BAD+CAD)  :  tan.  k  (BAD 
-CAD).  Therefore  (11.5.)  sin.  (AB+AC)  :  sin.(AB-AC)  ::  cot. 
h  (BAD+CAD)  :  tan.  k  (BAD-CAD).  Now,  when  AD  is  within 
the  trianR:le,BAD+CAD=BAC,  and  therefore  sin.  (AB+AC)  :  sin. 
(AB-AC)  ::  cot.  h  BAC  :  tan.  i  (BAD-Cx\D.) 
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Byt  if  AT>  be  without  the  triang:]e,  BAD  -  CAD=BAC,and  there- 
fore sin.  (AB+aC)  :  sin.  (AB-AC)  :: 
cot.  i  (BAD-|-CA!>)  :  tan.  h  BAC;  or  because 
cot.  I  (RAn+CAD) :  tau.  i  BAC  ::  cot.  i  BAC  : 
tan.  I  (BAD  +  CAF)%sin.(AB  +  AC):sin.  (AB-AC)  ::cot.|BAC: 
tan.  I  (BAD-f  CAD).    Wherefore,  kc.    Q.  E.  D. 


LEMMA. 

The  sum  of  the  tangents  of  any  two  arches,  is  to  the 
difference  of  their  tanpcents,  as  the  sine  of  the  sum  of  the 
arches,  to  the  sine  of  their  difference. 

Let  A  and  B  be  two  arches,  tan.  A -f-tan.B  :  tan.  A  — tan.B  "  sin. 

(A4-B):sin.  (A-B). 

For,  by  §  6.pas:e2l3,sin.Axeos.B+cos.  Axsin.B=sin.  (A+B), 

and  therefore  dividins:  all  by  cos.  A  cos.  B, — '-     -f — '—- 
^  ''  COS.  A  '  COS.  B 

^sin.  (A  +  B)^  ^,^^^  jg^  because  ^^l!ll^=tan.  A,  tan.  A+tan.  B 

COS.  Axcos.B  COS.  A 

_^sin.  (A  +  ii).    jjj  ^jjg  same  manner  itis  proved  that  tan.  A— tan.B 

COS.  A  xcos.  B 

^sin.  (A  -  R).    Therefore  tan.  A+tan.  B  :  tan.  A-tan.  B  ll  sin. 

COS.  A  xcos.  B 
(A+B)  :  sin.  (A-  B).    Q.  E.  D. 

PROP.  XXXI. 

The  sine  of  half  the  sum  of  any  two  angles  of  a  spheri- 
cal triangle  is  to  the  sine  of  half  their  difference,  as  the 
tans:ent  of  half  the  side  adjacent  to  these  angles  is  to  the 
tangent  of  half  the  difference  of  the  sides  opposite  to  them  ; 
and  the  cosine  of  half  the  sum  of  the  same  angles  is  to  the 
cosine  of  half  their  difference,  as  the  tangent  of  half  the 
side  adjacent  to  them,  to  the  tangent  of  half  the  sum  of 
the  sides  opposite. 

Let  C+B=2S,  C-B=2D,  the  base  BC=2B,  and  the  difference 
of  the  spa:men(s  of  the  base,  or  BD  — CD=2X.  Then,  because  (30.) 
sin.  (C+B)  :sin.  (C-B)  II  tan.  |  BC ;  tan.  ^  (BD-CF)),sin.2S:  sin. 
SD  ::  tan.  B  :  tan.  X.  Now,  sin.  2S=sin.  (S+S)=2sin.  8xcos.  S, 
(Sect.  111.  cor.  PI.  Tr.).  In  tlie  same  manner,  sin.  2D=2  sin.  Dx 
COS.  D.    Therefore  sin.  Sxcos.  S  :  sin.Dx  cos.  D  '.'.  tan.  B  :  tan.X. 
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sin  U  ::  sin  AB+sia  AC  :  sm  AB— siu  AC.     But  (3.  PI.  Tr.)  sin 

AB-|-siuAC:siaAB-sin  AC  ::  tan  |  (AB  +  AC) :  tan  i  (AB— AC)  *.: 

tan  S  :  tan  A,  S  being  equal  to  |  (AB+AC)  and  A  to  ^  (AB-AC). 

Therefore  sin  Sxeos  D  :  cos  Sxsin  D  ll  tan  X  :  tan  A-     Since  then 

tanX     sinDxcusD        ,  tanA     cosSxsinD,         ,.-    ,  . 

7 rj—  ■  '^~, TT' •*•""; r-^- — ^^ rribymultiplyinffequals 

tan  B     sin  Sxcos  b  tans      smisxeosD    *'  *  •'     ^   ^ 

by  equals;  tan  X^tan  A_(sin  D)'^  xcos  Sxcos  O     (sin  D)' 

'tan  B     tan  S       (sin  8)=^  xcos  sxcos  D     (sin  SV" 

But  (29  >tanUBD-DC)_^taui  (AB+AC)    ,  tan  X_tan  S 

^"^^^'•^an,HAB-AC)  tan^BC    '^^^*'%anA~^^irB' 

tanX_tan2Xtan  A  ^^  ^,^  Jan  X_tan  A_(taTi  a)^ 

'tan  B         (tjin  B)^     '  tan  ii     talTT     (tan  ii)' 


J  ^,       p       tan  A     I 

and  theretore, — =- 

tan  B  _  _ 

But^^-^X ^^ILA^C^in  P)^whence(^^"  A)-^(sinJO^  ^„jt^n_A 
tan  b     tan  2      (sin  S)^  (Ian   B)^     (sin  S)^'        tan  B 


sin  D 

sin  S' 


or  sin  S  :  sin  D  Ii  tan  B  :  tan  A?  that  is,  sin  (C-fB)  :  sin 

(C-  B)  ::  tan  i  BC  :  tan  |  (AB-AC) ;  which  is  the  first  part  of  the 

proposition. 

.      .       .   „„tan  A     cos  Sxsin  D  ^^  .  _  „  ,  tan  S     sin  Sxcos  D 

Aeain,  since =-, — ^i rrjor  inversely = z:, 

tans      siuhxcosD  Ian  A     cos  Sxsin  D* 

,    .       tan  X     sin  Dxcos  D    ,,        «       ,  i.-   i-      .      tan  X 

and  since —-=-. — ^r e?  therefore  bymultiplication,-^^— ^X 

tan  IS     sm   toxcos   S  "'  *^  'tan  B 

tan  S^(cos  D)^ 

tan  A     (cos  S)^ 

But  it  was  already  shown  that*^5_^==tanX2CtatiA  ^i^erefoi-e  also 

tau  B         (tan  B)* 
tan  X     tan  S_(tan  s)^ 

tan  B     tau  A     (tan  B)^' 

XT       tan  X  ^,  tan  S     (cos  D^)        ,       .    ,  ,  v     ™ 

Now,  ^ — rj  X ' -=) 3—,  as  has  just  been  shown. 

fail   H       tan  A        (cos    S)^  *• 

cos  D    tan  S 


„,       „      (cos  D)^     (tan  s)*        ,  . 

Theretore  > ^=7 — -~5  and  consequently 

(cos  S^^     (an  15)=*'  ^         ^ 


= r^,  or  cos 


cos  S    tauB 
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S  :  COS.  D  :  :  tan.  B  :  tan.  2,  that  iscos.(C+B)  :  cos.(C-B)  : :  tan. 
5  BC  :  tan.  ^  (C+B);  which  is  the  second  part  of  the  proposition. 
Therefore,  &c.     Q.  E.  1). 

Cor.  1.  By  applying  this  proposition  to  the  triangle  supplemental 
to  ABC  (11.  5.),  and  by  considering,  that  the  sine  of  half  the  sum  or 
half  the  difference  of  the  supplements  of  two  arches,  is  the  same  with 
the  sine  of  half  the  sum  or  half  the  difference  of  the  arches  themselves ; 
and  that  the  same  is  true  of  the  cosines,  and  of  the  tangents  of  half 
the  sum  or  half  the  difference  of  the  supplements  of  two  arches :  hut 
that  the  tangent  of  half  the  supplement  of  an  arch  is  the  same  with 
the  cotangent  of  half  the  arch  itself;  it  will  follow,  that  the  sine  of 
half  the  sum  of  any  two  sides  of  a  splierical  triangle,  is  to  the  sine  of 
half  their  difference  as  the  cotangent  of  half  the  angle  contained  be- 
tween them,  to  the  tangent  of  half  the  difference  of  the  angles  opposite 
to  them:  and  also  that  the  cosine  of  half  the  sum  of  these  sides,  is  to 
the  cosine  of  half  their  difference,  as  the  cotangent  of  half  the  angle 
contained  between  them,  to  the  tangent  of  half  the  sum  of  the  angles 
opposite  to  them. 

Cor.  3.  If  therefore  A,  B,  C  be  the  three  angles  of  a  spherical  tri- 
angle, a,  6,  c  the  sides  opposite  to  thein. 

I.  sin.  i  (A-f B)  :  sin.  i  ( A-B)  ll  tan.  ^  c  :  tan.  ^  (a-6). 
II.  cos.  h  (A+B)  ;  cos.  i  (A— B)  i:  tan.  i  c  :  tan.  i  (a+6). 

III.  sin.  h  (a+fe)  :  sin.  h  {o-—b)  V-  tan.  h  C  :  tan.  i  (A-B). 

IV.  COS.  i  {a-irb)  :  cos.  k  {a-b) '.'.  tan.  i  C  :  tan.  ^  (A+B). 
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PROBLEM  I. 

In  a  right  angled  spherical  triangle,  of  the  three  sides 
and  three  angles,  any  two  being  given,  besides  the  right 
angle,  to  find  the  other  three. 

This  problem  has  sixteen  eases,  the  solutions  of  which  are  con- 
tained in  the  following  table,  where  ABC  is  any  spherical  triangle 
right  angled  at  A. 


GIVEN. 

SOUGHT.                                         SOLUTION. 

BC  and  B. 

AC.        R  :  sin.  3C  :  :  sin.  B  :  sin.  AC,    (19). 

AB.        R  :  COS.  B  : :  tan.  BC  :  tan.  AB,  (21). 

C.         R  :  COS.  BC  :  :  tan.  B  :  cot.  C,      (30). 

1 

3 
3 

AC  and  C. 

AB. 

BC. 

B. 

R  :  sin.  AC  : ;  tan.  C  :  tan.  AB,  (18). 
COS.  C  :  R  : :  tan.  AC  :  tan.  BC,  (21). 
R  :  COS.  AC  :  :  sin.  C  :  cos.  B,      (23). 

4 
5 
6 

AC  and  B. 

AB. 

BC. 

C. 

tan.  B  :  tan.  AC  : :  R  :  sin.  x\B,  JlS). 
sin.  B  :  sin.  AC  :  :  R  :  sin.  BC,   (19). 
COS.  AC  :  COS.  B  :  :  R  :  sin.  C,     (23). 

r 

8 
9 

ACandBC. 

AB. 
B. 
C. 

cos.  AC  :  COS.  BC  : :  R  :  cos.  AB,  (22). 
sin.  BC  :  sin.  AC  : :  R  :  sin.  B,    (19). 
tan.  BC  :  tan.  AC  :  :  R  :  cos.  C,    (21). 

10 
11 
13 

AB  and  AC. 

BC. 
B. 
C. 

R  :  cos.  AB  : :  cos.  AC  :  cos.  BC,  (32). 
sin.  AB  :  R  :  :  tan.  AC  :  tan.  B,  (18). 
sin.  AC  :  R  :  :  tan.  AB  :  tan.  C,  (18). 

18 
14 
14 

B  and  C 

AB. 
AC. 
BC. 

sin.  B  :  cos.  C  :  :  R  :  cos.  AB,      (23). 
sin.  C  :  cos.  B  :  :  R  :  cos.  AC,      (23). 
tan.  B  :  cot.  C  :  :  R  :  c«s.  BC,      (20). 

15 
15 

16 

LI 
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TABLE  for  determining  the  affections  of  the  Sides  and  Angles  found 
by  the  preceding  rules. 


AC  and  B  of  the  same  affection,  (14). 
If  BCZ-90°,  AB  and  B  of  the  same  affection, otherwise  dif 
/ereut,  (Cor.  15.) 

If  BCz.90°  C  and  B  of  the  same  affection,  otherwise  dif- 
ferent, (15.) 


AB  andC  are  of  the  same  affection,  (14.) 

If  AC  and  C  are  of  the  same  affection,  BCAQO";  otherwise 

BCZ_90°,  (C»r.  15.) 

B  and  AC  are  of  the  same  affection,  (l*-) 


Ambiguous. 
Ambiguous. 
Ambiguous. 


When  BCZ^90°,  AB  and  AC  of  the  same;   otherwise  of 
different  affection,  (l^*) 

\C  and  B  of  the  same  affection,  {l4  ) 

When  BCZ_90°,  AC  and  C  of  the  same;  otherwise  of  dif- 
ferent affection,  (Cor.  15.) 


10 
11 


12 


BCZ-90°,  when  AB  and  AC  are  of  tlie  same  affection, 

(1.  Cor.  15.) 
B  and  AC  of  the  same  affection,  (14.) 

C  and  AB  of  the  same  affection,  (14.) 


13 
14 
14 


AB  and  C  of  the  same  affection,.  (14.) 

AC  and  B  of  the  same  affection,  (14.) 

When  B  and  C  are  of  the  same  affection,  BCiL90°>  other- 
wise, BC-790°,  (15.) 


15 
15 


16 


The  eases  marked  ambiguous  are  those  in  which  the  thing  sought 
has  two  vahies,  and  may  either  be  equal  to  a  certain  angle,  or  to  ihe 
supplement  of  that  angle.  Of  fhes*^  there  are  three,  in  all  of  which 
the  things  given  are  a  sids*,  and  the  angle  opposite  to  it;  and  accord- 
ingly, it  is  easy  lo  show,  that  two  right  angled  spherical  triangles  may 
always  be  found,  that  have  aside  andtlie  angle  opposite  to  it  the  same 
in  both,  but  of  which  the  reinaiiiiiigsides,  ami  the  remaining  angle  of 
the  one,  are  the  supplements  of  the  remaining  sides  and  the  remaining 
an^le  of  Ihe  other,  each  of  each. 

Though  the  affection  of  the  arch  or  angle  found  may  in  all  the  other 
cases  be  determiued  by  tl»e  rules  in  the  second  of  theprecedingtabi  s^ 
it  is  of  use  to  remark,  that  all  these  rules  except  twO)  may  be  reduc- 
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ed  to  one,  viz.  that  ivhen  the  thing  found  by  the  rules  in  the  first  table 
is  cither  a  tangent  or  a  cosine;  and  when,  of  the  tangents  or  cosines  em- 
ployed in  the  computation  oj  it,  one  only  belongs  to  an  obtuse  angle,  the 
angle  required  is  also  obtuse. 

Thus,  ill  the  15th  cast',  when  cos.  AB  is  found,  if  C  he  an  ohtuse  an- 
gle, because  of  cos.  C,  AB  must  be  obtuse;  and  in  case  16,  if  either 
B  or  C  be  obtuse,  BC  is  greater  than  90°,  but  if  B  and  C  are  either 
both  acute,  or  both  obtuse,  BC  is  less  than  90°. 

It  is  evident,  that  this  rule  does  not  apply  when  that  which  is  found 
is  the  sine  of  an  arch;  and  this,  besides  the  three  ambiguous  eases, 
happens  also  in  other  two,  viz.  the  Ist  and  llth.  The  ambiguity  is 
obviated,  in  these  two  cases ;  by  this  rule,  that  the  sides  of  a  spherical 
right  angled  triangle  are  of  the  same  affection  with  the  opposite  angles. 

Two  rules  are  therefore  sufficient  to  remove  the  airibiguitY  in  all 
the  cases  of  the  right  angled  triangle,  in  which  it  can  possibly  ber«> 
moTed. 


su 
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It  may  be  useful  to  express  the  same  solutions  as  in  the  annexed 
table.  Let  A  be  at  the  rij*ht  angle  as  in  the  figure,  and  let  the  side 
opposite  to  it  be  a ;  let  b  be  the  side  opposite  to  B,  and  c  the  side  op- 
posite to  C. 


GIVEN. 

SOUGHT. 

SOLUTION.                                1       j 

a  and  B. 

b. 
C. 

C. 

sin  6  =  sin  a  X  sin  B. 
tan  c  =  tan  a  x  cos  B. 
cot  C  =  cos  a  X  tan  B. 

1 

2 
3 

b  and  C. 

c. 
a. 
B. 

tan  c  =  sin  b  X  tan  C. 

,              tan  b 

tan  a  = j=f 

cosC 

eos  B  =  cos  6  X  sin  C. 

4 

5 
6 

b  and  B. 

c. 
a. 
C. 

tan  6 

sin  6  = „. 

tan  B 

sin  b 
am  a  «=•  .    „. 
sm  B 

.    ^      cos  B 

sinC  3= J. 

eos  0 

7 
8 
9 

a  and  b. 

c. 
B. 
C. 

cgs  a 

10 
11 
13 

cos  0 

•    -a      sin  b 
sm  B  =  . 

sin  a 

„«„  n      tan  6 
cosL  = . 

tan  a 

b  and  c. 

a. 
B. 

C. 

eos  a  »:  cos  b  x  cos  c. 

tanB-t^"^ 
sin  c 

tanCe=l?^^ 
sin  b 

13 
14 

14 

B  and  C. 

c. 
b. 
a. 

cos  C 

cos   C  =  -; =,. 

sm  B 

,      cos  B 

cos  b  =— — --. 

sm  U 

cotC 
cosa^r       _, 

tanB 

Id 
15 
16 
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PROBLEM  11. 

In  any  oblique  angled  spherical  triangle,  of  the  three 
sides  and  three  angles,  any  three  being  given,  it  is  re- 
quired to  find  the  other  three. 

In  this  Table,  the  references  (e.  4.),  (e.  5.),  Sec.  are  to  the  cases 
in  the  preceding  Table,  (16.),  (27.),  &,c.to  the  propositions  in  Sphe- 
rical Trigon»metry. 


GIVEN. 

SOUGHT.                                          SOLUTieN.                                   | 

i 

Two  sides 
AB,  AC, 

and  the  in- 
l  eluded  angle 
A. 

One   of  the 

other  angles, 

B. 

Let  fall  the  perpendicular  CD 
from  the  unknown  angle,  not  re- 
quired, on  AB. 

R  :  cos.  A  :  :  tan.  AC  :  tan.  AD, 
(c.  2.) ',  therefore  BD  is  known, 
and  sin.BD  :  sin.  AD  : :  tan.  A  : 
tan.  B,  (27.) ;  B  and  A  are  of  the 
same  or  dift'erent  affection,  ac- 
cording as  AB  im  greater  or  less 
than  BD,  (l6.) 

5 

The  third 
side 
BC. 

Let  fall  the  perpendicular  CD  from 
one  of  the  unknown  angles  on  the 
side  AB. 

R  :  COS.  A  : :  tan.  AC  :  tan.  AD, 
(c.  2.) ;  therefore  BD  is  known, 
and  COS.  AD  :  cos.  BD  :  :  cos. 
AC  :  COS.  BC,  (26.) ;  according 
as  the  segments  AD  and  DB  are 
of  the  same  or  different  affection, 
AC  and  CB  will  be  of  the  same 
or  different  affection. 

^ft 
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TABLE  continued. 


3 
4 

GIVEN. 

SOUGHT. 

SOLUTION. 

Two  angles, 
A  and  ACB, 

and 

AC, 

the  side  be- 
tween them. 

The  side 
BC. 

From  C  the  extremity  of  AC  next 
the  side  sought,  let  fall  the  per- 
peudicular  CO  on  Ab. 

R  :  COS  AC  :  :  tan  A  :  cot  A  CD, 
(c.  3.);  therefore  BCD  is  knowu, 
and  cos  iiCD  :  cos  ACD  : :  tan 
AC  :  tan  bC,  (28).  bC  is  less 
or  greater  than  90°,  accordiug 
as  the  angles  A  and  bC'Jj  are 
of  the  same,  or  dillereut  atl'ec- 
tion. 

The  third 

angle 

B. 

Let  fall  the  perpendicular  CD 
from  one  of  the  given  angles  on 
the  opposite  side  AB. 

R  :  cos  AC  :  :  tan  A  :  cot  ACD, 
(c.  3.):  therefore  the  angle  BCD 
is  given,  and  sin  ACD :  sin  BCD 
:  :  cos  A  :  cos  B,  (25.);  B 
and  A  are  of  the  same  or 
difterent  aftection,  according  as 
CD  falls  within  or  without  the 
triangle,  that  is,  according  as 
ACB  is  gieater  or  less  Uian 
BCD,  (16.) 

SPHERICAL  TRIGONOMETRT. 
TABLE  continued. 
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GIVEN.  SOUGHT 


Two  sides 
AC  and  BC, 


A 

opposite  to 

one  of  thein, 

BC. 


The    angle 

B 

opposite  to 

the  other  given 

side 

AC. 


and  an  angle^   ^j^g  ^^^^^ 

ACB 

contained  by 


the  given 

sides 

AC  and  BC 


SOLUTION. 


Sin  BC  :  sin.  AC  : :  sin  A  :  sin  B, 

(«4.).  The  affection  of  8  is  am- 
biguous, unless  it  can  be  de.'er- 
rained  by  this  rule,  that  accord 
ing  a«  AC  +  BC  is  greater  or 
less  than  lso°  \  +  B  is  greater 
or  less  than  180°,  (lo). 


The  third 
side 
AB. 


From  ACB  the  angle  sought  draw 
CD  perpendicular  to  AB;  then 
R  :  cos  AC  :  :  tan  A  :  cot  ACI), 
(c.  3.) ;  and  tan  BC  :  tan  AC  : : 
cos  ACD  :  cos  BCD,  (28.)  A'.'D 
±  BCD  =  ACB,  and  ACB  is 
ambigHOUs,  because  of  the  ambi- 
guous sign  -f  Of"  — • 


Let  fall  the  perpendicular  CD  from 
the  auiile  C,  contained  by  the 
given  sides,  upon  the  side  AB. 
R  :  cos  A  :  :  tan  AC  :  tan  AD, 
(c.  2.);  cos  AC  :  cos  BC  :  :  cos 
AD  :  cos  BD,  (26.) 
AB  =  AD  ±  BD,  wherefore  AB 
is  ambiguous. 


26S 
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TABLE  continued. 


Two  angles 

A,B, 
and  a  side 

AC 
opposite  to 
one  of  them 
B. 


10 


The  side 
BC 

opposite 
to  the 
other 

given  an- 
gle A. 


The  side 
AB 

adjacent 
to  the 
given 
angles 
A,B, 


11 


The  three 

sides, 
AB,  AC, 

and 

BC. 


The  third 
angle 
ACB. 


SOLUTION. 


One  of  the 

angles 

A. 


Sin  B  :  sin  A  :  :  sin  AC  :  sin  BC, 
(^.) ;  the  affection  of  BC  is  un- 
certain, except  when  it  can  be  de- 
termined by  this  rule,  that  accord- 
ing as  A+B  is  greater  or  less  than 
180°,  i.C+BC  is  also  greater  or 
less  than  180°,  (lo.). 


From  the  unknown  an^le  C,  draw 
CD  perpendicular  to  AB;  then 
R :  cos  A  :  :  tan  AC  :  tan  AD, 
(c.  2.) ;  tan  B  ;  tan  A  :  :  sin  AD  : 
sin  Bl).  BD  is  ambiguous,  and 
therefore  AB  =  AD  dr  BD  may 
have  four  values,  some  of  which 
will  be  excluded  by  this  condition, 
that  AB  must  be  less  than  180°. 


From  the  angle  required,  C,  draw 
CD  perpendicular  to  AB. 
R  :  cos  AC  :  :  tan  A  :  cot  ACD, 
(c.  3.),  oos  A  :  cos  B  :  :  sin  ACD  : 
sin  BCD,  (25.).  The  affection 
of  BCD  is  uncertain,  and  there- 
fore ACB  =  ACD  ±  BCD,  has 
four  values,  some  of  which  may 
be  excluded  by  the  condition,  that 
ACB  is  less  than  180°. 


From  C  one  of  the  angles  not  re- 
quired, draw  CD  perpendicular  to 
AB.  Find  an  arch  E  such  that 
tan  i  AB  :  tan  i  (AC  +  BC)  :  :  tan 
i  (AC-BC):tan  k  E;  then,  if 
AB  be  greater  than  E,  AB  is  the 
sum,  and  E  the  difference  of  AD 
and  DB;  hut  if  AB  be  less  than 
E,  E  is  the  sum,  and  AB  the  differ- 
ence of  AD,  DB,  (29).  In  either 
case,  AD  and  DB  are  known,  and 
tan  AC  :  tan  AD  :  :  R  :  cos  A. 
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TABLE  continued* 


13 

GIVEN. 

SOUGHT. 

■ ; '           .     m 

SOLUTION. 

The  three 

angles 

A,  B,  C. 

One  of  the 
sides 
BC. 

Suppose  the  supplements  of  the 
thtee  given  angles,  A,  B,  C,  to 
be,  a,  6,  c,  and  to  be  the  sides 
of  a  spherical  triangle.  Find, 
by  the  last  case,  the  angle  of 
this  triangle,  opposite  to  the 
side  a,  and  it  will  be  the  sup- 
plement of  the  side  of  the  given 
triangle  opposite  to  the  angle 
A,  that  is,  of  BC,  (11.);  and 
therefore  BC  is  found. 

In  the  foregoing  table,  the  rules  are  given  for  ascertaining  the  af- 
fection of  the  arch  or  angle  found,  whenever  it  cart  be  done:  Most  of 
these  rules  are  contained  in  this  one  rule,  which  is  of  general  appli- 
cation, viz.  that  when  the  thing  found  is  either  a  tangent  or  a  cosine,  and 
of  the  tangents  or  cosines  employed  in  the  cmnpiitation  of  ity  either  one 
or  three  belong  to  obtuse  angles,  the  angle  found  is  also  obtuse.  This 
rule  is  particularly  to  be  attended  to  in  cases  5.  and  7»  where  it  re- 
moves part  of  the  ambiguity. 

It  may  be  necessary  to  remark  with  respect  to  the  11th  case,  that 
the  segments  of  the  base  computed  there  are  those  cut  off  by  the  near- 
est perpendicular;  and  also,  that  when  the  sum  of  the  sides  is  less 
than  180°,  the  least  segment  is  adjacent  to  the  least  side  ofthetriaH- 
gle :  otherwise  to  the  greatest  (17.) 


M 


m 
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The  last  table  may  also  be  convenieHtly  expressed  in  the  following 
manner,  denoting  the  side  opposite  to  the  an^^Ie  A,  by  a,  to  B  by  b, 
and  to  C  by  e;  and  also  the  segineuts  of  the  base,  or  of  opposite  an- 
gle, by  X  and  y. 


Two  sides 

b  and  c,  and 

the  angle 

between 

them  A. 


Angles 

AandC 

and 

side  6, 


Sides 
a  and  b 

and 
angle  A. 


SOLUTION. 


B. 


a. 


B. 


B. 


C. 


c. 


Find  a;,  so  that 

tan  x=tau  fexcos  A;  then 

.       „     sin  xxtan  A 
tan  B=-: — ; 7 — . 

sin  {c  —  x) 


Find  X,  as  above, 

,1               ^     cos  6xcos  (c — a;) 
then  cos  a= — ^^ L 


Find  X,  so  that 

cot  a;=eos  fextan  A  :  then 

tan  6x<'os  x 


tan  a: 


cos  [c—x) 


Find  X,  as  above, 

*!.  „-,^„T»     COS  Axsin  (c—x") 
then  COS  B= '■         ' 


sin  B: 


sin  ixsin  A 


Find  X,  so  that 
eot  a:=cos  ixtan  A:  then 
««o  n     ^^^  XX tan  b 

cos  *  '^^^  — 

tan  a 


Find  X,  so  that 

tan  x=tan  6xcos  A;  and  find 

y,  so  that 

^^^  ^,    cos  axeos  x 
cos  y=— 


cos  b 


.__~4- 


xT.  y. 
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8 
9 

10 

11 

12 

GIVEN. 

SOUGHT. 

SOLUTION. 

Tlie  angles 

AandB 

and  the 

side  b. 

a 

.m«^*in^Xsin  A 

sin  B 

c 

Find  a-,  so  that 
tan  acxstan  6xcos  A;  and  y,  so 
that                                         •^' 

dn  ,/_"»  ^Xtan  A 

tan  B       ' 

'  c 

Find  x,  so  that 
cotx=cos  Axtan  Aj  and  also  y, 
so  that 

cos  A 

ay  6,  c, 

A 

Let  a-f  6+c==s. 

sin  i  A^^^'*"  ^^  '""^^  ^^^'^  (^  *~'^0 
v'sinixsiu  c 

v/sm  6XS1U  c 

A,B,C. 

a. 

Let  A-f  B4-C=S. 

,         v^cos  i  Sxcos  (^  S— A) 

V'sin  Bxsin  C 

orcos^a-.-/'"'^^^-^^^^"^^^-^) 

v/sin  Bxsin  C 

AFFENDIX 

TO 

SPBEKICAL 

TRIGONOMETRY. 

CONTAINING 

NAPIER'S  RULES  OF  THE  CIRCULAR  PARTS. 
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^HE  rule  of  the  Circular  Parts  iDvented  by  Napier,  is  of  great 

use  in  Spherical  Trigopometry,  by  reducing  all  the  theorems 

employed  in  the  solution  of  right  angled  triangles  to  two.  These  two 
are  not  new  propositions,  but  are  merely  enunciations,  which,  by  help 
of  a  particular  arrangement  and  classification  of  the  parts  of  a  triaosle, 
include  all  the  six  propositions,  with  their  corollaries,  which  have 
been  demonstrated  above  from  the  18th  to  the  23d  inclusive.  They 
are  perhaps  the  happiest  example  of  artificial  memory  that  is  known. 


DEFINITIONS. 
I. 

Jf  in  a  spherical  triangle,  we  set  aside  the  right  angle,  and  consider 
only  the  five  remaining  parts  of  the  triangle,  viz.  the  three  sides 
and  the  two  oblique  angles,  then  the  two  sides  which  contain  the 
right  angle,  and  the  complements  of  the  other  three,  namely,  of  the 
two  angles  and  the  hypotenuse,  are  called  the  Circular  Parts. 

Thus,  in  the  triangle  ABC  right  angled  at  A,  the  circular  parts  are 
ACj  AB  with  the  complements  of  B,  BC,  and  C.  These  parts  are 
called  circular;  because  when  they  are  named  in  the  natural  order 
of  their  succession  they  go  round  the  triangle. 

IL 

>Vhen  of  the  five  circular  parts  any  one  is  taken,  for  the  middle  part, 
then  of  the  remaining  four,  the  two  which  are  immediately  adjacent 
to  it,  on  the  right  and  left,  are  called  the  adjacent  parts;  and  the 
other  two,  each  of  which  is  separated  from  the  middle  by  an  adja- 
<cent  part,  are  called  opposite  parts. 


APPENDIX  TO,  &e.  srs 

Thus  in  the  right  angled  triangle  ABC,  A,  being  the  right  angle,  AC 
AB,90°-B,  90°-BC,  90°-C,  are  the  circular  parts,  by  Def.  1.; 
and  if  any  one  as  AC  be  reckoned  the  middle  part,  then  AB  and  90" 
—  C,  which  are  contiguous  to  it  on  different  sides,  are  called  adjacent 
parts;  and  90°  -B,  90° -BC  are  the  opposite  parts.    In  like  manner 


if  AB  is  taken  for  the  middle  part,  AC  and  90°— B  are  the  adjacertt 
parts:  90°  — BC,  and  90°  -C  are  the  opposite.  Or  if  90° -BC  be  the 
middle  part,  90°-  B,  90°  -C  are  adjacent ;  AC  and  AB  opposite,  &c. 
This  arrangement  being  made,  the  rule  of  the..circular  part  is  con- 
tained in  the  following 

PROPOSITION. 

In  a  right  angled  spherical  triangle,  the  rectangle  under 
the  radius  and  the  sine  of  the  middle  part,  is  equal  to  the 
rectangle  under  the  tangents  of  the  adjacent  parts  ;  or  to 
the  rectangle  under  the  cosines  of  the  opposite  parts. 

The  truth  of  the  two  theorems  included  in  this  enunciation  maybe 
easily  proved,  by  taking  each  of  the  five  circular  parts  in  succession 
for  the  middle  part,  when  the  general  proposition  will  be  found  to  co- 
incide with  some  one  of  the  analogies  in  the  table  already  given  for 
the  resolution  of  the  cases  of  right  angled  spherical  triangles.  Thus, 
in  the  triangle  ABC,  if  the  complement  of  the  hypotenuse  BC  be  taken 
as  the  middle  part,  90° --B,  and  90°  — C,  are  the  adjacent  parts,  AB 
and  AC  the  opposite.  Then  the  general  rule  gives  these  two  theorems, 
Rxcos  BC=cot  BxcotC;  and  Rxcos  BC=cos  ABxcos  AC.  The 
former  of  these  coincides  with  the  cor.  to  the  20th;  and  the  latter 
with  the  22d. 

To  apply  the  foregoing  general  proposition,  to  resolve  any  case  of 
a  right  angled  spherical  triangle,  consider  which  of  the  three  quanti- 
ties named  (the  two  things  given  and  the  one  required)  must  be  mad© 
the  middle  term,  in  order  that  the  other  two  may  be  equidistant  from 
it,  that  is,  may  be  both  adjacent,  or  both  opposite;  then  one  or  other 
of  the  two  theorems  contained  in  the  above  enunciation  will  give  the 
ralue  of  the  thing  required. 

Suppose,  for  example,  that  AB  and  BC  are  given,  to  find  C ;  it  is 
^vident  that  if  AB  be  made  the  middle  part,  BC  and  C  are  theoppo- 
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site  parts,  and  therefore  Rxsin  AB=8in  C  xsin  BC,  for  sin  C=cos. 
(90°— C), and  cos  (90°— BC)=sm  BC,  and  consequently 
.    ^     sin  AB 

sin  C=-: TJTT- 

sin  BO 
Again,  suppose  thatBC  and  C  are  given  to  find  AC  j  it  is  obvious 
that  C  is  in  ihe  middle  between  the  adjacent  parts  AC  and  (90°  ~  BC), 

therefore  Rxeos  Csastan  ACxcot  BC.or  tan  AC= — ,  „^=cos  0+ 

cot  BC 
1 

tan  BC;  beeause,  as  has  been  shown  above, rrr;=tan  BC 

'  '  'cot  BC 

In  the  same  way  may  all  the  other  eases  be  resolved.  One  or  two 
trials  will  always  lead  to  the  knowledge  of  the  part  which  in  any  given 
ease  is  to  be  assumed  as  the  middle  part;  and  a  little  practice  wiU 
make  it  easy,  even  without  such  trials,  to  judge  at  once  which  of  them 
is  to  be  so  assumed.  It  may  be  useful  for  the  learner  to  range  the  names 
of  the  five  circular  parts  of  the  triangle  round  the  circumference  of  a 
circle,  at  equal  distances  from  one  another,  by  which  means  the  mid- 
dle part  will  be  immediately  determined. 

Besides  the  rule  Of  the  circular  parts,  Napier  derived  from  the  last 
of  the  three  theorems  ascribsd  to  him  above,  (schol.  29.),  the  solu- 
tions of  all  the  eases  of  oblique  angled  triangles.  These  solutions  are 
as  follows ;  A,  B,  C,  denoting  the  three  angles  of  a  spherical  triangle, 
and  a,  b,  c,the  sides  opposite  to  them. 

I. 

Given  two  sides  b,  e,  and  the  angle  A  between  them. 
To  find  the  angles  B  and  C. 

tan  I  (B-C)=eot  I  AxJ|^4-|^^-   (31.)  cor.  l. 

tan  I  (B+C)=cot  h  ^\Zlfb^'j)'    (^^O  «°^-  ^- 
To  find  the  third  side  a. 
sin  B  :  sin  A  I',  sin  b  :  sin  a. 

II. 

Given  the  two  sides  b,  c,  and  the  angle  B  opposite  to  one  of  them. 

To  find  C,  and  the  angle  opposite  to  the  other  side. 

sin  b  :  sin  c  '.'.  sin  B  :  sin  C. 

To  find  the  contained  angle  A. 

cot  h  A=:tan  i  (B-C)  x'!"  \  [[^"l    (31.)  cor.  i. 
^     sin  5  (o  — c)      ^     ' 
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* 
To  find  the  third  side  a. 

Sin  B  '.'.  sia  A  '.'.  sin  h  :  sin  a. 

III. 

Given  two  angles  A  and  6,  and  the  side  c  between  them* 

To  find  the  other  two  sides  a,  b. 

,  f,       •.     .       1        sin  i  (A—  B)      ,      - 
lanUfe-«)-=tan-iex^-j^y|^^,    (31.) 

.  ,.       V  .       eos  I  (A— B)      ,      . 

Ua|(6+a)«tanicx^^^y^^.     (31.) 

To  find  the  third  angle  C. 
sin  a  :  sin  c  '.'.  sin  A  :  sin  C 

IV, 

Given  two  angles  A  and  B,  and  the  side  a,  opposite  to  one  of  them^ 

To  find  b,  the  side  opposite  to  the  other, 
sin  A :  sin  B  :  :  sin  a  :  sin  b. 

To  find  c,  the  side  between  the  given  angles. 

,  ,       ,.      sin  5  (A+B)      .      . 
^  sm  2  (A  —  B)      ^ 

To  find  the  third  angle  C. 
sin  d  :  sin  c  : :  sin  A  :  sin  C- 

The  other  two  cases,  when  the  three  sides  are  given  to  find  the  an- 
gles, or  when  the  three  angles  are  given  to  find  the  sides,  are  resolved 
by  the  29th,  (the  first  of  Napier's  Propositions,)  in  the  same  way  as 
iu  the  table  already  given  for  the  cases  of  the  oblique  angled  triangle. 

There  is  a  solution  of  the  case  of  the  three  sides  being  given,  which 
it  is  often  very  convenient  to  nse,  and  which  is  set  down  here,  though 
the  proposition  on  wliich  it  depends  has  not  been  demonstrated. 
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Let  a,  hj  c,  be  the  three  given  sides,  to  find  the  angle  A,  contained 
between  h  and  c. 

If  Rad.  =  ljanda+&-f-c=*> 


.     ,   *      x/sin  (5  s  —  fe) Xsin  5  (s  —  c) 

sm  5  A= — ^ -;  or, 

v/sin  6xsin  c 

.      ,    .      x/sin  (^  sxsini(s-a) 

CD'S    a   -f».= -  — * 

-v/sin  6xsin  c 

In  like  manner,  if  the  three  angles.  A,  B,  C  are  given  to  find  c,  the 
side  between  A  and  B. 

LetA+B+C=S, 


.       ,  v/COS  5  Sxcos  (5  S  — A) 

Sin  i  ci= —  ^ -;  or, 

v/sin  Bxsin  C 

,        v/cos  (^  S  — B)xeos  {5  S  — C) 
cos  5  c=—^ —  N • 

v'sin  Bxsin  C 


These  theorems,  on  account  of  the  facility  with  which  Logarithms 
are  applied  to  them,  are  the  most  convenient  of  any  for  resohang  the 
two  cases  to  which  they  refer.  When  A  is  a  very  obtuse  angle,  the 
second  theorem,  which  gives  the  value  of  the  cosine  of  its  half,  is  to 
t>e  used ;  otherwise  the  first  theorem,  giving  the  value  of  the  siiie  of 
its  half  is  preferable.  The  same  is  to  be  observed  with  respect  tn 
the  side  c,tne  reason  of  which  was  explained,  Plane  Trig.  SehoL 
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KOTES 

ON  THE 

First  book  of  the  elements. 

DEFINITIONS. 

i. 

IN  the  definitions  a  few  changes  have  been  niade,  of  which  it  is  iie» 
cessary  to  give  some  account.  One  of  these  changes  respects 
the  first  definition,  that  of  a  point,  which  Euclid  has  said  to  be, '  That 
which  has  no  parts,  or  which  has  no  magnitude.'  Now,  it  has  been 
objected  to  this  difinition,  that  it  contains  only  a  negative,  and  that  it  is 
not  convertible,  as  every  good  definition,  ought  certainly  to  be.  That  it 
is  not  convertible  is  evident,  for  though  every  point  is  Mnextended,  or 
without  magnitude,  yet.every  thing  unextended  or  without  magnitude, 
is  not  a  point.  To  this  it  is  impossible  to  rely,  and  therefore  it  be- 
comes necessary  to  change  the  definition  aitogetherj  which  is  accord- 
ingly done  here,  a  point  being  defined  to  be  j  that  which  has  position  but 
not  magnitude.  Here  the  affirmative  part  includes  all  that  is  es- 
sential to  a  point,  and  the  negative  part  excludes  every  thing  that  is 
not  essential  to  it.  I  am  indebted  for  this  definition  to  a  friend,  by 
whose  judicious  and  learned  remarks  I  have  often  profited^ 


Hi 

After  the  second  definition  Euclid  has  introduced  the  fdllowirig} 
''  the  extremities  of  a  line  are  points." 

Now,  this  is  certainly  not  a  definition,  but  an  inference  from  the  de- 
finitions of  a  point  and  of  a  line.  That  which  terminates  a  line  can 
have  no  breadth,  as  the  line  in  which  it  is  has  none ;  and  it  can  have  no 
length,  as  it  would  not  then  be  a  termination,  but  a  patt  of  that  which 
it  is  supposed  to  terminate.  The  termination  of  a  line  can  therefore 
have  no  magnitude,  and  having  necessarily  position,  it  is  a  points  But 
as  it  is  plain,  that  in  all  this  we  are  drawing  a  consequence  from  two 
definitions  already  laid  down,  and  not  giving  a  new  definition,  I  have 
taken  the  liberty  of  putting  it  down  as  a  corollary  to  the  secoud  defi- 
nition, and  have  added,  that  the  interseetions  of  one  line  -jvith  another 

Nn 
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are  points,  as  this  affords  a  fi;ood  illustration  of  the  nature  of  a  point, 
and  is  an  inference  exactly  of  the  same  kind  withthn  prej'fdinc.  The 
same  thinsj  nearly  has  been  done  with  the  fourth  ilefinition  where  ; hat 
which  Euclid  gave  as  a  separate  definition,  is  made  a  corollary  to  the 
fourth,  because  it  is  in  tact  an  inference  deduced  from  comparing  the 
definitions  of  a  superficies  and  a  line. 

As  it  is  impossible  to  explain  the  relation  of  a  superficies,  a  line 
and  it  point  to  one  another, and  to  the  solid  in  which  they  all  oris;inate, 
better  than  Dr.  Simeon  has  done,  I  shall  here  ad<l,  with  very  little 
change,  the  illustration  e:iven  by  that  excellent  Geometer, 

*'  It  is  necessary  to  consider  a  solid,  that  is,  a  magnitude  which  has 
length,  breadth  and  thickness,  in  order  to  understand  aright  the  defi- 
nitions of  a  point,  line  and  superficies;  for  tht^se  all  arise  from  a  solid) 
and  exist  in  it:  The  Ijoundary,  or  boundaries  which  contain  a  solid 
are  called  superficies,  or  the  b<»undary  which  is  common  to  two  solids 
■which  are  contiguous,  or  which  divides  one  solid  into  two  contiguous 
parts,  is  called  a  superficies:  Thus',if  BCGF  be  one  of  the  boundaries 
whiih  contain  the  solid  ABCDEFGH,  or  which  is  the  common  boun- 
dary of  this  solid,  and  the  solid  BKLCFNMG,  and  is  theretbre  in  the 
one  as  well  as  the  other  solid,  it  is  called  a  superficies,  and  has  no 
thickness;  For  if  it  have  any,  this  thickness  must  either  be  a  part  of 
the  thickness  of  the  solid  AG,  or  the  solid  BM,  or  a  part  of  the  thick- 
ness of  each  of  them.  It  cannot  be  a  part  of  the  thickness  of  the  solid 
BM ;  because,  if  this  solid  be  removed  from  the  solid  AG,  the  superfi- 
cies BCGF,  the  boundary  of  the  solid  AG,  remains  still  the  sane  as  it 
was.  Nor  can  it  be  a  part  of  the  thickness  of  the  solid  AG ;  because 
if  this  be  removed  from  the  solid  BM,  the  superficies  BCGF,  the 
boundary  of  the  solid  BM,  does  nevertheless  remain;  therefore  the 
superficies  BCGF  has  no  thickness,  but  only  length  and  breadth. 

"  The  boundary  of  a  superficies  is  called  a  line ;  or  a  line  is  the  com- 
mon boundary  of  two  superficies  that  are  contiguous,  or  it  is  that  which 
divides  one  superficies  into  two  contiguous  |)arts:  Thus,  if  BC  he  one 
ofthe  boundaries  which  contain  thesu  -frficies  ABCD,  or  which  is  the 
common  boundary  of  this  superficies,  and  of  the  superficies,  KBCL, 
wiiich  is  contiguous  to  it,  this  boundary  BC  is  called  a  line,  and  hfts  no 
breadth  :  For,  if  it  have  any,  this  must  be  part  either  ofthe  breadth 
of   the   superficies    ABCD    or  of 

the  superficies  KBCL,  or  part  of 

each  of  them.     It  is  not  part  of 

the    breadth    of    the    superficies 

KBCL;    for    if   this    superficies 

be  removed  from    the  superficies 

ABCD,  the  line  BC  which  is  the 

boundary  of  the  superficies  ABCD 

remains  the  same  as  it  was.     Nor 

can  the  breadth  that  BC  is  sup- 
posed  to  have,  be  a  part  of  the 

breadth  of  the  superficies  ABCD; 

because,  if  this  be  removed  from 
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(be  superficies  KBCL,  the  line  BC,  which  is  the  boundary  of  tbesu- 
perficie-  KBCL,  •  oe?  neverthelesjs  remain:  Tlierelore  the  line  BC 
has  no  hrt* ailth.  And  heeause  the  line  BC  is  in  a  superficies,  and  that 
a  superficies  has  no  thickness,  as  was  shown;  therefore  a  line  has  nei- 
ther breadth  nor  thickness,  but  only  length. 

"  The  boundary  of  a  line  is  called  a  point,  or  a  pointis  the  common 
boun  lary  or  extremity  of  two  lines  that  are  contiguous:  Thus,  it  B 
be  the  ^  xtremity  of  the  line  AB,  or  the  common  extremity  of  the  two 
lines  AB,  KB,  this  extremity  is  called  a  point,  and  has  no  length:  For 
if  it  have  any,  this  length  must  ei- 
ther he  part  of  the  length  of  the 
line  AB,  or  of  the  line  KB.  It  is 
not  part  of  the  length  of  KB;  for 
if  the  line  KB  be  remove<i  from  E( 
AB,  the  point  B,  which  is  the  ex- 
tremity of  the  line  AB  remains 
the  same  as  it  was;  Nor  is  if  part 
of  the  length  of  the  line  AB :  for 
ir  AB  be  removed  from  the  line 
KB,  the  point  B,  which  is  the  ex- 
tremity of  the  line  KB,  does  ne- 
Tertheless  remain:     Therefore  the 

point  B  has  no  length :  And  because  a  point  is  in  a  line,  and  a  line 
has  neither  breadth  nor  thickness,  therefore  a  point  has  no  length, 
breadth,  nor  thickness.  And  in  this  manner  the  definitions  of  a  point, 
lioe,  and  superficies  are  to  be  understood.^ 
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Euclid  has  defined  a  straight  line  to  be  a  line  which  (as  we  f  ranslate 
it)  "  lies  evenly  between  its  extreme  points."  This  definition  is  ob- 
viously faulty,  the  word  evenly  standing  as  much  in  nee<l  of  an  expla- 
nation as  the  word  straight,  which  it  is  intended  to  define.  In  the 
original  however,  it  must  be  confessed,  that  this  inaccuracy  is  at  least 
les?  striking  than  in  our  translation;  for  the  word  which  we  render 
evenly  1%  tlioa  equallyy  and  is  accordingly  translated  ciac^uo,  and  equa- 
liter  by  Commandine  and  Gregory.  The  definition,  therefore,  is,  that 
a  straight  line  is  one  which  lies  equally  between  its  extreme  points: 
and  if  by  this  we  understand  a  line  that  lies  between  its  extreme  points 
80  as  to  be  related  exactly  alike  to  the  space  on  the  one  side  of  it,  and 
to  the  space  on  the  other,  we  have  a  definition  that  is  perhaps  a  little 
too  metaphysical,  but  which  certainly  contains  i&  it  th«  essential  cha- 
racter of  a  straight  line.  That  Euclid  took  the  definition  in  this  sends 
however,  is  not  certain,  because  he  has  not  attempted  to  deduce  from 
it  any  property  whatsoever  of  a  straight  line;  and  indeed,  it  should 
seem  not  easy  to  do  so,  without  employing  some  reasonings  of  a  more 
metaphysical  kiod  tbaa  he  has  an/  wb«re  admitted  into  bis  Eiemeats. 
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To  supply  the  defects  of  his  definition,  he  lias  therefore  introduced 
the  Axiom,  that  ttvo  straight  lines  cannot  enclose  a  space;  on  which 
Axiom  it  is,  and  not  on  his  definition  of  a  straight  line,  that  his  de- 
monstrations are  founded.  As  this  manner  of  proeeedina;  is  cer- 
tainly not  so  regular  and  scientific  as  that  of  laying  down  a  definition, 
from  ^hich  the  properties  of  the  thing  defined  may  be  logically  de- 
duced, I  have  substituted  another  definition  of  a  straight  line  in  the 
room  of  Euclid's.  This  definition  of  a  straight  line  was  suggested  by 
fi  remark  of  Boscovich,  who,  in  his  Notes  on  the  philosophical  Poem 
of  Professor  Stay,  says,  "  Rectam  lineam  rectfe  congruere  totam  toti 
in  infinitum  productum  si  bina  punetauhiusbinisalteriuscongruant, 
palet  ex  ipsa  admodum  clara  rectitudinis  idea  quam  habemus.'' 
(Supplementum  in  lib.  3.  §  S50.)  Now,  that  which  Mr.  Boscovich 
would  consider  as  an  inference  from  our  idea  of  straightness,  seems  it- 
self to  be  the  essence  of  that  idea,  and  to  afford  the  best  criterion  fcr 
judging  whether  any  given  line  be  straight  or  not.  On  this  principle 
we  have  given  the  definition  above.  If  there  be  two  lines  which  cannot 
coincide  in  two  points,  without  coinciding  altogether,  each  of  them  is 
called  a  straight  line. 

This  definition  was  otherwise  expressed  in  the  two  former  editions: 
it  was  said,  that  lines  are  straight  lines  which  cannot  coincide  in  part, 
without  coinciding  altogether.  This  was  liable  to  an  objection,  viz. 
that  it  defined  straight  lines,hut  not  a  straight  line  ;  and  though  tlis 
in  truth  is  but  a  mere  cavil,  it  is  better  to  leave  no  room  lor  i(.  The 
definition  in  the  form  now  given  is  also  more  sim])le. 

From  fhe  same  definition,  the  proposition  which  Euclid  gives  as  an 
Axiom,  that  two  straight  lines  cannot  enclose  a  space,  follows  «s  a 
necessary  consequence.  For,  if  two  lines  enclose  a  space,  they  must 
intersect  one  another  in  two  points,  and  yet,  in  the  intermediate  part, 
must  not  coincide ;  and  therefore  by  the  diefinition  they  are  not  straight 
lines.  It  follows  in  the  same  way,  that  two  straight  lines  cannot  have 
fk,  common  seg.ment,  or  cannot  coincide  in  part,  without  coinciding 
altogether. 

After  laying  down  the  definition  oi*  a  straight  line,  as  in  the  first 
Edition,  I  was  favoured  by  Dr.  Reid  of  Glasgow  w  ith  the  perusal  of 
a  M8.  containing  many  excellent  observations  on  the  first  Book  of 
Euclid,  such  as  might  be  expected  from  a  philosopher  distinguished 
for  the  accuracy  as  well  as  the  extent  of  his  Know  ledge.  He  tliere  de- 
fined a  straight  line  nearly  as  has  been  done  here,  viz.  "  A  straight 
line  is  that  which  cannot  meet  another  straight  line  in  more  points 
than  one,  otherwise  they  perfectly  coincide,  and  are  one  and  the 
same."  Dr.  Reid  also  contends,  that  this  must  have  been  Euclid's 
own  definition;  because  in  the  first  proposition  of  the  eleventh  Book, 
that  author  argues,  "  that  tw  o  straight  lines  cannot  have  a  common 
segment,  for  this  reason,  that  a  straight  line  does  not  meet  a  straight 
line  in  more  points  than  one,  otherwise  they  coincide."  AVhelher 
this  amounts  to  a  proof  of  the  definition  above  having  been  actually 
!^^elid's,  I  will  not  take  upon  me  to  decide ;  but  it  is  certainly  a  proo'f 
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that  the  writings  of  that  geometer  ought  long  since  to  have  sug- 
gested this  diffinition  to  his  commentators;  and  it  reminds  me,  that 
I  might  have  learned  from  these  writings  what  I  have  acknow- 
ledged above  to  be  derived  from  a  remoter  source. 

There  is  another  characteristic,  and  obvious  property  of  straight 
lines,  by  which  I  have  often  thought  that  they  might  be  verv  con- 
veniently defined,  viz.  that  the  position  of  the  whole  of  a  straight 
line  is  determined  by  the  position  of  two  of  its  points,  in  so  much 
that,  when  two  points  of  a  straight  line  continue  fixed,  the  line  it- 
self cannot  change  its  position.  It  might  therefore  be  said,  that  a 
straight  tine  is  one  in  which,  if  the  positio7i  of  tivo  points  be  determined^ 
theposition  of  the  whole  line  is  determined.  But  this  definition,  though 
it  amount  in  fact  tq  the  same  thing  with  that  already  given,  is  ra- 
ther more  abstract,  and  not  so  easily  made  the  foundation  of  rea- 
soning. I  therefore  thought  it  best  to  lay  it  aside,  and  to  adopt  the 
definition  given  in  the  text. 

V. 

The  definition  ofa  plane  is  given  from  Dr.  Simson,  Euclid's  being 
liable  to  the  same  objections  with  his  definition  of  a  straight  line;  for 
he  says,  that  a  plane  superficies  is  one  which  "lies  evenly  between 
•'its  extreme  lines."  The  defects  of  this  definition  are  completely 
removed  in  that  which  Dr.  Simson  has  given.  Another  definition 
different  from  both  might  have  been  adopted,  viz.  That  those  su- 
perficies are  called  plane,  which  are  such,  that  if  three  points  of 
the  one  coincide  with  three  points  of  the  other,  the  whole  of  the 
one  must  coincide  with  the  whole  of  the  other.  This  definition,  as 
it  resembles  that  of  a  straight  line,  already  given,  might,  perhaps, 
have  been  introduced  with  some  advantage;  but  as  the  purposes  of 
demonstration  cannot  be  better  answered  than  by  that  in  the  text, 
it  has  been  thouG:ht  best  to  make  no  farther  alteration. 


VI. 

In  Euclid,  the  general  definition  ofa  plane  angle  is  placed  be- 
fore that  of  a  rectilineal  angle,  and  is  meant  to  comprehend  those 
angles  Avhich  are  formed  by  the  meeting  of  the  other  lines  tiian 
straight  lines.  A  plane  angle  is  said  to  be  "  the  inclination  of  two 
lines  to  one  another  which  meet  together,  but  are  not  in  the  same 
direction."  This  definition  is  omitted  here,  because  that  the  an- 
gles formed  by  the  meeting  of  curve  lines,  though  they  may  be- 
come the  subject  of  geometrical  investigation,  certainly  do  not  be- 
long to  the  Elements;  for  the  angles  that  must  first  be  considered 
are  those  made  by  the  intersection  of  straight  lines  with  one  ano- 
ther. The  angles  formed  by  the  contact  or  intersection  of  a 
straight  line  and  a  circle,  or  of  two  circles,  or  two  curves  of  any 
kind  with  one  another,  could  produce  nothing  but  perplexity  to 
beginners,  and  cannot  possibly  be  understood  till  the  properties  of 
rectilineal  angles  have  been  fully  explained.     On  this  ground,  I 
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am  of  opinion,  that  in  an  elementary  treatise,  it  may  fairly  be 
omitted.  Whatever  is  not  useful,  should  in  explaining  the  ele- 
ments of  a  science,  be  ktpt  out  of  sight  altogether;  for,  if  it  does 
not  assist  the  progress  of  the  understanding,  it  will  certainly  re- 
tard it. 


AXIOMS. 

Amoitg  the  Axioms  there  have  been  made  only  two  alterations. 
The  lOth  Axiom  in  Euclid  is,  that  "two  straight  lines  cannot  ♦•n- 
closc  a  space;"  which  having  become  a  corollary  to  our  definition 
of  a  straight  line,  ceases  of  course  to  be  ranked  with  self-evident 
propositions.  It  is  therefore  removed  from  among  the  axioms^ 
and  that  which  was  before  the  I  Ith  is  accounted  the  10th- 

The  12th  Axiom  of  Euclid  is,  that  "if  a  straight  line  meettwa 
''straight  lines,  so  as  to  make  the  two  interior  angles  on  the  same 
'''^side  of  it  taken  together  less  than  two  right  angles,  these  straight 
*' lines  being  continually  produced,  shall  at  length  meet  upon  that 
"  side  on  which  are  the  angles  which  are  less  than  two  right  angles.  '* 
Instead  of  this  proposition,  which  though  true,  is  by  no  means  self- 
evident;  another  that  appeared  more  obvious,  and  better  entitled 
to  be  accounted  an  Axiom,  has  been  introduced,  viz.  *'that  two 
"^  straight  lines,  which  intersect  one  another,  cannot  be  both  paral^ 
*'Iel  to  the  same  straight  line."  On  this  subject,  however  a  ful« 
ler  explanation  is  necessary,  for  which  see  the  note  on  the  29  th  Prop* 


PROP.  IV.  and  VIII.  B.  I. 

The  fourth  and  eighth  propositions  of  the  first  book  are  the  foun- 
dation of  all  that  follows  witn  respect  to  the  comparison  of  triaiigles. 
They  are  demonstrated  by  what  is  called  the  method  of  supraposi- 
tion,  that  is,  by  laying  the  one  triangle  upon  the  other,  and  proving 
that  they  must  coincide.  To  this  some  objections  have  been  made, 
asif  itwereungeometricalto  suppose  onefigure  to  be  removed  fpom 
its  place  and  applied  to  another  figure.  *'The  laying,"  says  Mr» 
Thomas  Simson  in  his  Elements,  "of  one  figure  upon  another, 
"whatever  evidence  it  may  afford,  is  a  mechanical  consideration,  and 
"depends  on  no  postulate."  It  is  not  clear  what  Mr.  Simson  meant 
here  by  the  word  mechanical;  but  he  probably  intended  only  to  say, 
that  the  method  of  supraposition  involves  the  idea  of  motion  which 
belongs  rathertomeehanics than  geometry;for  I  think  itisimpossi- 
ble  that  such  a  Geometer  as  he  was  could  mean  to  assert,  that  the 
evidence  derived  from  this  method  is  like  that  which  arises  from  the 
use  of  instruments,  and  of  the  same  kind  with  what  is  furnished  by 
experience  and  observation.  The  demonstrations  of  the  4th  and  8th, 
as  they  are  given  by  Euclid,  are  as  certainly  a  process  of  pure  rea- 
soning, depending  solely  on  the  idea  of  equality^as  established  in  the 
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8th  Axiom,  as  any  tluni*  in  geometry.  But,  if  still  the  removal  of  the 
triankjle  from  its  place  be  considered  as  creating  a  dilliculty,  and  as 
inelegant,  because  it  involves  an  idea,  that  of  motion,  not  essential  to 
geometry,  this  defect  may  be  entirely  remedied,  provided  that,  to 
Euclid's  three  postulates,  we  be  allowed  to  add  the  following,  rias- 
That  if  there  be  i  wo  equal  straight  lines,  and  if  any  figure  whatsoever 
be  constituted  on  the  oncy  a  figure  every  way  equal  to  it  may  be  constituted 
on  the  other.  Thus  if  AB  and  DB  be  two  equal  straight  lines,  md 
ABC  a  triangle  on  the  base  AB,  a  triangle  DBF  every  way  equal  to 
ABC  may  be  supposed  to  be  constituted  on  DB  as  a  base.  Bv  this  it 
is  not  meant  to  assert  that  the  method  of  describing  the  triangle  DBF 
is  actually  known,  but  merely  that  the  triangle  DBF  may  be  conceiv- 
ed to  exist  in  all  respects  equal  to  the  triangle  ABC.  Nfow,  there  is 
no  truth  whatsoever  that  is  better  entitled  than  this  to  be  ranked, 
among  the  Postulates  or  Axioms  of  geometry;  for  the  straight  lines 
AB  and  DB  being  every  way  equal,  there  can  be  nothing  belonging 
to  the  one  that  may  not  also  belong  to  the  other. 

On  the  strength  of  this  postulate  the  fourth  Proposition  is  thus 
demonstrated. 

If  ABC,  D  EF  be  two  triangles,  such  that  the  two  sides  AB  and  AC 
of  the  one  are  equal  to  the  two  BD,  DF  of  the  other,  and  the  angle 
BAC,  contained  by  the  sides  AB,  AC  of  the  one,  equal  to  the  angle 
EOF,  contained  by  the  sides  ED,  DF  of  the  otherj  the  triangles 
ABC  and  EOF  are  every  way  equal. 


On  AB  let  a  triangle  he  eonstituted  every  way  eqn  alto  the  triangle 
DBF;  then  if  this  triangle  coincide  with  the  triangle  ABC,  it  is  evi- 
dent that  the  proposition  is  true,  for  it  is  equal  to  DBF  by  hypothesis, 
and  to  ABC,  because  it  coincides  with  it;  Wherefore  ABC,  DEF  are 
equal  to  one  another.  But  if  it  does  not  coincide  \vith  ABC,  let  it 
have  the  position  ABG;  and  first  suppose  G  not  to  fall  on  AC:  then 
the  angle  BAG  is  not  equal  to  the  angle  BAC.  But  the  angle  BAG  is 
equal  to  the  angle  EDF,  therefore  EDF  and  ABC  are  not  equal,  and 
they  are  also  equal  by  hypothesis,  which  is  impossible.  Therefore 
the  point  G  must  fall  upon  AC;  now,  if  it  fall  upon  AC  but  not  at  C, 
then  AG  is  not  equal  to  AC ;  but  AG  is  equal  to  DP,  therefore  DF 
and  AC  are  not  equal,  and  they  are  also  equal  by  supposition,  which 
is  impossible.  Therefore  G  must  coincide  with  C,  and  the  triangle 
AGB  with  the  triangle  ACB.  But  AGR  is  every  way  equal  to  DEF, 
therefore.  ACB  and  DEF  are  also  every  way  equal.    Q.  E.  D. 
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By  help  of  the  same  postulate,  the  5th  may  also  be  rery  easily 
demonstrated. 

Let  ABC  be  an  isosceles  triangle,  in  which  AB,  AC  are  the  equal 
sides;  the  angles  ABC,  ACB  opposite  to  these  sides  are  also  equal. 

Draw  the  straight  line  EF  equal  to  BC,  and  suppose  that  on  EP 
the  triangle  DEF  is  constituted  every  way  equal  to  the  triangle  ABC^ 
that  is,  having  DE  equal  to  AB,  DF  to  AC,  the  angle  EDF  to  Ibtf 
angle  BAC,  the  angle  ACB  to  the  angle  DFE,  Sec* 


Then,  because  DE  is  equal  to  AB,  and  AB  is  equal  to  AC,  OE  is 
equal  to  AC ;  and  for  the  same  reason,  DF  is  equal  to  AB.  And  be- 
cause DF  is  equal  to  AB,  DE  to  AC,  and  the  angle  FDE  to  the  anglei 
BAC,  the  angle  ABC  is  equal  to  the  angle  DFE,  (4. 1.).  But  the  an- 
gle ACB  is  also,  by  hypothesis,  equal  to  the  angle  DFE;  therefore 
the  angles  ABC,  ACB  are  equal  to  one  another.     Q.  E.  D. 

Thus  also,  the  8th  proposition  may  be  demonstrated  independently 
of  the  7th. 

Let  ABC,  DEF  be  two  triangles,  of  which  the  sides  AB,  AC  areS 
equal  to  the  sides  DE,  DF  each  to  each,  and  also  the  base  BC  to  the 
base  EF ;  the  angle  BAC  is  equal  to  the  angle  EDF. 
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On  BC,  which  is  equal  to  EF,  and  oa  the  side  of  it  opposite  to  the 
trian.'^le  AliC,  let  a  triangle  BUG  lie  coistituted  every  way  equal  to 
the  tria!i2,*le  DfiP,  that  is,  liavin;?  GB  e:i:ial  to  D'j^,  dC  to  DF,  the 
allele  S5CJC  to  the  an^le  EDF,  &c. :  join  AG. 

Because  GB  aud  A  B  are  each  equal,  by  hypothesis,  to  DE,  AB  and 
GB  are  e<[ual  to  one  another  and  the  triauj^Ie  ABG  is  isosceles. 
W  erelbre  also  (5.  1.)  the  an^le  BA(i  is  equal  to  the  an^Ie  BGA.  lu 
the  same  way,  i'  is  shown  that  AC  is  equal  to  GC,  and  the  angle  C  AG 
to  the  aiiGjle  CGA.  Therefore  adding  equals  to  equals,  the  two  angles 
BAG,  C  AG  together  are  equal  to  the  two  angles  BGA,  CGA  together, 
that  is,  the  whole  angle  BAC  to  the  whole  BGC.  But  the  angle  BGC 
is,  by  hypothesis,  equal  to  the  angle  EDF,  therefore  also  the  angle 
BAG  is'equal  to  the  angle  EDF.     Q.  E.  D. 

Sueh  demonstrations,  it  must,  however,  be  acknowledged  trespass 
against  a  rule  which  Enclid  has  uniformly  adhered  to  throughout  the 
Elements,  except  where  he  was  forced  by  necessity  to  depart  from  it. 
This  rule  is,  that  nothing  is  ever  supposed  to  be  done,  the  manner  of 
doing  which  has  not  been  already  taught,  so  that  the  construction  is 
derived  either  directly  from  the  three  postulates  laid  down  in  the  be- 
ginning, or  from  problems  already  reduced  to  those  postulates.  Now, 
this  rule  is  not  essential  to  geometrical  demonstration,  where,  for  the 

fmrpose  of  discovering  the  properties  of  figures,  we  are  certainly  at 
iberty  to  suppose  any  figure  to  be  constructed,  or  any  line  to  be  drawn, 
the  existence  of  which  does  not  involve  an  impossibility.  The  only 
use,  therefore  of  Euclid's  rule  is  to  guard  against  the  introduction  of 
impossible  hypothesis,  or  the  taking  for  granted  that  a  thing  may  exist 
which  in  fact  implies  a  contradiction;  from  sueh  suppositions,  false 
conclusions  misjht,  no  doubt,  be  deduced,  and  the  rule  is  therefore 
useful  in  as  much  as  it  answers  the  purpose  of  excluding  them.  But 
the  foregoing  postulatum  could  never  lead  to  suppose  the  actual  exis- 
tence of  any  thing  that  is  impossible ;  for  it  only  assumes  the  existence 
of  a  figure  equal  and  similar  to  one  already  existing,  hut  in  a  different 
part  of  space  from  it,  or  having  one  of  its  sides  in  an  assigned  position. 
As  there  is  no  impossibility  in  the  existence  of  one  of  these  figures,  it 
is  evident  that  there  can  be  none  in  the  existence  of  the  other. 

PROP.  VII. 

Dr.Simson  has  very  properly  changed  the  enunciation  of  this  pro- 
position, which,  as  it  stands  in  the  original,  is  considerably  embarrass-^ 
ed  and  obscure.  His  enunciation,  with  very  little  variation,  is  re- 
tained here. 

PROP.  XXI. 

It  is  essential  to  the  truth  of  this  proposition,  that  the  straight  lines 
drawn  to  the  point  within  the  triangle  be  drawn  from  the  two  extre- 
mities of  the  base ;  for,  if  they  be  drawn  from  other  points  of  the  base, 
their  sum  may  exceed  the  sum  of  the  sides  of  the  triangle  in  any  ratio 
that  is  less  thaa  that  of  two  to  one.    This  is  demonstrated  by  Pappus 
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Alexandrinus  ia  the  3(1  Book  of  his  Mathematical  Collections^hut  the 
deinonsJratiun  ia  of  a  kiinl  that  does  not  helonsj  to  this  place.  If  it  be 
required  simply  to  show,  thai  in  certaiii  cases  the  sum  of  the  tvVo  lines 
drawn  to  the  point  within  tiie  trian;^le  may  exceed  the  sum  ot  the 
sides  of  the  triangle,  the  demonstration  is  easy,  and  is  given  nearly  as 
foll*»W3  by  Pa[)[>u  ,  and  also  by  Proclus,  in  the  4th  Book  of  his  Com- 
mentary on  Euclid. 

Let  ABC  be  a  triangle,  having  the  angle  at  A  aright  angle:  let  0 
beany  point  in  AB;  join  CD,  then  CD  will  be  greater  than  AC  be- 
cause in  the  triangle  ACD  Hie  angle  CAD  is  greater  than  the  angle 
ADC.     From  DC  cut  otF  DE  equal  to      ^ 
AC;  bisect  CE  in  F,  and  join  BF;  BF 
and  FD  are  greater  than  BC  and  CA. 

Because  CF  is  equal  to  FE,  CF  and 
FB  are  equal  to  ^F  and  FB,  but  CF 
and  Fli  are  greater  than  BC,  therefore 
EF  and  FB  ire  greater  than  BC.  Vo 
KP  and  FB  add  ED,  and  to  BC  add  AC, 
which  is  equal  to  ED  by  construction, 
and  BF  and  FD  will  be  greater  than  BC  and  CA-     Q.  E.  D. 

It  is  evident,  that  if  the  angle  BAG  be  obtuse,  the  same  reasoning 
may  be  applied. 

This  proposition  is  a  sufficient  vindication  of  Euclid  for  having  de- 
monstrated the  21st  proposition,  which  some  affect  to  consider  as  self- 
evident;  for  it  proves,  that  the  circumstance  on  which  the  truth  of 
that  proposition  depends  is  not  obvious,  nor  that  which  at  first  sight 
it  is  supposed  to  be,  vizw  that  of  the  one  triangle  being  included  withia 
the  other.  For  this  reason  I  cannot  agree  with  M.  Clairaut,  that  Eu- 
clid demonstrated  this  proposition  only  to  avoid  the  cavils  of  the  So- 
phists. But  I  must,  at  the  same  time,  observe,  that  what  the  French 
Geometer  has  said  on  the  subject  has  certainly  been  misun«lerstood, 
and,  in  one  respect,  unjustly  censured  by  Dr.  Simson.  The  exact 
translation  of  his  words  is  as  follows:  "If  Euclid  has  taken  the  trou- 
ble to  demonstrate,  that  a  triangle  included  within  another  has  the 
sum  of  its  sides  less  than  the  sum  of  the  sides  of  the  triangle  in  which 
it  is  included,  we  are  not  to  be  surprised.  That  geometer  had  lo  do 
with  those  obstinate  Sophists,  who  made  a  point  of  refusing  their  as- 
sent to  the  most  evident  truths,"  &c.  (Elemeus  de  Geometric  par 
M.  Clairaut.     Prel.) 

Dr.  Simson  sujiposes  M,  Clairaut  to  meati,  by  the  jiroposiliot) 
which  he  enunciates  here,  that  whfen  one  triartgle  id  included  in  an- 
other, the  sum  of  the  two  sides  of  the  included  triangle  is  necessarily 
less  than  the  sum  of  the  two  sides  of  the  triangle  in  which  it  is 
included,  whether  they  be  on  the  same  base  or  not.  Now  this  is  not 
only  not  Euclid's  proposition,  as  Dr.  Simson  remarks,  but  it  is  not  true, 
and  is  directly  contrary  to  what  has  just  been  demonstratei!  from  Pro- 
clus. But  the  fact  seems  to  be,  that  M.  Clairaut's  meaning  isentirely 
different,  and  that  !  e  intends  lo  speak  Dot  of  two  ot'  the  sides  ofa  tri- 
angle, but  of  all  the  three;  so  that  his  prupoaition  i^, ''  that  when  one 
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ffiassle  is  included  wilhin  another,  the  sum  of  all  the  three  skks  of 
the  induiled  triangle  is  less  than  the  s^um  of  all  the  three  sides  of  (he 
other,"  and  this  is  without  doubt  true,  though  1  think  by  no  means 
setl-f  videnf.  It  must  be  acknowledged  also,  that  it  is  not  exactly 
Euclid's  firo(iositioi>,  which,  however,  it  comprehends  under  it,  and  is 
the  general  theorem,  ol  which  the  other  is  only  a  particular  case. 
Therelore,  though  M.  Clairaut  may  be  blamed  tor  maintaining  that  to 
be  an  Axiom  which  requires,  demonstration,  yet  be  is  not  to  be  ac- 
cused ol  mistaking  a  false  proposition  tor  a  true  one. 

PROF.  XXII, 

Thomas  Sirason  in  Iris  Elements  has  objected  to  Euclid's  demon-. 
stratioQ  ol  this  proposition,  because  it  contains  no  proof,  that  the  two 
circles  made  use  ol  in  the  constraction  of  the  Problem  must  cut  one 
another;  and  Dr.  Simson  on  the  other  hand, always  unwilling  to  ac- 
knowledge the  smallest  blemish  in  the  works  ol  Euclid,  contends,  that 
the  demonstration  is  perfect.  The  truth,  however,  certainly  is,  that 
the  demonstration  admits  of  some  improvement;  for  th^  limitation 
that  is  made  in  the  enunciation  of  any  Problem  ought  always  to  be 
shown  to  be  necessarily  connected  with  the  construction  of  it,  and  thi» 
is  what  Euclid  has  neglected  to  doin  the  present  instance.  Thede-, 
feet  may  easily  b^  supplied,  and  Dr.  Simson  himself  has  done  it  in 
effect  in  his  note  on  this  proposition,  though  he  denies  it  to  be  neces- 
sary. 

Because  that  of  the  three  straight  lines  DF,FG,  GH,  any  two  are 
greater  than  the  third,  by  hypothesis,  FD  is  less  than  FG  and  GH,  that 
is,  than  FH,  and  therefore  the  circle  described  from  the  centre  F,  with 
th«  distance  FD  must  meet  the  line  F£  between  F  and  H;  and,  fo^ 


A 
B- 

c- 


ihe  like  reason^  (he  circle  described  from  the  centre  G  at  the  distancd 
GH,  must  meet  DG  between  Dand  G,  and  therefore,  the  one  of  these 
circles  cannot  be  wholly  within  the  otier.  Neither  ean  the  one  be 
wholly  without  the  other,  because  DF  and  GH  are  greater  th^nFG;. 
tl^e  two  Qircles  must  therefore  intersect  one  anothe^s^o 
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PROP.  XXVII.  and  XXVIII. 

Euclid  has  been  guilty  of  a  slight  inaccuracy  in  the  enunciations  of 
these  propositions,  by  omitting  the  condition,  that  the  two  straight 
lines  on  which  the  third  line  falls,  making  the  alternate  angles,  &c. 
equal,  must  be  in  the  same  plane,  without  which  they  cannot  he  pa- 
rallel, as  is  evident  from  tlie  definition  of  parallel  lines.  The  only  edi- 
tor, I  believe,  who  has  remarked  this  omission,  is  M.  de  FoixDuc  de 
Candalle,  in  his  translation  of  the  Elements  published  in  1566. 
How  it  has  escaped  the  notice  of  subsequent  commentators  is  not 
easily  explained,  unless  because  they  thought  it  of  little  importance 
to  correct  an  error  by  m  hich  nobody  was  likely  to  be  misled. 

PROP.  XXIX. 

The  ssbjeet  of  parallel  lines  is  one  of  the  most  difficult  in  the  Ele- 
ments of  Geometry.  It  has  accordingly  been  treated  of  in  a  grent  va- 
riety of  different  wajs,  of  which,  perhaps,  there  is  none  that  can  be 
said  to  have  given  entire  satisfaction.  The  difficulty  consists  in  con- 
verting the  27th  and  28th  of  Euclid,  or  in  demonstrating,  that  parallel 
straight  lines,  or  such  as  do  not  meet  one  another,  when  they  meet  a 
third  line,  make  the  alternate  angles  with  it  equal,  or,  which  comes  to 
the  same,  are  equally  inclined  to  it,  and  make  the  exterior  angle  equal 
to  the  interior  and  opposite.  In  order  to  demonstrate  this  proposition, 
Euclid  assumed  it  as  an  Axiom,that"ifastraightlinemeettwostraight 
lines,  so  as  to  make  the  interior  angles  on  the  same  side  of  it  less 
than  two  right  angles,  these  straight  lines  being  continually  produc- 
ed, will  at  length  meet  on  the  side  on  which  the  angles  are  that  are 
less  than  two  right  angles."  This  proposition,  however,  is  not  self- 
evident,  and  ought  the  less  to  be  received  without  proof,  that,  as  Pro- 
clus  has  observed,  the  converse  of  it  is  a  proposition  that  confessedly 
requires  to  be  demonstrated.  For  the  converse  of  it  is,  that  two 
straight  lines  which  meet  one  another  make  the  interior  angles,  with 
any  third  line, less  than  two  right  angles;  or,  in  other  words,  that  the 
two  interior  angles  of  any  triangle  are  less  than  two  right  angles, 
which  is  the  17th  of  the  First  Book  of  the  Elements:  and  it  should 
seem,  that  a  proposition  can  never  rightly  be  taken  for  an  Axiom,  of 
which  the  converse  requires  a  demonstration. 

The  methods  by  which  Geometers  have  attempted  to  remove  this 
blemish  from  the  elements  are  of  three  kinds.  1.  by  a  new  definition 
of  parallel  lines.  2.  by  introducing  anew  Axiom  concerning  paral- 
lel lines,  more  obvious  than  Euclid's.  3.  By  reasoning  merely  from 
the  definition  of  parallels,  and  the  properties  of  lines  already  demon- 
strated, without  the  assumption  of  any  new  Axiom. 

1.  One  of  the  definitions  that  has  been  substituted  for  Euclid's  is, 
that  straight  lines  are  parallel,  which  preserve  always  the  same  dis- 
tance from  one  another,  by  the  word  distance  being  understood,  a  per- 
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pendicular  drawn  to  one  of  the  lines  from  any  point  whatever  in  the 
other.  If  these  perpendiculars  be  every  where  of  the  same  length  the 
straight  lines  are  called  parallel.  This  is  the  definition  given  by 
Wolfius,  by  Boscovich,  and  by  Thomas  Simson,  in  the  first  edition  of 
his  Elements.  It  is  however  a  faulty  definition,  for  it  conceals  an 
Axiom  in  it,  and  takes  for  granted  a  property  of  straight  lines,  that 
ought  either  to  be  laid  down  as  self  evident,  or  demonstrated,  if  pos- 
sible, as  a  Theorem.  Thus,  if  from  the  three  points  A,  B,  and  C,  of 
the  straight  line  AC,  perpendiculars  AD,  BE,  CF  be  drawn  all  equal 
to  one  another,  it  is  implied  in  the  defini-    d  e  f 

tion,  that  the  points  D,  E  and  F,  are  in  the 
same  straight  liiie,  which,  though  it  be 
true,  it  was  not  the  business  of  the  defini- 
tion to  inform  us  of.  Two  perpendiculars, ' 
as  AD  and  CF,  are  alone  sufficient  to  deter- 
mine the  position  of  the  straight  line  DF,  and  therefore  the  defini- 
tion ought  to  be, "  that  two  straight  lines  are  parallel,  when  there  are 
*'  two  points  in  the  one,  from  which  the  perpendiculars  drawn  to  the 
*' other  are  equal,  and  on  the  same  side  of  it." 

This  is  the  definition  of  parallels  which  M.  D'AIembert  seems  to 
prefer  to  all  others:  but  he  acknowledges,  and  very  justly,  that  it 
still  remains  a  matter  of  difficulty  to  demonstrate,  that  all  the  per- 
.pendiculars  drawn  from  the  one  of  these  lines  to  the  other  are  equal. 
( Encychpedie  Art.  Par  allele.) 

Another  definition  that  has  been  given  of  parallels  is,  that  they  are 
lines  which  make  equal  angles  with  a  third  line,  toward  the  same 
parts,  or  such  as  make  the  exterior  angle  equal  to  the  interior  and 
opposite.  Varignon,  Bezout,  and  several  other  mathematicians, 
have  adopted  this  definition,  which,  it  must  be  acknowledged,  is  a 
perfectly  good  one,  if  it  be  understood  by  it,  that  the  two  lines  called 


parallel,  are  such  as  make  equal  angels  with  z  certain  third  line,  but 
not  with  any  line  that  falls  upon  them.  It  remains,  therefore,  to 
be  demonstrated,  That  if  AB  and  CD  make  equal  angles  with 
GH,  they  will  do  so  also  with  any  other  line  whatsoever.  The 
definition,  therefore,  must  be  thus  understood,  That  parallel  lines 
are  such  as  make  equal  angles,  with  a  certain  third  line,  or,  more 
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simpTy,  Tines  which  are  perpendicular  to  a  given  line.  It  must  then 
be  proved,  1.  That  straight  lines  whi(  h  are  equally  inclined  to  a 
certain  line  or  prependieular  to  a  certain  line,  must  be  equally  inclined 
to  all  the  other  lines  that  fall  upon  them;  and  also,  2.  1  hat  two 
straight  lines  which  do  not  meet  when  produced,  must  make  equal 
angles  with  any  third  line  that  meets  them.    . 

The  demonstration  ofthe  first  of  these  propositionsis  not  at  all  fa- 
cilitated by  the  new  definition,  unless  it  be  previously  shewn,  that 
all  the  angles  of  a  triangle  are  equal  to  two  right  angles. 

The  second  proposition  would  hardly  be  necessary  it  the  new  defi- 
nition were  employed,'  for  when  it  is  required  to  draw  a  line  that 
thali  not  meet  a  givin  line,  this  is  done  by  drawing  aline  that  shall 
have  the  same  inclination  to  a  third  line  that  the  first,  or  given  line 
has.  It  is  known  that  lines  so  drawn  cannot  meet.  It  would  no 
doubt  be  an  advantage  to  have  a  definition  that  is  not  founded  on  a. 
condition  purely  negative. 

2.  As  to  the  Mathematicians  who  have  rejected  Euclid's  Axiom^ 
and  introduced  another  in  its  place,  it  is  not  necessary  that  much 
should  be  said.  Clavius  is  one  ofthe  first  in  this  class;  the  Axiom  he 
assumes  is,  "Tnat  a  line  of  which  the  points  are  all  equidistant  from  a 
•*  certain  straight  line  in  the  same  plane  with  it,  is  itself  a  straight 
"line."  This  proposition  he  does  not,  however,  assume  altogether, 
as  he  gives  a  kind  of  metaphysical  proof  of  it,  by  which  he  endea- 
vours to  connect  it  with  Euclid's  definition  of  a  straigh  line,  with 
which  proof  at  the  same  time  he  seems  not  very  well  satisfied.  His 
reasoning,  after  this  proposition  is  granted  (though  it  ought  not  to 
be  granted  as  an  Axiom),  is  logical  and  conclusive,  but  is  prolix 
and  operose,  so  as  to  leave  a  strong  suspicion,  that  the  road  pursued 
is  by  no  means  the  shortest  possible. 

The  method  pursued  by  Simson,  in  his  Notes  on  the  First  Book  of 
Eoc^lidr  is  not  very  different  from  that  of  Clavius.  He  assumes  this 
Axiom,  "  That  a  straight  line  cannot  first  come  nearer  to  another 
"  straight  line,  and  then  go  farther  from  it  without  meeting  in." 
(Notes,  Ecc.  EngUsh  Edition.)  By  coming  nearer  is  understood,  con- 
formably to  a  previous  definition,  the  diminution  of  the  perpendicu-. 
lars  drawn  from  the  one  line  to  the  other.  This  Axiom  is  more  readily 
assented  to  than  that  of  Clavius,  from  which,  however,  it  is  not  very 
different ;  but  it  is  not  very  happily  expressed,  as  the  idea  not  merely 
of  motion,  but  of  time,  seems  to  be  involved  in  the  notion  of  Jirst 
coming  nearer,  and  then  going  farther  off.  Even  if  this  inaccuracy  is 
passed  over,  the  reasoning  of  Simson,  like  that  of  Clavius,  is  prclix, 
and  evidently  a  circuitous  method  of  coming  at  the  truth, 

Thomas  Simson,  in  the  second  edition  of  his  Elements,  has  pre- 
sented this  Axiom  in  a  simpler  form.  "  If  two  points  in  a  straight 
line  are  posited  at  unequal  distances  from  another  straight  line  in 
the  same  plane,  those  two  lines  being  indefinitely  produced  on  the 
side  ofthe  least  distance  will  meet  one  another." 

By  help  of  this  Axiom  it  is  easy  to  prove,  thatif  two  straight  line? 
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A8,  CD  ar<^  parallel,  the  perpendiculars  to  the  ono^  termirtatejl  by  tlie 
othar,  are  all  equal,  and  are  also  perpendicular  to  both  the  parallels. 
That  they  are  equal  is  evident,  otherwise  the  lines  would  meet  by 
the  Axiom.  That  they  are  perpendicular  to  both,  is  demonstrated 
thus : 

If  AC  and  UD,  which  are  perpendicular  to  AB,  and  equal  to  one 
another,   be    not    also    perpendicular    to    c 
C!)>  from  C  let  CE  be  drawn  at  right  an- 
gles to  UD.     'riien,  because  A  Si  and  C;E 
are  both  perpendicular  to  BU,  they  are 

arallel,  and  therefore  the  perpendiculars 

C  and  BE  are  equal.  But  AC  is  equal  to    aI 


^ 


BD,  (by  hypothesis,)  therefore  BR  and  BD  are  equal,  which  is  im- 
possible; BD  is  therefore  at  right  angles  to  CD. 

Hence  the  proposition,  that  "if  a  straight  line  fall  on  two  parallel 
lilies,  it  makes  the  alternate  anjjles  equal,"  is  Easily  derived.     Let 


FH  and  GE  be  perpeiWlieular  to  CD,  then  they  will  be  parallel  to  oue 
another,  and  also  at  right  angles  to  AB,  and  therefore  FG  and  HE  are 
equal  to  one  another,  by  the  last  proposition.  Wherefore  in  the  tri- 
angles EFG,  EFH,  the  sides  HE  and  EF  are  equal  to  the  sides  GF 
and  FE,  each  to  each,  and  also  the  third  side  HF  to  the  third  sidfe 
EG,  therefore  the  angle  HEF  is  equal  to  the  angle  EFG,  and  they 
are  alternate  angles.     Q.  E.  U. 

This  method  of  treating  tlie  doctrine  of  parallel  lilies  is  extremely 
plain  and  concise,  and  is  perhaps  as  good  as  any  that  can  he  followed, 
when  a  new  Axiom  is  assumed.  In  the  text  above,  I  have,  however, 
followed  a  diiVerent  method,  employing  as  an  Axiom,  "  That  two 
straight  lines,  which  cut  one  anotlier,  cannot  be  both  parallel  to  the 
same  straight  line."  This  Axiom  has  been  assumed  by  others,  par- 
ticularly by  Lndlam,iu  his  very  useful  little  tract,  entitled  Rtidiments 
of  Mathematics. 

It  is  a  proposition  readily  enough  admitted  as  self-evident,  and 
leads  to  the  demonstration  of  Euclid's  i39th  Proposition,  even  witk 
more  brevity  than  Simson's. 

3.  All  the  methods  above  enumrrated  leave  the  mind  somewhat  dis- 
satisfied, as  we  naturally  expect  to  discover  the  properties  of  parallel 
lines^  as  we  do  those  of  otiier  geometric  quantities,  by  comparing  the 
definition  of  those  iinesj  with  the  properties  of  straight  lines  already 
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known.  The  most  ancient  writer  wlio  appears  to  have  attempted  to 
do  this,  is  Ptolemy  the  astronomer,  who  wrote  a  treatise  expressly  on 
the  sulsject  of  Parallel  Lisies.  Proclus  has  preserved  some  account 
of  this  work  iu  the  Fourth  Book  of  his  commentaries :  and  it  is  curi- 
ous to  ohserve  in  it  an  ars^ument  founded  on  the  principle  which  is 
known  to  the  moderns  hy  the  name  of  the  sufficient  reason. 

To  prove,  that  if  two"  parallel  straight  lines,  AB  and  CD  be  cut  by 
a  third  iiue  EFjia  G  and  H,  the  two  interior  angles  AGH,CHG  will 


be  equal  to  two  rii^ht  angles,  Ptolemy  reasons  thus:  If  the  angles 
AGH,  CHG  be  not  equal  to  two  right  angles,  let  them,  if  possible,  be 
greater  than  two  right  angles;  then,  because  the  lines  AG  and  CH 
are  not  more  parallel  than  the  lines  BG  and  DH,  the  angles  BGH, 
DHG  are  also  greater  than  two  right  angles.     Therefore,  the  four 
angles  AGH,  CHG,  BGH,  DHG  are  greater  than  four  right  angles: 
and  they  a«'e  also  ecpjal  to  four  right  angles,  which  is  absurd.    In  the 
same  manner  it  is  shown,  that  the  angles  AGH,  CHG  cannot  be  less 
than  two  right  angles.     Therefore  they  are  equal  to  two  right  angles. 
But  this  reasoning  is  certainly  inconclusive.     For  why  are  we  to 
suppose  that  the  interior  angles  which  the  parallels  make  with  the 
line  cutting  them,  are  either  in  every  case  greater  than  two  right  an- 
gles, or  iu  every  case  less  than  two  right  angles  }  For  any  thing  that 
we  are  yet  supposed  to  know,  they  may  be  sometimes  greater  than 
two  ri^-ht  angles,  and  sometimes  less,  and  therefore  we  are  not  enti- 
tled to  conclude,  because  the  angles  AGH,  CHG  are  greater  than  two 
rightanglesjthat  therefore  the  angles  BGH,  DHG  are  also  necessarily 
greater  than  two  right  angles.     It  may  safely  be  asserted,  therefore 
that  Ptolemy  has  not  succeeded  in  liis  attempt  to  demonstrate  the  pro- 
perties of  j»uraliel  lines  without  the  assistance  of  a  new  Axiom. 

Another  attempt  to  demonstrate  the  same  proposition  without  the 
assistance  of  a  new  Axiom  has  been  made  by  a  modern  geometer, 
Franeeschini,  Professor  of  Mathematics  in  the  University  of  Bologna, 
in  an  essay,  which  he  entitles,  La  Teoria  delle parallele  rigorosaviente 
diinomtrata,  printed  in  his  jpuscoli  jViaf/tejuaiici,  at  Bassano  in  1787. 
The  difficulty  is  tliere  reduced  to  a  proposition  nearly  the  same 
with  this.  That  if  BE  make  an  acute  angle  with  BD,  and  if  DE  be 
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perpcndieular  to  BD  at  any 
point,  RK  and  DE,  if  produc- 
ed will  meet.  To  demonstrate 
this,  it  is  supposed,  that  BO, 
lie  are  two  parts  taken  in  Bfcl, 
of  which  BC  is  greater  than 
BO  and  that  the  perpendicu- 
lars OiV,  C  L  are  drawn  to  BDj 
then  shall  BL  be  greater  than 
BN".  For,  if  not;,  that  is,  if  the 
perpendicular  CL  falls  either 
at  N,  or  between  B  and  IV,  as 
atF;  in  the  first  of  these  cases 

the  angle  CiVB  is  eqnal  to  the  angle  ONE,  because  they  are  i^oth  righi 
angles,  which  is  impossible;  and,  in  the  second^  the  two  angles  CFK, 
CNTF  of  the  triangle  CXF,  exceed  two  right  angles.  Therefore,  adds 
oiir  author,  since,  as  BC  increases,  BL  also  increases,  and  since  BC 
may  be  increased  without  limit,  so  BL  may  become  greater  than  any 
given  line,  and  therefore  may  be  greater  than  3D;  'CvJierefore,  since! 
the  perpendiculars  to  BD  from  points  beydnd  D  nieet  BC,  the  per- 
pendicular fro  in  D  necessarily  meets  it<    Q.  E.  D. 

Now  it  will  be  found,  on  e\amiuatroii,  thait  this  reasoning  is  no  more 
feonclusivo  than  tlie  preceding.  For,  unless  it  be  proved,  that  what- 
ever multiple  BC  is  of  BO,  the  same  is  BL  of  BN,  the  indefinite  in- 
crease of  BC  does  not  necessarily  imply  the  indefinite  incl^ease  of 
BL,  or  that  BL  may  be  made  to  exceed  BD.  On  the  canfrary,  BL 
may  always  increase,  and  yet  may  do  so  in  such  a  m^ntfer  as  never 
to  exceed  BD:  In  order  that  the  demonstration  should  be  conclusive, 
it  wmild  be  necessary  to  show,  that  when  BC  increases  by  a  part 
equal  to  BO,  BL  increases  always  by  a  part  equal  to  BN;  btft  to  do 
this  will  be  found  to  require  the  knowledge  of  those  retj  properties 
of  parallel  lines  that  we  are  seeking  to  demonstrate. 

Legexdre,  in  his  Elements  of  Geairietry,  a  vrorfc  (Entitled  to  the' 
highest  praise,  for  elegance  and  accuracy,  has  delivered  the  doctrine 
of  parallel  lines  without  any  nevf  Axiom.  He  has  done  this  in  twor 
different  ways,  one  in  the  text,-  and  the  other  in  the  notes.  In  the 
former  he  hits  e"ndeavoured  to? prove,  independently  of  the  doctrine  of 
parallel  lines,  that  all  the  angles  of  a  triangle  are  equal  to  two  right 
angles;  from  which  proposition,  wlien  it  is  once  established,  it  is'not 
difficult  to  deduce  every  thing  with  respect  to  parallels.  But,  though 
his  demonstration  of  the  property  of  triangles  just  mentioned  is  quite 
logical  and  conclusive,  yet  it  has  the  fault  of  being  long  and  indirect, 
proving  first,  that  the  three  angles  of  a  triangle  cannot  be  greater  than 
two  right  angles,  next,  that  they  cannot  be  less,  and  doing  both  by 
reasonings  abundantly  subtle,  and  not  of  a  kind  readily  apprehended 
by  those  who  are  only  beginning  to  study  the  Mathematics. 

The  demonstration  which  lie  lias  given  in  the  notes  is  extremely  in- 
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geniou8,and  proceeds  on  this  very  8im:>Ie  and  undeniable  Axiom,  Ihat 
we  cannot  compare  an  an^le  and  a  line,  astoiiiagniiu:le,orcanruit  h^ve 
an  »^quation  of  any  sort  between  them.    This  truth  is  involvefl    :i  the 
distinction  between  hamo2;eneou8  and  heterogeneous  quantities.  (Euc. 
V.  def.  4.)  which  has  long  been  received  in  Geometry,  but  led  only  to 
negative  consequences,  till  it  fell  into  the  hands  of  Legendre.      The 
proposition  whicb  he  deduces  from  it  is,  that  ii'   wo  angles  of  one  tri- 
angle be  equal  to  two  ari2;les  of  another,  tb^  third  angles  of  these  trian- 
gle's are  also  equal.     Fur,  it  is  evident,  that,  when  two  angles  of  a  tri- 
angle are  given,  and  also  the  side  between  them,thethird  angle  isthere- 
by  determined;  so  that  if  A  an  1  B  lie  any  two  angles  of  a  triangle,  P 
the  side  interjacent,  and  C  the  third  angle,  C  is  determined,  as  to  its 
magnitude,  by  A,  Bantl  P;  and,  besides  these,  there  is  no  other  quan- 
tity"'whatever  which  can  affect  the  magnitudeof  C.  This  is  plan^,  be- 
cause if  A,  B  and  P  are  given,  the  triangle  ran  be  con;*truc!ed,  all  the 
triangles  in  which  A,  B  and  Pare  the  same,  being  equal  to  one  another. 
But  if  the  quan  ities  by  which  C  is  determined,  P  cannot  be  one  ; 
for  if  it  were,  then  C  must  be  a  function  of  the  quantities  A,  B,  P; 
.  that  is  to  say,  the  value  of  C  can  be  expressed  by  some  combination  of 
the  quantities  A,  B  and  P.    An  equation,  therefore  may  existbetween 
the  quantities  A,B,  C,  and  P;  and  consequently  the  value  of  V  is 
equal  to  some  combination,  that  i8,to  some  function  of  the  quantities  A, 
B  and  C;  but  this  is  impossible,  P  being  a  line,  and  A,  B,  C  being 
angles  so  that  no  function  of  the  first  of  these  quantities  can  be  equal 
to  any  function  of  the  other  three.     The  angle  C  must  therefore  be 
determined  by  the  angles  A  and  B  alone,  without  any  regard  to  the 
magnitude  of  P  the  side  interjacent.     Hence  in  all  triangles  Ihat 
have  two  angles  in  one  equal  to  two  in  another  each  to  each,  the 
third  angles  are  also  equal* 

Now  this  being  demonstrated,  it  is  easy  to  prove  that  the  three  an- 
gles of  any  triangle  are  equal  to  two  right  angles. 

Let  ABCbeatrianglerightangledat  A,  draw  AD  perpendicular  to 
BC.     The  triangles  ABD,  ABC  have  the  a 

angles  B AC,BD  A  right  angles,  and  the  an- 
gle B  common  to  both;  therefore,  by  what 
has  just  been  proved,  their  third  angles 
BAD,  BCA  are  also  equal.  In  the  same 
Way  it  is  shewn,  that  CAD  is  equal  to 

CBA;thereforethetwoanglesBAD,CAD    

areequaltothetwoBCA,CBA;butBAD   «  „^."    „,   \ 

4-  CAD  is  equal  to  a  right  angle,  therefore  the  angles  BCA.LISA  are 
together  equal  to  a  right  angle,  and  consequently  the  three  angles  ot 
the  right  angled  triangle  ABC  are  equal  to  two  right  angles. 

And  since  it  is  proved  that  the  oblique  angles  of  every  rig;ht  angled 
triangle  are  equal  to  two  right  angles,  and  since  every  triangle  may  be 
divided  into  two  right  angled  triangles,  the  four  oblique  angles  ot 
which  are  equal  to  the  three  angles  of  the  triangle,  therelore  the  three 
angles  of  every  triangle  are  equal  to  two  right  angles.    Q.  b-  i^- 
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Thonajh  this  method  of  treating  the  subject  is  strictly  demonstrative, 
yet,  as  the  reasoning  in  the  first  of  the  two  preceding  demonstrations 
is  not  perhaps  sufficiently  simple  to  be  apprehended  by  those  justen- 
tering  on  mathematical  studies,  I  shall  submit  to  the  reader  another 
method,  not  liable  to  the  same  objection,  which  I  know,  from  experi- 
ence, to  be  of  use  in  explaining  the  Elements.  It  proceeds,  like  that 
of  the  Freneh  Geometer,  by  dem»nstrating,  in  the  first  place,  that  the 
angles  of  any  triangle  are  togetlier  equal  to  two  right  angles  and  dedu- 
cing from  thence,  thai  two  lines,  which  make  with  a  third  line  the  inte- 
rior angles,  le^is  than  two  right  angles,  must  meet  if  produced.  The 
reasoning  used  to  demonstrate  the  first  of  these  propositions  may  be 
objected  to  by  some  as  involving  the  idea  of  motion,  and  the  transfer- 
ence of  a  line  from  one  place  to  another.  This,  however,  is  no  more 
than  Euclid  has  done  himself  on  some  occasions:  and  when  it  furnish- 
es so  short  a  road  to  the  truth  as  in  the  present  instance,  and  does  not 
impair  the  evidence  of  the  conclusion,  it  seems  to  be  in  no  respect 
inconsistent  with  the  utmost  rigour  of  demonstration.  It  is  of  im- 
portance in  explaining  (he  Elements  of  Science,  to  connect  truths 
by  the  shortest  chain  possible;  and  till  that  is  done,  we  can  never 
consider  them  as  being  placed  in  their  natural  order.  The  reason- 
ing in  the  first  of  the  following  propositions  is  so  simple,  that  it 
seems  hardly  susceptible  of  abbreviation,  and  it  has  the  advantage 
of  connecting  immediately  two  truths  so  much  alike,  that  one  might 
conclude,  even  from  the  bare  enunciations,  that  they  are  but  different 
cases  of  the  same  general  theorem,  viz.  That  all  the  angles  about  a 
point,  and  all  the  exterior  angles  of  any  rectilineal  figure,  are  con- 
stantly of  the  same  magnitude^  and  equal  to  four  right  angles. 

DEFINITION. 

•  c 

If,  while  one  extremity  of  a  straight  line  re- 
mains fixed  at  A,  the  line  itself  turns  about  that 
point  from  the  position  AB  to  the  position  AC, it 
is  said  to  describe  the  angle  BAC  contained  by 
the  lines  AB  and  AC. 


Cor.  If  aline  turn  about  a  point  from  the  position  AB  till  it  come 
into  the  position  AB  again,  it  describes  angles  which  are  together 
equal  to  four  right  angles.  This  is  evident  from  the  second  Cor.  to 
the  15th. 

PROP.  I. 

All  the  exterior  angles  of  any  rectilineal  figure  are  together  equal 
to  four  right  angles. 

1.  Let  the  rectilineal  figure  be  the  triangle  ABC,  of  which  the  ex- 
terior angles  are  DCA,  FAB,  GBCj  these  angles  are  together  equal 
to.four  right  angles. 
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Let  <he  line  CD,  placed  id  the  direction  of  BC  produeeil,  turn 
about  the  point  C  till  it  coinci»le  with  CE,  a  part  of  the  tide  C  A,  and 
have  described  the  exterior  angle  DCE  or  DC  A.  Let  it  then  be  cgir- 
ried  along  the  line  CA,  till  it 
be  in  the  position  AF,  that  is 
in  the  direction  of  CA  produc- 
ed, and  the  point  A  remaining 
fixed,  let  it  turn  about  A  till  it 
describe  the  angle  FAB,  and 
coincide  with  a  part  of  the  line 
AB.  Let  it  next  be  carried 
along  AB  till  it  come  into  the 
position  BG,  and  by  turning 
about  B,  let  it  describe  the  an- 
gle GBC,  so  as  to  coincide 
with  a  part  of  BC,  Lastly, 
Let  it  be  carried  al.ongBC  til! 
it  coincide  with  CD,  its  first 

fiosilion.  Then,  because  the 
ine  CD  has  turned  about  one 
of  its  extremities  till  it  has 
come  into  the  position  CD  aii-ain,  it  has  by  the  corollary  to  Ihe  above 
definition  described  angles  which  are  together  equal  to  four  right  an- 
gles; but  the  angles  which  it  has  described  are  the  three  exterior  an- 
gles of  the  triangle  ABC,  therefore  the  exterior  angles  of  the  trian- 
gle ABO  ftre  equal  to  four  right  angles. 

2.  If  the^ectilineal  figure  have  any  number  of  sides,  the  proposi- 
iion  is  demonstrated  just  as  in  the  case  of  a  triangle.  Therefore  all 
the  exterior  angles  of  any  rectilineal  figure  are  together  equal  to  fosr 
right  angles.    Q.  E.  D.  f 

CoR.  1.  Hence,  all  the  interior  angles  of  any  triangle  are  equal  to 
two  right  angles.  For  all  the  angles  of  the  triangle,  both  exterior 
and  interior,  are  equal  to  six  right  angles,  and  the  exterior  being 
equal  to  four  right  angles,  the  interior  are  equal  to  two  right  angles. 

Cor.  2.  An  exterior  angle  of  any  triangle  is  equal  to  the  two  in- 
terior and  opposite,  or  the  angle  DCA  is  equal  to  the  angles  CAB, 
ABC.  For  the  angles  CAB,  ABC,  BC  A  are  equal  to  t^yo  right  an- 
gles; and  the  angles  ACD,  ACB  are  also  (18.  1.)  equal  to  two  right 
angles;  therefore  the  three  angles  CAB,  xVBC,  BCx\  are  equal  to  the 
two  ACD,  ACB;  and  taking  ACB  from  both,  the  angle  ACD  is 
t^qual  to  the  two  angles  CAB,  ABC. 

CoR.  3.  The  interior  angles  of  any  rectilineal  figure  are  equal  tq 
twice  as  many  right  angles  as  the  figure  has  sides,  wanting  four.  For 
all  the  angles  exterior  and  interior  are  equal  to  twice  as  many  right 
angles  as  the  figure  has  sides;  but  the  exterior  are  equal  to  four  right 
angles;  therefore  the  interior  are  equal  to  twice  as  many  right  angles 
as  the  figure  has  sides,  wanting  four. 
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Two  straight  Unes,  which  make  with  a  third  line  the  inlerior  an- 
gles on  the  same  side  of  it  less  than  two  right  angle,  will  meet  on 
that  side,  if  produced  far  enotish. 

Let  the  straight  lines  AB,  CD,  make  with  AC  the  two  angles  BAG, 
DC  A  less  than  two  right  angles;  AB  and  CD  will  meet  if  produced 
towards  B  and  D. 

In  AB  take  AF=  AC  ;  join  CF,  produce  BA  to  H  and  through  C 
draw  CE,  making  the  au^Ie  ACE  equal  to  the  angle  CAH. 

Because  AC  is  equal  to  A  F,  the  angles  AFC,  ACF  are  also  equal  (5. 
1.);  but  the  exterior  angle  HAC  is  equal  to  the  two  inferior  and  op- 
posite angles  ACF,  AFC,  and  therefore  it  is  double  of  eitherof  them, 
as  of  ACF.  Now  ACE  is  equal  to  II AC  by  construction,  therefore 
ACE  is  double  of  ACF,  and  is  bisected  by  the  line  CF.  In  the  same 
manner,  if  FCrbe  taken  equal  (o  FCand  if  CG  be  drawn,  it  may  be 
shewn  that  CG  bisects  the  angle  ACE,  and  so  on  continually.  But  if 
from  a  magnitude,  as  the  anele  ACE, there  be  taken  its  half,  and  from 
the  remainderFCE  its  half  FCG,  and  from  the  remainder  GCE  its  half, 
^c.  a  remaioder  will  at  length  be  found  less  than  the  gi  ven  angle  DCE.* 


Let  GCE  be  the  angle,  whose  half  ECK  is  less  than  DCE,  then  a 
straight  line  CK  is  found,  which  falls  between  CD  and  CE,  but  never- 
theless meets  the  line  AB  in  K.  Therefore  CD,  if  produced,  must 
meet  AB  in  a  point  between  G  and  K.  Therefore,  &c.  Q.  E.  D. 
This  demonstration  is  indirect:  but  this  proposition,  if  the  defini- 
tion of  parallels  were  changed,  as  suggested!  at  fi.  502,  would  not  le 
necessary:  and  the  proof,  that  lines  equally  inclined  to  any  one  line 
must  be  so  to  every  line,  would  follow  directly  from  the  angles  of  a 
triangle  being  equal  to  two  right  angles.  The  doctrine  of  parallel 
lines  would  in  this  manner  be  freed  irom  all  difficulty. 

PROP.  in.     29.  1.  Euclid. 

If  a  straight  line  fall  on  two  parallel  straight  lines,  it  makes  the  al- 
ternate angles  equal  to  one  another;  the  exterior  equal  to  the  interior 


•  Prop.  1.  1.  Sup.  The  reference  to  this  proposition  involves  nothing  inconsistent  with  good 
reasoning,  as  the  delnuu^tration  of  it  does  not  depend  on  any  thing  that  has  gone  by:fure,  so  that 
it  may  be  introduced  in  any  part  of  the  Elements. 
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and  opposite  on  the  same  side ;  and  likewise  the  two  interior  angles, 
on  the  same  side  equal  to  two  right  angles. 

Let  the  straight  line  EF  fall 
on  the  parallel  straight  lines 
AB,  CD ;  the  alternate  angles 
AGH,  GHD  are  equal,  the 
exterior  angle  EGB  is  equal  ^_ 
to  the  anterior  and  opposite 
GHD;  and  the  two  interior 
angles  BGH,  GHD  are  equal 
to  two  right  angles. 

For  il  AGH  be  not  equal  to 
GHD,  lpt  it  be  greater,  then  ad- 
ding BGH  to  both,  the  angles 
AGH,  HGB  are  greater  than  the  angles  DHG,  HGB.  But  AGH, 
HGBare  equal  (o  two  right  angles,  (13.);  therefore  BGH,  GHD  are 
less  than  two  right  angles, and  therelore  the  lines  AB,  CD  will  meet, 
by  the  last  proposition,  it  produced  towards  B  and  D.  But  they  do  not 
inpet,  for  they  are  parallel  by  hypothesis,  and  therefore  the  angles 
AGH,  GHD  are  not  unequal,  that  is,  they  are  equal  to  one  another. 

Noxv  the  angle  AGH  is  equal  to  EGB,  because  these  are  vertical, 
and  if  has  also  been  shewn  to  be  equal  to  GHD,  therefore  EGB  and 
GHD  are  equal.  Lastly,  to  each  of  the  equal  angles  EGB,  GHD  add 
the  angle  BGH,  then  f  he  two  EGB,  BGH  are  equal  (o  the  two  DHG, 
BGH.  But  EGB,  BGH  are  equal  to  two  rigth  angles,  (13.  1.), 
therefore  BGH,  GHD  are  also  equal  to  two  right  angles.  Therelorej 
kc.     Q.  E.  D. 


The  following  proposition  is  placed  here,  because  it  is  more  con- 
nected with  the  First  Book  than  with  any  other.  It  jsuselul  for  ex- 
plaining the  nature  of  Hadley's  sextant ;  and  though  involve«l  in  the 
explanations  usually  given  of  that  instrument,  it  has  not  I  beliove, 
been  hitherto  consiilered  as  a  distinct  Geometric  Proposition,  though 
very  well  entitled  to  be  so  on  account  of  its  simplicity  and  elegance, 
as  well  as  its  utility. 

THEOREM. 

If  an  exterior  angle  of  a  triangle  be  bisected,  and  also  one  of  the 
interior  and  opposite,  the  angle  contained  by  the  bisecting  lines  is 
equal  to  half  the  other  interior  and  opposite  angle  of  the  triangle. 

Let  the  exterior  angle  ACD  of  the  triangle  ABC  be  bisected  by  the 
straight  line  CE,  and  the  interior  and  opposite  ABC  by  the  straight 
line  BE,  the  angle  BEC  is  equal  to  half  the  angle  BAC. 

The  lines  CE,  BE  will  meet ;  for  since  the  angle  ACD  isgreater  than 
ABC,  the  half  of  ACD  is  greater  thau  the  half  of  ABC,  that  is,  BCD 
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is^r(^aterfTian  EBC;  add 

ECB  to  Imth,  and  the  two 

angjles  ECH,  ECB  are 

c:reaterthan  EBC,ECB. 

But  ECD,  ECB  are  e- 

tjiial  to  tworisjht  ansjles; 

therefore  ECB,  EBC.are 
less  than,  two  risjht  an- 

E!;les,   and  therefore   the 

lines  CE,  BE  must  meet  b 

on  the  sanie  side  of  BC 

on  which  the  triaiis^le  ABC  is.     Let  them  meet  in  E. 

Because  DCE  is  the  exterior  an^le  of  the  triangle  BCE,  it  is  equal 
to  the  two  an2;les  CBE,  BEC,  and  therefore  twice  the  angle  DCE, 
that  is,  the  angle  DC  A  is  equal  to  twice  the  angles  CBE,  and  BEC. 
But  twice  the  angles  CBE  is  equal  to  the  angle  ABC,  therefore  the 
angle  DAC  is  equal  to  the  angle  ABC,  together  with  twice  the  angle 
BEC;  and  the  same  angle  DCA  heing  the  exterior  angle  of  the  tri- 
angle ABC,  is  equal  to  the  two  angles  ABC,  CAB,  wherefore  the 
two  angles  ABC,  CAB  are  equal  to  ABC  and  twice  BEC.  There- 
fore, taking  away  ABC  from  both,  there  remains  the  angle  CAB 
equal  to  twice  the  angle  BEC,  or  BEC  equal  to  the  half  of  BAC,- 
therefore,  &c.    Q.  E.  D. 


BOOK  It. 

The  Demonstrations  of  this  Book  are  no  otherwise  changed  than  by 
introducing  into  them  some  characters  similar  to  those  of  Algebra, 
which  is  always  of  great  use  where  the  reasoning  tHrns  on  the  addi- 
tion or  subtraction  of  rectangles.  To  Euclid's  demonstrations,  otherV 
are  sometimes  added,  serving  to  deduce  the  propositions  from  the 
fourth,  without  the  assistance  of  a  diagram. 

PROP.  A  and  B. 

These  Theorems  are  added  on  account  of  their  great  use  in  geo- 
metry, and  their  close  connection  with  the  other  propositions  whick 
are  the  subject  of  this  Book.  Prop.  A  is  an  extension  of  the  9fh  and 
40th. 


BOOK  III. 
DEFixinoxs. 

The  definition  which  Euclid  makes  the  first  of  this  Book  is  that  of 
equal  circles,  which  he  definos^  to  bo  "  those  of  which  the  diameters 
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arc  equal."  This  is  rejected  from  among  the  delinitions,  as  heing 
fL  Theorem,  fhe  truth  of  which  is  proved  by  supposing  the  circle* 
applied  to  one  another,  so  that  their  centres  may  coincide,  for  the 
■whole  of  the  one  must  then  coincide  with  the  whole  of  the  other. 
The  converse,  viz.  That  circles  which  are  equal  have  equal  diame- 
ters, is  proved  in  the  same  way. 

The  definition  of  the  augle  of  a  segment  is  also  omitted,  because  it 
does  not  relate  to  a  rectilineal  angle,  but  to  one  understood  to  be  con- 
tained between  a  straight  line  and  a  portion  of  the  circumference  of 
a  circle.  In  like  manner,  no  notice  is  taken  in  the  16th  proposition 
of  the  angle  comprehended  between  the  semicircle  and  the  diameter, 
which  is  said  by  Euclid  to  be  greater  than  any  acute  rectilineal  angle. 
The  reason  for  these  omissions  has  already  been  assigned  in  the  notes' 
on  the  fifth  definition  of  the  first  Book. 

l^ROI^.  XX. 

tt  has  been  remarked  of  this  demonstration^thaf  it  takes  for  grant- 
ed, that  if  two  magnitudes  be  double  of  two  others,  each  of  each,  the 
sum,  or  difference  of  the  first  two  is  double  of  the  sum  or  difference 
of  the  other  two,  which  are  two  cases  of  the  1st  and  5th  of  the  5th 
Book.  The  justness  of  this  remark  cannot  be  denied;  and  though 
the  cases  of  the  Propositions  here  referred  to  are  the  simplest  of  anj 
Tet  the  truth  of  them  ought  not  in  strictness  to  be  assumed  witliout 
proof.  The  proof  is  easilv  given.  I>et  A  and  B,  C  and  D  be  four 
magnitudes,  such  that  A=2C,  and  B=3D;  then  A+B=±:2.  (C+D). 
For  since  A=C+C,  and  B=D+D,addingequals  to  equals,  A-|-B= 
(C-f  D)  +  (C+D)=2(C-|-D).  So  also,if  Abe  greater  than  B,anJ 
therefore  C  greater  than  D,  since  A=C-f  C,  and  B=D-f  D,  taking 
equals  from  equals  A-B=(C-D)-f-(C-D),thatis,A-B=2(C- 
B). 


BOOK  V. 

The  subject  of  proportion  has  been  treated  so  differently  by  {h(,^ 
Avho  have  written  on  elementary  geometry,  and  the  method  Avhich 
Euclid  hasfollowed  has  been  so  often,  and  so  inconsiderately  censured, 
that  in  these  notes  it  will  not  perhaps  be  more  necessary  to  account' 
for  the  clianges  that  I  have  made,  than  for  those  that  i  hate  not  made. 
The  chanpjes  are  but  few,  and  relate  to  the  language,  not  fothees* 
pence  of  (he  demonstrations:  they  will  be  explained  after  some  of  the 
definitions  have  been  particularly  considered. 

DKF.  III. 

The  definilion  of  ratio  g;iven  here  has  been  greatly  extolled  by  some 
authors;  hut  whatever  value  it  may  have  in  the  eyes  of  a  metaphysi- 
cian, it  has  hut  little  in  those  of  a  geometer,  because  nothing  eoneern- 
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inigthe  properties  of  ratios  can  be  deduced  from  it.  Dr.  Barrow  has 
veryjudiciously  remarked  concerning  it,  "that  Euclid  had  probably 
*'  no  other  design  in  making  this  definition^  than  to  give  a  general 
*'  summary  idea  of  ratio  to  beginners,  by  premising  thismetaphy- 
"  sical  definition  to  the  more  accurate  definitions  of  ratios  that  are 
"  equal  to  one  another,  or  one  of  which  is  greater  or  less  than  the 
*'  other:  I  call  it  a  metaphysical,  for  it  is  not  properly  amathema- 
"  tical  definition,  since  nothing  in  mathematics  depends  on  it,  oris 
*'  deduced,  nor  as  I  judge,  can  be  deduced,  from  it."  (Barrow's 
Lectures,  Lect.  3.)  Dr.  Simson  thinks  the  definition  has  been  added, 
by  some  unskilful  editor;  but  there  is  no  ground  for  that  supposi- 
tion, other  than  what  arises  from  the  definition  being  of  no  use.  We 
may,  however,  well  enough  imagine,  that  a  certain  idea  of  order, 
and  method  induced  Euclid  to  give  some  general  definition  of  ratio$ 
before  he  used  the  term  in  the  definition  of  equal  ratios. 

DEF.  IV. 

This  definition  is  a  little  altered  in  the  expression:  Euclid  has  it, 
that  *'  magnitudes  are  said  to  have  a  ratio  to  one  another,  when  the 
less  can  be  multiplied  so  as  to  exceed  the  greater," 

DEF.  V. 
One  of  the  chief  obstacles  to  the  ready  tihderstandifig  of  th€i  5th 
Book  of  Euclid,  is  the  difficulty  that  most  people  find  of  reconciling 
the  idea  of  proportion  which  they  have  already  acquired,  with  the 
account  of  it  that  is  given  in  this  definition.  Our  first  ideas  of  pro- 
portion, or  of  proportionality,  are  got  by  trying  to  compare  together 
the  magnitude  of  external  bodiesj  and  though  they  be  at  first  abun- 
dantly vague  and  incorrect,  they  are  usually  rendered  tolerably 
precise  by  the  study  of  arithmetic;  from  which  we  learn  to  call  four 
numbers  proportionals,  when  they  are  such  that  the  quotient  which 
arises  from  dividing  the  first  by  the  second,  (accordingto  the  com- 
mon rule  for  division,)  is  the  same  with  the  quotient  that  arises 
from  dividing  the  third  by  the  fourth* 

Now,  as  the  operation  of  arithmetical  division  is  applicable  as 
readily  to  any  two  magnitudes  of  the  same  kind,  as  to  two  numbers, 
the  notion  of  proportion  thus  obtained  may  be  considered  as  per- 
fectly general.  For,  in  arithmetic,  after  finding  how  often  the  di- 
visor is  contained  in  the  dividend,  wje  multiply  the  remainder  by 
10,  or  100,  or  1000,  or  any  power,  as  it  is  called,  of  10,  and  pro- 
ceed to  inquire  how  oft  the  divisor  is  contained  in  this  new  dividend! 
and,  if  there  be  any  remainder,  we  go  on  to  multiply  it  by  10,  lOOj 
&c.  as  before,  and  to  divide  the  product  by  the  original  divi^or^  and 
so  on,  the  division  sometimes  terminating  when  no  remainder  is 
left,  and  sometimes  going  on  ad  infinitum^  in  consequence  of  a 
remainder  being  left  at  each  operation.  Now,  this  process  tnay 
easily  be  imitated  with  any  two  magnitudes  A  and  B,  providing 
they  be  of  the  same  kind,  or  such  that  the  one  can  be  multiplied  so 
as  to  exceed  the  other.  For,  suppose  that  B  is  the  least  of  the 
two;  take  B  out  of  A  as  oft  as  it  can  be  found,  and  let  the  quotient 

Qq 
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be  noted,  and  also  the  remainder,  if  there  be  any;  multiply  this  rC' 
mainder  by  10,  or  100,  &c.  so  as  to  exceed  B,  and  let  B  be  taken 
out  of  the  quantity  produced  by  this  multiplication  as  oft  as  it  can 
be  found;  let  the  quotient  be  noted,  and  also  the  remainder,  if  there 
be  any.  Proceed  with  this  remainder  as  before,  and  so  on  con- 
tinually; and  it  is  evident,  that  we  have  an  operation  that  is  applica- 
ble to  all  magnitudes  whatsoever,  and  that  may  be  performed  with 
respect  to  any  two  lines,  any  two  plane  figures,  or  any  two  solids,  &c. 
Now,  when  we  have  two  magnitudes  and  two  others,  and  find 
that  the  first  divided  by  the  second,  according  to  this  method, 
gives  the  very  same  series  of  quotients  that  the  third  does  Avhen 
divided  by  the  fourth,  we  say  of  these  magnitudes,  as  we  did  of  the 
numbers  above  described,  that  the  first  is  to  the  second  as  the  third 
to  the  fourth.  There  are  only  two  more  circumstances  necessary 
to  be  considered,  in  order  to  bring  us  precisely  to  Euclid's  definition. 
First,  It  is  known  from  arithmetic,  that  the  multiplication  of  the 
successive  remainders  each  of  them  by  10,  is  equivalent  to  multiply- 
ing the  quantity  to  be  divided  by  the  product  of  all  those  tens ;  so 
that  multiplying,  for  instance,  the  first  remainder  by  10,  the  second 
by  10,  and  the  third  by  lo,  is  the  same  thing',  with  respect  to  the 
quotient,  as  if  the  quantity  to  be  divided  had  been  at  first  multipli- 
ed by  1000;  and  therefore,  our  standard  of  the  proportionality  of 
numbers  may  be  expressed  thus:  If  the  first  multiplied  any  number 
of  times  by  10,  and  then  divided  by  the  second,  gives  the  same  quo- 
tient as  when  the  third  is  multiplied  as  often  by  10,  and  then  divided 
by  the  fourth,  the  four  magnitudes  are  proportionals. 

Again,  it  is  evident,  that  there  isno  necessity  in  these  multiplica- 
tions for  confining  ourselves  to  10,  or  the  powers  of  10,  and  that 
we  do  so,  in  arithmetic,  only  for  the  conveniency  of  the  decimal 
notation;  we  may  therefore  use  any  multipliers  whatsoever,  pro- 
viding we  use  the  same  in  both  cases.  Hence,  we  have  this  defini- 
tion of  proportionals,  When  there  are  four  magnitudes,  and  any 
multiple  whatsoever  of  thefirst,  when  divided  by  the  second,  gives 
the  same  quotient  with  the  like  multiple  of  the  third,  when  divided 
by  the  fourth,  the  four  magnitudes  are  proportionals,  or  thefirst  has 
the  same  ratio  to  the  second  that  the  third  has  to  the  fourth. 

We  are  now  arrived  very  nearly  at  Euclid's  definition;  for,  let 
A,  B,  C,  D  be  four  proportionals,  according  to  the  definition  just 
given,  and  m  any  number;  and  let  the  multiple  of  A  by  m,  that  is  wA, 
be  divided  by  B;  and  first,  lei  the  quotient  be  the  number  n  exactly, 
then  also,  whenw?C  is  divided  by  D,  the  quotient  will  ben  exactly. 
But,  when  mA  divided  byB  gives  n  for  the  quotient,  w?A=«B  by 
the  nature  of  division,  so  that  when  mA=?jB,  »iC=nD,  which  is 
one  of  the  conditions  of  Euclid's  definition. 

Again,  when  mA  is  tlivided  by  B,  let  the  division  not  be  exactly 
performed,  but  \t\  w  be  a  whole  number  less  than  the  exact  quotient, 
then  nB^mAjOr  »iAV«B ;  and,  lor  the  same  reason, mCVnD,  which 
is  another  of  the  conditions  of  P^uclid's  definition. 

Lastly,  when  mA  is  divided  by  B,  let  n  be  a  whole  number  greater 
than  the  exact  quutieat,  then  mX^^nH)  and  because  n  is  alsogrealt;r 
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than  the  quotient  of  mC  divided  by  I),  (which  is  the  same  with  the 
other  quotient),  therefore  mCz^nD. 

Therefore,  uniting  all  these  three  conditions,  we  call  A,  B,  C,  D, 
projtortionals,  when  they  are  such,  that  if  niAVwB,  ?»iC"7nD;  if  mA 
=nB,?rt.C=nD;  and  if  ?jiAz_nB,7MCz_nD,ij^  ami  n  being  any  numbers 
whatsoever.  Now,  this  is  exactly  the  criterion  of  proportionality 
tstablished  by  Euclid  in  the  3th  definition,  and  is  derived  here  by 
generalising  the  common  and  most  familiar  i  lea  of  proportion. 

It  appears  from  lhis,that  thecondition  of  ?hA  containing  B,  whether 
with  or  without  a  remainder,  as  often  aswC  contains  D,  with  or  with- 
out a  remainder,  and  of  this  being  the  case  whatever  value  be  assigned 
to  the  number  m,  includes  in  it  all  the  three  conditions  that  are  men- 
tioned in  Euclid's  definition;  and  hence,  that  definition  may  be  ex- 
pressed a  little  more  simply  by  saying,  that/oMr  magnitudes  are  pro- 
portionals, when  any  multiple  of  the  first  contains  the  second,  [with  or 
without  remainder,)  as  oft  as  the  same  multiple  of  the  third  contains  the 
fourth.  But,  though  tliis  definition  is  certainly,  in  the  expression, 
more  simple  than  Euclid's,  it  is  not,  as  will  be  found  on  trial,  so  easily 
applied  to  the  purpose  of  demonstration.  The  three  conditions  which 
Euclid  brings  together  in  his  definition,  though  they  somevvhai  embar- 
rass the  expression  of  it,  have  the  advantage  of  rendering  the  demon- 
strations more  simple  than  they  would  otherwise  be,  by  avoiding  all 
discussion  about  the  magnitude  of  the  remainder  left,  after  B  is  taken 
out  of  mA  as  oft  as  it  can  be  found.  All  the  attempts, indeed,  that  have 
been  made  to  demonstrate  the  properties  of  proportionals  rigorously 
by  means  of  other  definitions  than  Euclid's  only  serve  to  evince  the 
excellence  of  the  method  followed  by  the  Greek  Geometer,  and  his 
singular  address  in  the  application  of  it. 

The  great  objection  to  the  other  methods  is,  that  if  they  are  meant 
to  be  rigorous,  they  require  two  demonstrations  to  every  proposition, 
onew  hen  the  division  of  in  A  into  parts  equal  to  B  can  be  exactly  per- 
formed, the  other  when  it  cannot  be  exactly  performed,  whatever 
value  be  assigned  to  7»i,  or  when  A  and  B  are  what  is  called  incom- 
mensurable; and  this  last  case  will  in  general  be  found  to  require  an 
indirect  demonstration,  or  a  reductio  ad  absurdum. 

M.  D'Alembert,  speaking  of  the  doctrine  of  proportion,  in  a  dis- 
course that  contains  many  excellent  observations,  but  in  which  he  has 
overlooked  Euclid's  manner  of  treating  this  subject  entirely,  has  the 
following  remark:  "On  ne  pent  de'mootrer  que  de  cette  maniere, 
(la  re'duction  a'  absurde,)  la  plupart  des  propositions  qui  regardent 
les  incomraensurables.  L'ide'e  de  I'infini  entre  au  moins  implicite- 
ment  dans  la  notion  de  ces  sortes  de  quantite's;  et  comme  nous  n'a- 
vons  qu'une  ide'e  negativet  de  I'infini,  on  ne  pent  de'montrer  directe- 
ment,  et  a  priori,  tout  ce  qui  concerne  I'infini  mathe'matique." 
{^Encyclope'die,  mot  Geometric.). 

This  remark  sets  in  a  strong  and  just  light  the  difl&culty  of  demon- 
strating the  propositions  that  regard  the  proportion  of  incommensura- 
ble magnitudes,  without  having  recourse  to  the  reductio  ad  absurdum; 
butitissurprising,thatM.D'Alembert,  a  geometer  no  less  learned  than 
profound,  should  have  neglected  to  make  mention  of  Euclid's  method. 
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the  only  one  in  which  the  HifBciilty  he  sfales  is  completely  overcome, 
Itisovercomehy  the  introduction  olthe  idea  olindefinitude,  (id  may  be 
permitted  to  ui^e  the  word,)  instead  of  the  idea  of  infinity  ;  tor  m  and  n, 
the  iriuitipliers  employed,  are  supposed  to  be  indefinite,  or  to  admit  of  alt 
possible  valups,  and  it  is  by  the  akillul  use  of  this  condition  that  the  ne- 
cessity of  indirect  demonstrations  is  avoided.  In  the  whole  of  geome- 
try, I  know  not  that  any  happi*  r  invention  is  to  be  found  ;  and  it  is 
worth  remarking,  that  Euclid  appears  in  another  of  his  works  to  have 
availed  himselfof  the  idea  of  indetinitude  with  the  same  success,  vijs, 
id  his  hooks  of  Porisms,  which  have  been  restored  by  Dr.  Simson, 
and  in  which  the  wh  »le  analysis  turned  on  that  idea,  as  I  have  shown 
at  length,  in  the  Third  Volume  of  the  Transactions  of  the  Royal  So- 
ciety of  Edinburgh  'l^he  investigations  of  those  propositions  were 
founded  entirely  on  the  principle  of  certain  magnitudes  admitting  of 
innumerable  values;  and  the  methods  of  reasoning  concernine  them 
eeem  to  have  been  extremely  similar  to  those  employed  in  the  filth  of 
the  Elements.  It  is  curious  to  remark  this  analogy  between  the  dif- 
ferent works  of  the  same  author;  and  to  consider,  that  the  skill,  in 
the  conduct  of  this  very  refined  and  ingenious  artifice,  acquired  in 
treating  the  properties  of  proportionals,  may  have  enable<l  Euclid  to 
succeed  ?o  well  in  treating  the  still  more  difficult  subject  of  Po'isma. 

Viewing  in  this  light  Eiicliil's  manner  ol  treating  proportion,  I  had 
no  desire  to  change  any  thing  in  the  principle  of  his  demonstration*. 
I  have  only  sought  to  improve  the  language  ol"  them,  by  introducing  a 
concise  mode  of  expression,  of  the  same  nature  with  that  which  we 
use  in  arithmetic,  and  in  algebra.  Ordinary  language  conveys  the 
ideas  of  the  different  operations  supposed  to  be  pertbrmed  in  these  de- 
monstrations so  slowly,  and  breaks  them  down  into  so  many  parts,  that 
they  make  not  a  sufficient  impression  on  the  understanding.  This  in- 
deed will  generally  happen  when  the  things  treated  oi  are  not  reitre- 
senied  to  the  senses  by  Diagrams,  as  they  cannot  he  when  we  reason 
concerning  magnitude  in  general,  as  in  this  part  of  the  Elements. 
Here  we  ought  certainly  to  adopt  the  language  of  arithmetic  or  alge- 
bra, which,  by  its  shortness,  and  the  rapidity  with  which  it  place*  ob- 
jecls  before  us,  makes  up  in  the  best  manner  possible  lor  being  merely 
a  conventional  language,  and  using  symbols  that  have  no  re:?em!ilance 
to  the  things  expressed  by  them.  Such  a  language,  therefore,  I  have 
endeavoured  to  introduce  here;  and  I  am  convinced,  that  if  it  shall 
be  found  an  improvement,  it  is  the  only  one  of  which  the  filth  ol  Eu- 
clid will  admit.  In  other  respects  I  have  followed  Dr.  Simson's  edi^ 
tion,  to  the  accuracy  of  which  it  would  be  difficult  to  make  any  addi- 
tion. 

In  one  thing  I  must  observe,  that  the  doctrine  of  proportion,  as  laid 
down  here,  is  meant  to  be  more  general  than  in  Euclid's  Elements.  It 
18  intended  to  include  the  properties  of  proportional  numbers  as  well 
as  of  all  magnitudes.  Euclid  has  not  this  design,  tor  he  has  given  a 
definition  of  proportional  numbers  in  the  seventh  Book,  very  different 
from  that  of  pro|)ortional  magnitudes  in  the  filth;  and  it  is  not  easy  to 
justify  the  logic  of  this  manner  of  proceetling;  for  we  can  never  speak 
of  two  numbers  and  two  magnitudes  both  having  ibe  same  ratios,  UU' 
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less  the  word  ratio  have  in  hoth  cases  the  same  9ig;nification.  AH  the 
pronosifions  ahont  proportionals  her*'  given  are  therefore  uofler^tood 
to  he  applicfible  to  numbers;  and  acconlingiy,  in  the  eighth  Book, 
the  proposition  that  iiroves  equiant^ular  Darallelograms  to  he  in  a  ra- 
tio compounded  of  the  ratios  of  the  numbers  proportionnl  to  theirsidea, 
is  demonstrated  hy  the  help  of  the  propositions  of  the  fi'th  B  >ol<. 

On  account  of  this,  the  word  quantity^  rather  than  magnitxide,  ought 
in  strictness  to  have  been  used  in  the  enun<-ialion  of  these  propositiims, 
because  we  ernploy  the  word  Qunntity  to  denote  not  only  things  ex- 
tend'^d,  to  whi<  h  alone  we  give  the  name  of  Magnitudes,  but  also  oum- 
bers  It  will  be  sufficient,  howev<^r,  to  remark,  that  all  the  proposi- 
tions respecting  the  ratios  of  magnitudes  relate  equally  to  all  thing**  of 
■which  multiples  can  be  taken,  that  is.  to  all  that  is  usually  expressed 
by  the  word  Quantity  in  its  most  extended  signification,  taking  carft 
always  to  observe,  that  ratio  takes  place  only  among  like  quantities. 
(See  Del.  4.) 

DEF.  X. 

The  definition  o^ compound  ratio  was  first  given  accurately  by  "Dr. 
Simson;  for,  though  Euclid  used  the  term,  he  did  so  without  defi  ling 
it.  I  h<<ve  placed  this  definition  before  those  of  duplicate  and  tripU' 
cate  ratio,  as  it  is  in  fact  more  general,  and  as  (he  relation  of  a'l  the 
three  definitions  is  best  seen  when  they  nre  ranged  in  this  order.  It 
is  then  plain,  that  twoequnl  ratios  compound  a  ratio  duplicate  of  either 
of  them ;  three  equal  ratios,  a  ratio  triidicHte  of  either  of  them,  &f'. 

It  was.justly  observed  by  Dr.  Simson,  that  the  expression,  compound 
ratio,  is  introduced  merely  to  prevent  circumlocution,  and  for  the  inke 
pri»c'i>ally  of  enunciating  those  prf>positions  with  concisieness  that 
are  demonstrated  iiy  reasoning  CT-ae^wo,  that  ia,  by  reasoning  fro  the 
22d  or  23d  of  this  Book.  This  will  >e  evident  to  any  one  who  con- 
eiders  c  refully  the  Prop.  F.  of  this,  or  the  23d  of  the  6lb  Book. 

An  objection  which  naturally  occurs  to  the  u-e  of  the  ierm  compound 
ratio,  arises  Iroin  its  not  being  evident  how  the  ratios  described  in 
the  (Iffinition  det^^rmine  in  any  wav  th»«  ratio  which  they  are  said 
to  compound,  since  the  maa;nitudes  compoundina;  them  are  assumed 
at  pleasure.  It  maybe  of  use  for  removinj^  this  defficulty,  to  state 
the  matter  as  follows:  if  there  be  any  number  of  ratios  (amonaj  mag- 
nitudes of  the  same  kind)  such  that  the  consequent  of  any  of  them  is 
the  antecedent  of  that  which  immediately  follows,  the  first  of  the  an- 
tecedents has  to  the  last  of  the  consequents  a  ratio  which  evidently 
depends  on  the  intermediate  ratios,  because  if  they  are  determined, 
it  is  determined  also;  and  this  dependence  of  one  ratio  on  all  the  other 
ratios,  is  expressed  by  saying  that  it  is  compounded  of  them.     Thns, 

if -^,  -^,-r:?  -TT,  be  any  series  of  ratios,  such  as  described  above,  the 
rJ    C  13    E 

ratio  __,  or  of  A  to  E  is  said  to  be  compounded  of  the  ratios  _,  ~,  &e. 

A  A    B 

The  ratio —is  evidently  determined  by  the  ratios— ,--,  &c.  because 
E  ii  W/ 
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if  each  of  the  latter  is  fixed  and  invariable,  the  former  cannot  change. 
The  exact  nature  of  tins  dependence,  and  how  the  one  thing  is  deter- 
mined by  the  other,  it  is  not  the  business  of  the  definition  to  explain, 
but  merely  to  give  a  name  to  a  relation  which  it  may  be  of  importance 
to  consider  more  attentively. 


BOOK  VI. 

DEFINITION  II. 

This  definition  is  changed  from  that  of  reciprocaljigures,  which  was 
of  no  use,  to  one  that  corresponds  to  the  language  used  in  the  14th  and 
15th  propositions,  and  in  other  parts  of  geometry. 

PROP.  XXVII,  XXVIII,  XXIX. 

As  considerable  liberty  has  been  taken  with  these  propositions,  it 
is  necessary  that  the  reasons  for  doing  so  should  be  explained.  In  the 
first  place,  when  the  enunciations  are  translated  literally  from  the 
Greek,  they  sound  very  harshly,  and  are,  in  fact,  extremely  obscure. 
The  phrase  of  applying  to  a  straight  line,  a  parallelogram  deficient,  or 
exceeding  by  another  parallelogram,  is  so  eliptical,  and  so  little 
analogous  to  ordinary  language,  that  there  could  be  no  doubt  of  the 
propriety  of  at  least  changing  the  enunciations. 

It  next  occurred,  that  the  Problems  themselves  in  the  28th  and  29th 
propositions  are  proposed  in  a  more  general  form  than  is  necessary  in 
an  elementary  work,  and  that,  therefore,  to  take  those  cases  of  them 
that  are  the  most  useful,  as  they  happen  to  be  the  most  simple,  must 
be  the  best  way  of  accommodating  them  to  the  capacity  of  a  learner. 
The  problem  which  Euclid  proposes  in  the  28th  is,  "  To  a  given 
straight  line  to  apply  a  parallelogram  equal  to  a  given  rectilineal 
figure,  and  deficient  by  a  parallelogram  similar  to  a  given  parallelo- 
gram;" which  maybe  more  intelligibly  enunciated  thus:  "  To  cut 
a  given  line,  so  that  the  parallelogram  which  has  in  it  a  given  angle, 
and  is  contained  under  one  of  the  segments  of  the  given  line,  and  a 
straight  line  which  has  a  given  ratio  to  the  other  segment,  may  be 
equal  to  a  given  space;"  instead  of  which  problem  I  have  substitut- 
ed this  other:  "To  divide  a  given  straight  line  so  that  the  rectangle 
under  its  segments  may  be  equal  to  a  given  space."  In  the  actual 
solution  of  problems,  the  greater  generality  of  the  former  proposition 
is  an  advantage  more  apparent  than  real,  and  is  fully  compensated  by 
the  simplicity  of  the  latter,  to  which  it  is  always  easily  reducible. 

The  same  may  be  said  of  the  29th,  which  Euclid  enunciates  thus: 
*'To  a  given  straight  line  to  apply  a  parallelogram  equal  to  a  given 
rectilineal  figure  exceeding  by  a  parallelogram  similar  to  agiven  paral- 
lelogram." This  might  be  proposed  otherwise:  "To  produce  a 
given  line,  so  that  the  parallelogram  having  in  it  a  given  angle,  and 
contained  by  the  whole  line  produced,  and  a  straight  line  that  has  a 
given  ratio  to  the  part  produced,  may  be  equal  to  a  given  rectilineal 
figure."  Instead  of  this,  is  given  the  following  problem,  more  sim- 
ple, and,  as  was  observed  in  the  former  instance  very  little  less  gene- 
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ral.  "  To  produce  a  given  straight  line,  so  that  the  rectangle  contain- 
ed by  the  segments,  between  the  extremities  of  the  given  line,  and 
the  point  to  which  it  is  produced,  may  be  equal  to  a  given  space." 

PROP.  A,B,  C,  &c. 

Nine  propositions  are  added  to  this  Book  on  account  of*  their  ntility 
and  Iheir  connection  with  this  part  of  the  Elements.  The  first  four 
of  them  are  in  Dr.  Simson's  edition,  and  among  these  Prop.  A  is  given 
immediately  after  the  tliird,  being,  in  fact,  a  second  case  of  that  pro- 
position, and  capable  of  being  included  with  it,  in  one  enunciation. 
Prop.  D.  is  remarkable  for  being  a  theorem  of  Ptolemy  the  Astrono- 
mer, in  his  MiyoXri  2wro|t.j,  and  the  foundation  of  the  constructiou 
of  his  trigonometrical  tables.  Prop.  E,  is  the  simplest  case  of  the 
former;  it  is  also  useful  in  trigonometry,  and,  under  another  form,  was 
the  97th,  or,  in  some  editions,  the  94th  of  Euclid's  Data.  The  pro- 
positions F  and  G  are  very  useful  properties  of  the  circle,  and  are 
taken  from  the  Loci  Plant  of  Apollonius.  Prop.  H  is  a  very  remarka- 
ble property  of  the  triangle;  and  Kis  a  proposition  which,  though  it 
has  been  hitherto  considered  as  belonging  particularly  to  trigonome- 
try, is  so  often  of  use  in  other  parts  of  the  Mathematics,  that  it  may 
be  properly  ranked  among  the  elementary  theorems  of  Geometry. 


SUPPLEMENT. 


BOOK  I. 

PROP.  V.  and  VI,  &c* 


THE  demonstrations  of  the  5th  and  6th  propositions  require  the 
method  of  exhaustions,  that  is  to  say,  they  prove  a  certain  pro- 
perty to  belong  to  the  circle,  because  it  belongs  to  the  rectilineal 
figures  inscribed  in  it,  or  described  about  it  according  to  a  certain  law, 
in  the  case  when  those  figures  approach  to  the  circles  so  nearly  as  not 
to  fall  short  of  it,  or  to  exceed  it  by  any  assignable  difference.  This 
principle  is  general,  and  is  the  only  one  by  which  we  can  possibly 
compare  curvilineal  with  rectilineal  spaces,  or  the  length  of  curve 
lines  with  the  length  of  straight  lines,  whether  we  follow  the  methods 
of  the  ancient  or  of  the  modern  geometers.  It  is  therefore  a  great 
Injustice  to  the  latter  methods  to  represent  them  as  standing  on  a  foun- 
dation less  secure  than  the  former;  they  stand  in  reality  on  the  same, 
and  the  only  difference  is^  that  the  application  of  the  principle  com- 
mon to  them  both,  is  more  general  and  expeditious  in  the  one  case 
than  in  the  other.  This  identity  of  principle,  and  affinity  of  the 
methods  used  in  the  elementary  and  the  higher  mathematics,  it  seems 
the  more  necessai^y  to  observe,  that  some  learned  mathematicians  have 
appeared  not  to  be  sufficiently  aware  of  it,  and  have  even  endeavour- 
ed te  demonstrate  the  contrary.    An  instance  of  this  is  to  be  met 
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\vith  in  the  preface  of*  the  vaUable  edition  of  the  works  of  Archimedes, 
lately  printed  at  Oxford.  In  thai  preface,  lorelli,  tlie  learned  com- 
menlalor,  whose  labours  have  done  so  much  to  elucidate  the  writings 
of  the  Greek  Geometer,  but  who  is  so  unwilling;  to  acknowledge  the 
merit  of  the  modern  analysis,  undertakes  to  prove^that  it  is  impossible, 
from  the  relation  which  the  rectilineal  figures  inscribed  in,  and  cir- 
cumscribed about,  a  given  curve,  hare  to  one  another,  to  conclude 
any  thing  concerning  the  properties  of  the  curvilineal  space  itself, 
except  in  certain  circnmstances  which  he  has  not  precisely  described^ 
With  this  view  he  attempts  to  show,  that  if  we  are  to  reason  from  the 
relation  which  certain  rectilineal  figures  belonging  to  the  circle  have 
to  one  another,  notwithstanding  that  those  figures  may  approach  so 
near  to  the  circular  spaces  within  which  they  are  inscribed,  as  not  t© 
ditler  from  them  by  any  assignable  magnitude,  we  shall  be  led  into 
error,  and  shall  seem  to  prove,  th  it  the  circle  is  to  the  square  of  its 
diameter  exactly  as  3  to  4.  Now,  as  this  is  a  conclusion  which  the 
discoveries  of  Archimedes  himseif  prove  so  clearly  to  be  false,  To- 
relli  argues,  that  the  principle  from  which  it  is  deduced  must  be  false 
also;  and  in  this  he  would  no  doubt  be  right,  if  his  former  conclu- 
sion had  been  fairly  drawn.  But  the  truth  is.  that  a  very  gross  para- 
logism is  to  be  found  in  that  part  of  his  reasoning,  where  he  makes 
a  transition  from  the  ratios  of  the  small  rectangles,  inscribed  in  the 
circular  spaces,  to  the  ratios  of  the  sums  of  those  rectangles^  or  of 
the  whole  reciilineal  figures.  In  doing  this,  he  takes  for  granted  a 
proposition,  which,  it  is  wonderful,  that  one  who  had  studied  geome- 
try in  the  school  of  Archimedes,  should  for  a  moment  have  supposed 
to  be  true.  The  proposition  is  this:  If  A,  B,  C,  D,  E,  F,  be  any 
number  of  magnitudes,  and  a,  b,  c,  d,  e, /,  as  many  others:  an(l 
if  A:  B::  0:6, 
C  :  D  :  :  c  :  (/, 

E  :  F  :  :  g  :/,  then  the  sum  of  A,  C  and  E  will  he  to  the  sum  of  B, 
D  and  F,  as  the  sum  of  a,  c  and  e,  to  the  sum  of  b,  d  and/,  or  A-f- 
C-fE  :  B+D-fF  :  :  a+c-|-e  :  b-\-d-\-f.     Now,  this  proposition, 

which  Torelli  supposes  to  be  perfectly  general,  is  not  true,  except  ia 

two  cases,  viz.  either  first,  viiien  A  :  C  : :  «  :  c,  and 

,    A  :  E  : :  «  :  e;  and  consequently, 
B  :  D  : :  i  :  rf,  and 
B  :  F  : :  6  :/,-  or,  secondly,  when 

all  the  ratios  of  A  to  B,  C  to  D,  E  to  F,  &c.  are  equal  to  one  another. 

To  demonstrate  this,  let  us  suppose  that  there  are  four  magnitudes, 

and  four  oiherit^ 

thus  A  :  B  : :  a  :  6,  and 

C  :  D  : :  f  ;  (/,  then  we  cannot  have 

A  +  C  :  B-f  D  :  :  a-f  p  :  b-\-d,  unless  eiihir,  A  :  C  : :  a  :  e,  and  B  5 

13  : :  i  :  rf;  or  A  :  C  J :  6  :  rf,  and  consequently  a  :  b  : :  c  :  d. 

Take  a  magnitude  K,such  that  a  :  c; :  A  :  K,  and  another L, such 

that  b  :d  ::B:  L ;  and  suppose  it  true,  that  A  +  C  : 

B-}-U::a-f  c:6+rf.     Then,  because  by  inversion;     'k    A   B  L. 

K  :  A  : :  c :  a,  and,  by  hypothesis,  A  :  b':  :a:b.  and     I  c  '  a  '  6  '  c/ 

also  B  :  L : :  6  :  J,  ex  a-quo,  K  :  L  : :  c :  rf;  and  con-     I   '     '     '     ' 

sequeutly,  K  :  L  : :  C  :  D. 
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Again,  because  A  :  K  : :  a  :  c,  by  addition, 

A+K  :  K  : :  a-f-c;  c  :  and, for  the  same  reafioU) 
B-f-L  :  L  :  :  6+rf  :  </,  or,  by  inversion, 
L:  B-f-L  :  :  d  :  b-\^d.    And,  since  it  has  been  showtl) 
that  K  :  L  : :  c  :  (/j  therefore  ex  eequo, 


A-l-K,  K,  L,  B-hL, 

fl-f-c,    c,    rf,  6-f-rf. 


A-fK  :  B-l-L  :  :  a-{-c  :  6-f-rf;  but  by  hypothesis, 
A-l-C  :  B-l-D  :  :  c-f  c  :  b+d,  therefore 
A-l-K  t  A+C  : :  B+L:  B-fD. 

Now,  first,  let  K  and  C  be  supposed  equai,.then  it  is  evident,  that  L 
and  J)  are  also  equal;  and  therefore,  since  by  construction  a  :  c  :i 
A  :  K,  we  have  also  a  :  c  :  :  A  :  C ;  and,  for  the  same  reason,  b  :  d  :  t 
B  :  D,  and  these  analogies  form  the  first  of  the  two  conditions,  of 
which  one  is  affirmed  above  to  be  always  essential  to  the  truth  of 
Torelli's  proposition. 

Next,  if  K  be  greater  than  C,  then  since 

A-l-K  :  A-l-C  :  :  B-f  L  :  B+D,by  division, 

A-l-K  :  K—C  ::  B-j-L  :  L  —  D.    But,  as  was  shown 

K  :  L  :  :  C  :  1),  by  conversion  and  alternation, 

K— C:K::L  — D  :L, therefore, ex eequo, 

A+K  :  K  :  :  B-|-L  :  L,  and  lastly,  by  division, 

A  :  K  ::  B  :  L,  or  A  :  B  ::  K  :  L,  that  is, 

A  :  B  ::  C  :  D. 
Wherefore,  in  this  case  the  ratio  of  A  to  B  is  equal  to  that  of  C  to 
D,  and  consequetitly,  the  ratio  of  a  to  6  equal  t«  that  of  cto  d.  The 
same  may  be  shown,  if  K  is  less  than  G ;  therefore  in  every  ease  there 
are  conditions  necessary  to  the  truth  of  Torelli's  proposition,  which 
he  does  not  take  into  account,  and  which,  as  is  easily  shown,  do  not 
belong  to  the  magnitudes  to  which  he  applies  it. 

In  consequence  of  this,  the  conclusion  which  he  meatit  to  establish 
Tospectlng  the  circle,  falls  entirely  to  the  ground,  and  with  it  the  gene-* 
ral  inference  aimed  against  the  modern  analysis. 

It  will  not,  I  hope,  be  imagined,  that  I  have  taken  notice  of  these 
circumstances  with  any  design  to  lessen  the  reputation  of  the  learned 
Italian,  who  has  in  so  many  respects  deserved  well  of  the  mathemati- 
cal sciences,  or  to  detract  from  the  value  of  a  posthumous  work,  which 
by  its  elegance  and  correctness,  does  so  much  honour  to  the  English 
editors.  But  I  would  warn  the  student  against  that  narrow  spirit 
which  seeks  to  insinuate  itself  even  into  the  abstractions  of  geometry, 
and  would  persuade  us,  that  elegance,  nay  truth  itself,  is  possessed 
exclusively  by  the  ancient  methods  of  demonstration.  The  high 
tone  in  which  Torelli  censures  the  modern  mathematics,  is  imposing, 
as  it  is  assumed  by  one  who  had  studied  the  writings  of  Archimedes 
with  uncommon  diligence.  His  errors  are  on  that  account  the  more 
dangerous,  and  require  to  be  the  more  carefully  pointed  out. 

Rr 
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PROP.  IX. 

This  enunciation  is  the  same  with  that  of  the  third  of  the  Dtmensit 
Circuli  of  Archimedes;  but  the  demonstration  is  different,  though  it 
proceeds,  like  that  of  the  Greek  Geometer,  by  the  continual  bi.-ection 
of  (he  6th  part  of  the  circumference. 

The  limits  of  the  circumference  are  lhusassia;ned;  and  themet^iod 
of  brinajln^  it  about,  notwithstandinj;  many  quantities  are  neajlected  in 
the  arithmetical  operations,  that  the  errors  shall  in  one  case  be  all  on 
the  side  of  defect,  and  in  another  all  on  the  side  of  excess,  (in  wliich  I 
have  followed  Archimedes,)  deserves  pariicularly  to  he  observed,  as 
affording  a  good  introduction  to  the  general  methods  of  approximation^ 
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DIBF.  VIII.  and  PROP.  XX. 

Solid  angles,  which  are  defined  here  in  the  same  manner  as  in 
Euclid,  are  magnitudes  of  a  very  peculiar  kind,  and  are  particularly 
to  be  remarked  for  not  admitting  of  that  accurate  comparison,  one  with 
another,  which  is  common  in  the  other  subjects  of  geometrical  iuA'es- 
tigation.  It  cannot,  for  example,  be  said  of  one  solid  angle,  that  it  is 
the  half,  or  the  double  of  another  solid  angle,  nor  did  any  geometer 
ever  think  of  proposing  the  problem  of  bisecting  a  given  solid  ans.'le. 
In  a  word,  no  multiple  or  sub  multiple  of  such  an  angle  can  be  taken, 
and  we  have  no  way  of  expounding,  even  in  the  simplest  cases,  thfe 
ratio  which  one  of  them  bears  to  another. 

In  this  respect,  therefore  a  solid  angle  differs  from  every  othefmag-* 
nitude  that  is  the  subject  of  mathematical  reasotiing,  all  of  which  have 
this  common  property,  that  mu'ltiples  and  sub-multiples  of  them  may 
be  found.  It  is  not  our  business  here  to  inquire  into  the  reason  of 
this  anomaly,  but  it  is  plain,  that  on  account  of  it,  our  knowIedi;p  of 
the  nature  and  the  properties  of  such  angles  can  neter  be  very  far 
extended,  and  that  our  reasonings  concerning  them  must  be  chiefly 
confined  to  the  relations  of  the  plane  angles,  by  which  they  are  con- 
tained. One  of  the  most  remarkable  of  those  relations  is  that  which  is 
demonstrated  in  the  2lst  of  this  Book,  and  which  is,  that  all  the  plane 
angles  which  contain  any  solid  angle  must  tos-ether  be  less  than  four 
right  angles.     This  proposition  is  the  21st  of  the  llth  of  Euclid. 

This  proposition,  however,  is  subject  to  a  restriction  in  certain  ca- 
ses, which,!  believe,  was  first  observed  by  M.  le  Sage  of  Geneva,  in 
a  commnnieation  to  the  Academy  of  Sciences  of  Paris  in  1^56.  When 
the  section  of  the  pyramid  formed  by  the  planes  that  contain  tlie  so- 
lid angle  is  a  figure  that  has  none  of  its  angles  exterior  sucli  as  a  tri- 
angle, a  parallelogram,  &c.  the  truth  of  the  proposition  just  enunciat- 
ed cannot  be  questioned.    But,  when  the  aforesaid  section  is  a  figure 
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like  that  which  is  annexed,  viz. 
ABCD,  having  some  angles,  such 
as  3DC,  exterior,  or,  as  they  are 
sometime!!  caned,reeutering  angles, 
the  pri»position  is  not  necessarily 
true;  and  it  is  plain,  that  in  sucli 
cases  the  demonstration  which  we 
have  given,  and  which  is  the  same 
wiih  -'^iuclid's  will  no  longer  apply. 
Indeed,  it  were  easy  to  show,  that  on 
bases  of  this  kind,  by  multiplying 

the  number  of  sides,  solid  angles  may  be  formed,  such  that  the  plane 
angles  which  contain  them  shall  exceed  four  right  angles  by  any  quan- 
tity assigned.  An  illustration  of  this  from  the  properties  of  the  sphere 
is  perhaps  the  simplest  of  all  others.  Suppose  that  on  the  surface 
of  a  hemisphere  there  is  described  a  figure  bounded  by  any  number  of 
arches  of  great  circles  making  angles  with  one  another,  on  opposite 
sides  alternately,  the  plane  angles  at  the  centre  of  the  sphere  that 
stand  on  these  arches  may  evidently  exceed  four  right  angles,  and  that 
too,  by  multiplying  and  extending  the  arches  in  any  assigned  ratio. 
Now,  these  plane  angles  contain  a  solid  angle  at  the  centre  of  the 
sphere,  according  to  the  definition  of  a  solid  angle. 

We  are  to  understand  the  proposition  in  the  text,  therefore,  to  be 
true  only  of  those  solid  angles  in  which  the  inclination  of  the  plane 
angles  are  all  the  same  way,  or  all  directed  toward  the  interior  of  the 
figure.  To  distinguish  this  class  of  solid  angles  from  that  (o  which  the 
proposition  does  not  apply,  it  is  perhaps  best  to  make  use  of  this  cri- 
terion, that  they  are  such,  that  when  any  two  points  whatsoever  are 
taken  in  the  planes  that  contain  the  solid  angle,  the  straight  line  join- 
ing those  points  falls  wholly  within  the  solid  angle :  or  thus,  they  are 
such,  that  a  straight  line  cannot  meet  the  planes  which  contain  them 
in  more  than  two  points.  It  is  thus,  too,  that  I  would  distinguish  a 
plane  figure  that  has  none  of  its  angles  exterior,  by  saying,  that  it  is  a 
rectilineal  figure,  suqhthat  a  straight  line  cannot  meet  the  boundary 
of  it  in  more  than  two  points. 

We,  therefore,  distinguish  solid  angles  into  two  species ;  one  in 
which  the  bounding  planes  can  be  intersected  by  a  straight  line  only 
in  two  points;  and  another  where  the  bounding  planes  may  be  inter- 
sected by  a  straight  line  in  more  than  two  points :  to  the  first  of  these 
the  proposition  in  the  text  applies,  to  the  second  it  does  not. 

Whether  Euclid  meant  entirely  to  exclude  the  consideration  of 
figures  of  the  latter  kind,in  all  that  he  has  said  of  solids,  and  of  solid  an- 
gles, it  is  not  now  easy  to  determine :  It  is  certain,  that  his  definitions  in- 
volve no  such  exclusion;  and  as  the  introduction  of  any  limitation 
would  considerably  embarrass  these  definitions,  and  render  them  diffi- 
cult to  be  understood  by  a  beginner,!  have  left  it  out,  reserving  to  this 
place  afuUer  explanation  of  the  difficulty.  I  cannot  conclude  this  note 
without  remarking,  with  the  historian  of  the  Academy,  that  it  is  ex- 
tremely singular,  that  not  cue  of  all  those  who  had  read  or  explained 
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Euclid  before  M,le  Sage,  appears  to  have  been  sensible  of  thi?  mistake. 
{Memoires  deV  Acad,  des  Sciences  1756,  Hist.  p.  77.)  A  circumstance 
that  renders  this  still  more  singular  is,  that  another  mistake  of  Euclid 
on  the  same  subject,  and  perhaps  of  all  other  geometers,  escaped  M. 
le  Sage  also,  aud  was  first  discovered  by  Dr.  Simson,  as  will  presently 
appear. 

PROP.  IV. 

This  very  elegant  demonstration  is  from  Legendre,  and  is  .much 
tasier  than  that  of  Euclid. 

The  demonstration  given  here  of  the  6th  is  also  greatly  simpler  tlian 
that  of  Euclid.  It  has  even  an  advantage  that  does  not  belong  to  Le- 
gendre's,  that  of  requiring  no  particular  construction  or  determination 
of  any  one  of  the  lines,  but  reasoning  from  properties  common  to 
every  part  of  tliem.  This  simplification,  when  it  can  be  introduced, 
which,  however,  does  not  appear  to  be  always  possible,  is  perhaps 
the  greatest  improvement  that  can  be  made  on  an  elementary  de- 
Bioustration, 

PROP.  XIX. 

The  problem  contained  in  this  .proposition,  of  drawing  a  straight 
line  perpendicular  to  two  straight  lines  not  in  the  same  plane,  is  cer- 
tainly to  be  accounted  elementary,  although  not  given  in  any  book  of 
elementary  geometry  that  I  know  of  before  that  of  Legendre.  The 
solution  given  here  is  more  simple  than  his,  or  than  any  other -that  I 
have  yet  met  with:  it  also  leads  more  easily,  if  it  be  required,  to  a 
trigonometrical  computation. 
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DEF.  II.  and  PROP.  I. 

These  relate  to  similar  and  equal  solids,  a  subject  on  which  mistakes 
have  prevailed  not  unlike  to  that  which  has  just  been  mentioned.  The 
equality  of  solids,  it  fs  natural  to  expect,  must  be  proved  like  the 
equality  of  plane  figures,  by  showing  that  they  may  be  made  to  coin- 
cide, or  to  occupy  the  same  space.  But,  though  it  be  true  that  all 
solids  which  can  be  shown  to  coincide  are  equal  and  similar,  yet  it  does 
not  hold  conversely,  that  all  solids  which  are  equal  and  similar  can  be 
made  to  coincide.  Though  this  assertion  may  appear  somewhat 
paradoxical,  yet  the  proof  of  it  is  extremely  simple. 

Let  ABC  be  an  isosceles  triangle,  of  which  the  equal  sides  are  AB 
find  AC ;  from  A  draw  AE  perpendicular  to  the  base  BC,  and  BC  will 
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be  bisected  in  E.  From  E  draw  ED  per- 
pendicular to  the  plane  ABC,  and  from  D, 
any  point  in  it,  draw  DA,  DB,  DC  to  the 
three  angles  of  the  trianajle  ABC.  The 
pyramid  DABC  is  divided  into  two  pyra- 
mids DABE,  D  ACE,  which,  though  their 
equality  will  not  be  disputed,  cannot  be 
so  applied  to  one  another  as  to  coincide. 
For,  though  the  triangles  ABE,  ACE  are 
equal.  BE  being  equal  to  CE,  EA  common 

to  both,  and  the  angles  AEB,  AEC  equal,  

because  they  are  right  angles,  yet  if  these  ^  e  ^ 

two  triane:les  be  applied  to  one  another,  so  as  to  coincide,  the  solid 
DACE  will  nevertheless,  as  is  evident,  fail  without  the  solid  DABE, 
for  the  two  solids  will  be  on  the  opposite  sides  of  the  plane  x\BE. 
In  the  same  way,  though  all  the  planes  of  the  pyramid  DABE  may 
easily  be  shown  to  be  equal  to  those  of  the  pyramid  DxVCE,  each  to 
each;  yet  will  the  pyramids  themselves  never  coincide,  though  the 
equal  planes  be  applied  to  one  another,  because  they  are  on  the  op- 
posite sides  of  those  planes. 

It  may  be  said,  then,  on  what  ground  do  we  conclude  the  pyramids 
to  be  equal  ?  The  answer  is,  because  their  construction  is  entirely 
the  same,  and  the  conditions  that  determine  the  magnitude  of  the  one 
identical  with  those  that  determine  the  magnitude  of  the  other.  For 
the  magnitude  of  the  pyramid  DABE  is  determined  by  the  magnitude 
of  the  triangle  ABE,  the  length  of  the  line  ED,  and  the  position  of 
ED,  in  respect  of  the  plane  ABE;  three  circumstances  that  are  pre- 
cisely the  same  in  the  two  pyramids,  so  that  there  is  nothing  that  can 
determine  one  of  them  to  be  greater  than  another. 

This  reasoning  appears  perfectly  conclusive  and  satisfactory;  and 
it  seems  also  very  certain,  that  there  is  no  other  principle  equally 
simple,  on  which  the  relation  of  the  solids  DABE,  DACE  to  one  an- 
other can  be  determined.  Neither  is  this  a  case  that  occurs  rarely  j 
it  is  one,  that  in  the  comparison  of  magnitudes  having  three  dimen- 
sions, presents  itself  continually;  for,  though  two  plane  figures  that 
are  equal  and  similar  can  always  be  made  to  coincide,  yet,  with  re- 
gard to  solids  that  are  equal  and  similar,  if  they  have  not  a  certain 
similarity  in  their  position,  there  will  be  foundjust  as  many  cases  in 
which  they  cannot,  as  in  which  they  can  coincide.  Even  figures  de- 
scribed on  surfaces,  if  they  are  not  plane  surfaces,  may  be  equal  and 
similar  without  the  possibility  of  coinciding.  Thus,  in  the  figure  de- 
scribed on  the  surface  of  a  sphere,  called  a  spherical  triangle,  if  we 
suppose  if  to  be  isosceles,  and  a  perpendicular  to  be  drawn  from  the 
vertex  on  the  base,  it  will  not  be  doubted,  that  it  is  thus  divided  into 
two  right  angled  spherical  triangles  equal  and  similar  to  one  another, 
and  which,  nevertheless,  cannot  be  so  laid  on  one  another  as  to  agree. 
The  same  holds  in  iaaumerable  other  instances,  and  therelbre  it  is 
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evident,  that  a  principle,  more  general  and  fundamental  than  that  of  the 
equality  of  coinciding  figures,  ought  to  be  introduced  into  Geometry. 
"What  this  principle  is  has  also  appeared  very  clearly  in  the  course  of 
these  remarks;  and  it  is  indeed  no  other  than  the  principle  so  ceie- 
brated  in  the  philosophy  of  Leibnitz,  under  the  name  of  the  suffi- 
cient REASON.  Forit  wasshown,  that  the  pyramidsDABEandDACE 
are  concluded  to  be  equal,  because  each  of  them  is  determined  to  be 
of  a  certain  magnitude,  rather  than  of  any  other,  by  conditions  that 
are  the  same  in  both,  so  that  there  is  no  reason  for  the  one  being 
greater  than  the  other.  This  Axiom  may  be  rendered  general  by 
saying,  That  things  of  which  the  magnitude  is  determined  by  condi- 
tions that  are  exactly  the  same,  are  equal  to  one  another;  or,  it  might 
be  expressed  thus:  Two  magnitudes  A  and  B  are  equal,  when  there 
is  no  reason  that  A  should  exceed  B,  rather  than  that  B  should  exceed 
A.  Either  of  these  will  serve  as  the  fundamental  principle  for  com- 
paring geometrical  magnitudes  of  every  kind ;  they  will  apply  in  those 
cases  where  the  coincidence  of  magnitudes  with  one  another  has  no 
place;  and  they  will  apply  with  great  readiness  to  the  eases  in  which 
a  coincidence  may  take  place,  such  as  in  the  4th,  the  8th,  or  the  26th 
of  the  First  Book  of  the  elements. 

The  only  objection  to  this  Axiom  is,  that  it  ia  somewhat  of  a  meta- 
physical kind, and  belongs  tothe  doctrine  of  the  sufficient  reasouy  which 
is  looked  on  with  a  suspicious  eye  by  some  philosophers.  But  this  is 
BO  solid  objection;  for  such  reasoning  may  be  applied  with  the  great- 
est safety  to  those  objects  with  the  nature  of  which  we  are  perfectly 
acquaintftd,  and  of  which  we  have  complete  defiuitijms,  as  in  pure 
mathematics.  In  physical  questions,  the  same  principle  cannot  be 
applied  with  equal  safety,  because  in  such  cases  we  have  seldom  a 
com|)lete  definition  of  the  thing  we  reason  about,  or  one  that  includes 
all  its  iiroperties.  Thus,  when  Archimedes  proved  the  spherical 
figure  of  the  earth  by  reasoning  on  a  principle  of  this  sort,  he  was 
led  to  a  false  conclusion,  because  he  knew  nothing  of  the  rotation  of 
the  earth  on  its  axis,  which  places  the  particles  of  that  body,  though  at 
equal  distances  from  the  centre,  in  circumstances  very  different  from 
one  another.  But,  concerning  those  things  (hat  ai'e  the  creatures  of 
the  mind  altogether,  like  the  olyects  of  mathematical  investigation, 
there  can  be  no  danger  of  being  misled  by  the  principle  of  the  suffi- 
cient reason,  which  at  the  same  time  furnishes  u?  with  the  only  single 
Axiom,  by  help  of  which  we  can  compare  together  geometrical  quan- 
tities, whether  they  be  of  one,  of  two,  or  of  three  dimensions. 

Legendre  in  his  Elements  has  made  the  same  remark  that  has  been 
just  stated,  that  there  are  solids  and  other  Geometric  Magnitudes, 
which,  though  similar  and  equal,  cannot  be  brought  to  coincide  with 
one  another,  and  he  has  distinguished  them  by  the  name  of  Symmetri- 
cal Magnitudes.  He  has  also  given  a  very  satisfactory  and  ingenious 
demonstration  of  the  equality  of  certain  solids  of  that  sort,  though  not 
80  concise  as  tbe  nature  of  a  simple  and  elementary  truth  would  seem 
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to  require,  and"  consequently  not  such  as  to  render  the  axiom  propos- 
ed ahove  altogether  unnecessary. 

But  a  circumstance  for  which  I  cannot  very  well  account  is,  that 
Legendre,  and  alter  him  Lacroix,  ascribe  toSimson  the  first  mentioil 
of  such  solids  as  we  are  here  considering.  Now  I  must  be  permitted 
to  say,  that  no  remark  to  this  purpose  is  to  be  found  in  any  of  the  writ- 
ings of  Simson,  which  have  come  to  my  knowledge.  He  has  indeed 
made  an  observation  concerning  the  Geometry  of  Solids,  which  was 
both  new  anJ  important,  viz.  that  solids  may  have  the  conditioa 
which  Euclid  thought  sufficient  to  determine  their  equality,  and  may 
nevertheless  be  unequal;  whereas  the  observation  made  here  is,  that 
solids  may  be  equal  and  similar,  and  may  yet  want  the  condition  of  be- 
ing able  to  coincide  with  one  another.  These  propositions  are  widely 
different;  and  how  so  accurate  a  writer  as  Legendre  should  have  mis* 
taken  the  one  for  the  other,  is  not  easy  to  be  explained.  It  must  be 
observed,  that  he  does  not  seem  in  the  least  aware  of  the  observation 
■which  Simson  has  really  made.  Perhaps  having  himself  made  the  re- 
mark we  now  speak  of,  and  on  looking  slight^  into  Simson,  having 
found  a  limitation  of  the  usual  description  of  equal  solids,  he  had 
without  much  inquiry,  set  it  down  as  the  same  with  his  own  notion; 
and  sOj  with  a  great  deal  of  candour,  and  some  precipitation^  he  has 
ascribed  to  Simson  a  discovery  which  really  belonged  to  himself^ 
This  at  least  seems  to  be  the  most  probable  solution  of  thedifficultyi 

I  have  entered  into  a  fuller  discussion  of  Legendre's  mistake  than 
I  should  otherwise  have  done,  from  having  said  in  the  first  edition  of 
these  elements,  in  1795, that  I  believed  the  non-coincidence  of  similar 
and  equal  solids  in  certain  circumstances,  was  then  made  for  the  first 
time.  This  it  is  evident  would  have  been  a  pretension  as  ridiculous 
as  ill-founded,  if  the  same  observation  had  been  made  in  a  book  like 
Simson's  which  in  this  country  was  in  every  body's  hands,  and  which 
I  had  myself  professedly  studied  with  attention.  As  I  have  not  seen 
any  edition  of  Legendre's  Elements  earlier  than  that  published  in 
1802,  I  am  ignorant  whether  he  or  I  was  the  first  in  making  the  re- 
mark here  referred  to.  That  circumstance  is,  however  immaterial; 
for  I  am  not  interested  about  the  originality  of  the  remark,  though 
very  much  interested  to  show  that  I  had  no  intention  of  appropriating 
to  myself  a  discovery  made  by  another. 

Another  observation  on  the  subject  of  those  solids,  which  with  Le- 
gendre we  shall  call  Symmetrical,  has  occurred  to  me,  which  I  did 
not  at  first  thinkof,  viz.  that  Euclid  himself  certainly  had  these  solids 
in  view  when  he  formed  his  definition  (as  he  very  improperly  calls  it) 
of  equal  and  similar  solids.  He  says  that  those  solids  are  equal  and 
«zW/cr,  which  are  contained  underthesamenumber  of  equal  and  simi- 
lar planes.  But  this  is  not  true,  as  Dr.  Simson  has  shown  in  a  passage 
just  about  to  be  quotedj  because  two  solids  may  easily  be  assigned. 
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bounded  by  the  same  number  of  equal  and  similar  planes,  which  are 
obviously  unequal,  the  one  being  contained  within  the  other.  Simson 
observes,  that  Euclid  needed  only  to  have  added,  that  the  equal  and 
similar  planes  must  be  similarly  situated, to  havemade  his  description 
exact.  Now,  it  is  true,  that  this  addition  would  have  made  it  exact  in 
one  respect,  but  would  have  rendered  it  imperfect  in  another;  for 
though  all  the  solids  havingthe  conditions  here  enumerated  are  equal 
and  similar,  many  others  are  equal  and  similar  which  have  not  those 
conditions,thatis,though  bounded  by  the  sameequalnumberof  similar 
planesjthoseplanesarenot  similarly  situated.  The  symmetrical  solids 
havenottheirequalandsimilarplanes  similarly  situated  butinanorder 
and  position  directly  contrary.    Euclid,  it  is  probable,  was  aware  of 
this,  and  by  seeking  to  render  the  description  of  equal  and  similar  so- 
lids so  general,  as  to  comprehend  solids  of  both  kinds,  has  stript  it  of 
an  essential  condition,  so  that  solids  obviously  unequal  are  included 
in  it,  and  has  also  been  led  into  a  very  illogical  proceeding,  that  of 
defining  the  equality  of  solids,  instead  of  proving  it,  as  if  he  had  been 
at  liberty  to  fix  a  new  idea  to  the  word  equal  every  time  that  he  applied 
it  to  a  new  kind  of  magnitude.   The  nature  of  the  difficulty  he  had  to 
contend  with,  will  perhaps  be  the  more  readily  admitted  as  an  apolo- 
gy for  this  error,  when  it  is  considered  that  Simson,  who  had  studied 
the  matter  so  carefully,  as  to  set  Euclid  right  in  one  particular,  was 
himself  wrong  in  another,  and  has  treated  of  equal  and  similar  solids, 
so  as  to  exclude  the  symmetrical  altogether,  to  which  indeed  he  seems 
not  to  have  at  all  adverted. 

I  must,  therefore,  again  repeat,  that  I  do  not  think  that  Ibis  matter 
can  be  treated  in  a  way  quite  simple  and  elementary,  and  at  the  same 
time  general,  without  introducing  the  principle  of  the  sufficient  reason, 
as  stated  above.  It  may  then  he  demonstrated,  that  similar  and  equal 
solids  are  those  contained  by  the  same  number  of  equal  and  similar 
planes,  either  with  similar  or  contrary  situations.  If  the  word  contra^ 
ry  is  properly  understood,  this  description  seems  to  be  quite  general. 

Simson's  remark,  that  solids  may  be  unequal,  though  contained  by 
llie  same  number  of  equal  and  similar  planes,  extends  also  to  solid 
angles  which  may  be  unequal,  though  contained  by  the  same  number 
of  equal  plane  angles.  These  remarks  he  published  in  the  first  edi- 
tion of  his  Euclid  in  1756,  the  very  same  year  thatM.  le  Sage  commu- 
nicated to  the  Academy  of  Sciences  the  observation  on  the  subject  of 
solid  angles,  mentioned  in  a  former  note;  and,  it  is  singular,  that  these 
iwo  geometers,  without  any  communication  with  one  another,  should 
ilmost  at  tlie  same  titne  have  maile  t\v,->  discoveries  very  nearly  con- 
nected, yet  neither  of  them  comprehending  the  whole  truth,  so  that 
each  is  imperfect  without  the  olher. 

Dr.  SimsoD  has  shown  the  truth  of  his  remark,  by  the  following 
reasoning. 

"  Let  there  he  any  plane  reciilineal  figure  as  the  triangle  ABC,  and 
from  a  point  D  within  it,  draw  the  straight  line  DE  at  right  angles  to 
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the  plaue  ABC;  in  IJIE  take  DE,  DF equal  to  one  another, upon  the 
opposite  sides  of  the  plane,  and  let  G  be  any  point  in  EF ;  join  DA, 
DB,  DC;  EA,  EB,  EC;  B^A,  FB,  FC;  GA,  GB,  GC :  Because  th« 
straiglit  line  EDF  is  at  right  angles  to  the  plane  ABC,  it  makes  right 
angles  with  DA,  DB,  DC,  which  it  meets  in  that  plane;  and  in  the 
triangles  EDB,  FDB,  ED  and  DB  are  equal  to  FD  and  DB,  each  to 
each,  and  they  contain  right  angles;  therefore  the  base  EB  is  equal 
to  the  base  FB;  in  the  same  manner  EA  is  equal  to  B'A,  and  EC  to 
FC :  And  in  the  triangles  EBA,  FBA,  EB,  BA  are  equal  to  FB,  BA, 
and  the  base  E  A  is  equal  to  the  base  FA ;  wherefore  the  angle  EBA  is 
equal  to  the  angle  FB  A,and  the  triangle  E  B  Aequal  to  the  triangleFB  A, 
and  the  other  angles  equal  to  the  other  angles;  therefore  these  trian- 
gles are  similar:  In  the  same  manner  the  triangle  EBC  is  similar  to 
the  triangle  FBC,  and  the  triangle  E AC  to  FAC ;  therefore  there  are 
two  solid  figures,  each  of  which  is  contained  by  six  triangles,  one  of 


them  l>y  three  triangles,  the  common  vertex  of  which  is  the  point  G^ 
and  their  bases  the  straight  lines  AB,BC,  CA,  and  by  three  other  tri- 
angles the  common  vertex  of  which  is  the  point  E,  and  their  bases  the 
same  lines  AB,  BC,  C  A.  The  other  solid  is  contained  by  the  same 
three  triangles,  the  common  vertex  of  which  is  G,  and  their  bases 
AB,  BC,  CA;  and  by  three  other  triangles,  of  which  the  common 
vertex  is  the  point  F,  and  their  bases  the  same  straight  lines  AB,  BC, 
CA:  Now,  the  three  triangles  GAB,  GBC,GC A  are  common  to  both 
solids,  and  the  three  others  EAB,EBC,  EGA,  of  the  first  solid  have 
been  shown  to  be  equal  and  similar  to  the  three  others  FAB,  FBC,FC  A 
of  the  other  solid,  each  to  each ;  therefore,  these  two  solids  are  con- 
tained by  the  same  number  of  equal  and  similar  planes :  But  that  they 
are  not  equal  is  manifest,  because  the  first  of  them  is  contained  in  the 
other :  Therefore  it  is  not  universally  true,  that  solids  are  equal  which 
are  cootained  by  the  same  number  of  equal  and  similar  planes.*' 

Ss 
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<*OoR.  From  this  it  appears,  that  two  unequal  solid  anglesmay  be 
contained  by  the  same  number  of  equal  plane  angles." 

"For  the  solid  angle  at  B,  which  is  contained  by  the  four  plane 
angles  EBA,  EBC,GBA,  GBC  is  not  equal  to  the  solid  angle  at  the 
same  point  B,  which  is  contained  by  the  four  plane  angles  FBA,FBC, 
GBA,  GBC;  for  this  last  contains  the  other:  And  each  of  thera  is. 
contained  by  four  plane  angles,  which  are  equal  lo  one  another,  each 
to  each,  or  are  the  self-same,  as  has  been  proved :  And  indeed,  there 
may  be  innumerable  solid  angles  all  unequal  to  one  another,  which 
are  each  of  them  contained  by  plane  angles  that  are  equal  toonean- 
9ther,  each  to  each:  It  is  likewise  manifest, that  the  before-mention- 
ed solids  are  not  similar,  since  their  solid  angles  are  not  all  ^qual." 
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DEFINITIONS,  &c, 

TRIGONOMETRY  is  defined  in  the  text  to  be  the  application  of- 
Number  to  express  the  relations  of  the  sides  and  angles  of  tri- 
angles. It  depends,  therefore,  on  the  47th  of  the  first  of  Euclid,  and 
on  the  7th  of  the  first  of  the  Supplement,  the  two  propositions  whicK 
do  most  immediately  connect  together  the  sciences  of  Arithmetic  and 
Geometry. 

The  sine  of  an  angle  is  defined  above  in  the  usual  W'ay,  viz.  the 
perpendicular  drawn  from  one  extremity  of  the  arch,  which  measures 
the  angle  on  the  radius  passing  through  the  other;  but  in  q,trictness 
the  sine  is  not  the  perpendicular  itself,  but  the  ratio  of  that  perpen- 
dicular to  the  radius,  for  it  is  this  ratio  which  remains  constant,  while 
the  angle  continues  the  same,  though  the  radius  vary.  It  might  be 
convenient,  therefore,  to  define  the  sine  to  be  the  quotient  which 
arises  from  dividing  the  perpendicular  just  described  by  the  radius 
of  the  circle. 

So  also,  if  one  of  the  sides  of  a  right  angled  triangle  about  the  right 
angle  be  divided  by  the  othet,  the  quotient  is  the  tangent  of  the  angle 
opposite  to  the  first-mentioned  side,  &c.  But  though  this  is  certainly 
the  rigorous  way  of  conceiving  the  sines,  tangents,  &c.  of  angles, 
\^-hich  are  in  reality  not  magnitudes,  but  the  ratios  of  magnitudes; 
yet  as  this  idea  is  a  little  more  abstract  than  the  common  one,  and. 
would  also  iuTolve  some  change  in  the  langi^ge  of  trigonometry,  at 
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ihe  same  time  that  it  would  in  the  end  lead  to  nothing  that  is  not  attain- 
ed by  making  the  radius  equal  to  unity,  1  have  adhered  to  the  com- 
mon method,  though  I  have  thought  it  right  to  point  out  that  which 
should  in  strictness  be  pursued. 

A  proposition  is  left  out  in  the  Plane  Trigonometry,  which  the 
astronomers  make  use  of  in  order,  when  two  sides  of  a  triangle,  and 
the  angle  contained  by  them,  are  given,  to  find  the  angles  at  the  hase, 
without  making  use  of  the  sum  or  difference  of  the  sides,  which,  iu 
some  cases,  when  only  the  Logarithms  of  the  sides  are  given,  cannot 
be  conveniently  found. 

THEOREM. 

If,  as  the  greater  of  any  two  sides  of  a  triangle  to  the 
less,  so  the  radius  to  the  tangent  of  a  certain  angle  ;  then 
will  the  radius  be  to  the  tangent  of  the  difference  between 
that  angle  and  half  a  right  angle,  as  the  t:a,ngent  of  half  the 
susn  of  the  angles,  at  the  base  of  the  triangle  to  the  tan- 
gent of  half  their  difference. 

Let  ABC  be  a  triangle,  the  sides  of  vifhich  are  BC  and  CA,  and  the 
base  AB,  and  let  BC  be  greater  than  c 

CA.  Let  DC  be  drawn  at  right 
angles  to  BC,  and  equal  to  AC; 
join  BD,  and  because  (Prop.  1.) 
in  (he  right  angled  triangle  BCD, 
BC  :  CD  ::  R  :  tan  CBD,  CBD  is 
the  angle  of  which  the  tangent  is 
to  the  radius  as  CD  to  BC,  that  is, 
as  CA  to  BC,  or  as,  the  least  of  the 
two  sides  of  the^  triangle  to  the 
greatest. 

But  BC+CD  :  BC-CD  : :  tan  i  (CDB+CBD.) : 
tan  i  (CDB-CBD).  (Prop.  5.); 
andalso,BC4-CA  :  BC-CA  : :  tan  ^  (CAB+CBA): 
tan  A  (CAB-CBA).     Therefore, since  CD=CA, 
tan  i  (CDB+CBD)  :  tan  h  (CDB-CBD):: 
tarf  i  (CAB+CBA)  :  tan  |  (CAB-CBA).    But  because  the 
angles  CDB+CBD=90°,  tan  ^  (CDB+CBD) : 
tan  h  (CDB-CBD)  :  :  R  :  tan  (45°- CBD),  (2  Cor.  Prop.  3.); 
therefore,  R  :  tan  (45°-CBD)  :  :  tan  ^  (CAB+CBA): 
tan  I  (CAB  — CBA);  and  CBD  was  already  shown  to  be  such  an  an* 
gk  that  BC  :  C  A  :  :  R  :  tan  CBD.     Therefore,  &c.     Q.  E.  D. 

Cor.  If  BC,  CA,  and  the  angle  C  are  given  to  find  the  angles  A  and 
B ;  find  an  angle  E  such,  that  BC  :  C  A  : :  R  :  tan  E ;  then  R  : 
tan  (4.5° -B)  :, :  tan  ^  (A+B)  :  tan  |  (A-  B).  Thus  |  (A-B)  is 
found,  and  §  (A+B)  being  given,  A  and  B  are  each  of  them  known. 
Lem.  2. 
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In  reading  the  elements  of  Plane  Trigonometry,  it  may  be  of  us* 
to  observe,  that  the  first  five  propositions  contain  all  the  rules  abso- 
lutely necessary  for  solving  the  different  cases  of  plane  triangles.  The 
learner,  when  he  studies  Trigonometry  for  the  hrst  time^  may  satisfy 
himself  with  these  propositions,  but  should  by  no  means  neglect  tho 
others  in  a  subsequent  perusal. 

PROP.  VII.  and  VIII. 

I  have  changed  the  demonstration  vfhich  I  gave  of  thesfe  proposi- 
tions in  the  first  edition,  for  two  others  considerably  simpler  and  nior» 
concise,  given  me  by  Mr.  Jardine,  teacher  of  the  Mathematics  in 
Edinburgh,  formerly  one  of  my  pilpils,  to  whose  ingenuity  and  skill 
I  am  Very  glad  to  bear  this  public  testimony. 
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TRIGONOMETRY. 


PROP.  y. 

TilE  angles  at  the  base  of  an  isosceles  spherical  triangle  are  sym- 
metrical magnitudes,  not  admitting  of  being  laid  on  one  another, 
iior  of  coinciding,  notwithstanding  their  equality.  It  might  be  con- 
sidered as  a  sufficient  proof  that  they  are  equal,  to  observe  that  they 
are  each  determined  to  be  of  a  certain  magnitude  rather  than  any 
other,  by  conditions  which  are  precisely  the  same,  so  that  there  is  no 
reason  why  one  of  them  should  be  greater  than  another.  For  the 
sake  of  those  to  whom  this  reasoning  may  not  prove  satisfactory,  the 
demonstration  in  the  text  is  given,  which  is  strictly  geometrical. 

For  the  demonstrations  of  the  two  propositions  that  are  given  in  the 
end  of  the  Appendix  to  the  Spherical  Trigonometry,  see  Elementa 
Sphsericorum,  Theor.  6fi.  apud  Wolfii  Opera  Math.  torn,  iii;  Trigo- 
nometric par  (Jagnoli,  §  463;  Trigonometric  Spherique  par  Mauduit 
§  165. 


FINIS. 
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